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cnrmm 1
| DURLIFY

in ;f;ﬁé 'vﬁmxaiy af»ayéixfafmmi gewumobry, we shall deal |
%ﬁha em‘mm imyam*%m;‘k relation Yetwoen palrs of Tisares
: iﬂ sg;&eeg and nlso ®kween thelr vproperties, There are
v"',_\;%m %iiﬁ%ﬁ‘hl@% porbs ﬁ anslytie geoneltry, the gnrly ie
-and .Lhe B8 oS
: gaﬂmﬁx‘;, ﬂﬁpw&mg BHHE 'ﬁifi‘mwm &;E@zﬁ&m&; wash the same

number ai}‘ gooxiinates, will hz,ww t}m 8 sm@ *mzz}‘grziv EXprof~

&mlwim In such a cnse it s often azaifimem% o know
-"fﬁﬁé;'?@mmnﬁ o’ the soopdinaton and the mtarg;:ﬁfzisaﬁfnm of
a fm i‘fmﬁmm&m rolabions in esch systen in @mz&ﬁ:‘ to
f‘m&fw & theoren in one geometry a correspunding theorven
in khé s'«:mé:.; The watare of this relation is éﬁxﬁ};el@;iﬂéé
by the theorem of dunlity which asserts thnt a dusl, or |
"mai:g:sx*mml# statenent can be derived from a given stetemont,
- 'f@r sXample
1. Twe Lines ﬂrxmﬁi b in » plene inberseeh and 6o doe
tﬁrmﬂa tho polnt ab , Alee
8. Two ﬁuintﬁr A - and 1 B gzma'ja?im& hy and so determine

tm line AB .

© Conparing stobement (1) and statesent {2}, vo see thnt
) i’eiwsvm’ may be derived from the obher by » simple intersivage

of win% Witk Live. The two s:}%;mwzmaat&z are smid Lo be



. plane duals, or yeeiprocal, of cuch other. The alements
ef point and Alne save dunl elen

This intarﬁh&mgﬂ of dunl elﬁm&ﬁ%ﬁ gy be illuctrnted

by writing one stalemend aver the ﬂthﬁr, thus:
lines <« and b | _ point ab
Two determine the o
33‘2}*3.%32%‘: A and B | | 1ine AB
In the same way, from any %&ﬁma&?éaex figury cunslisie
iﬁg-&f ﬁﬁiﬁ%% and lines in & zlane, can be ﬁ@?&?ﬁﬁ the dual,
o r&aiwvaa&i, fipure by iﬁﬁﬁ?ﬁﬁ%ﬁg@ﬂu yﬁiﬁﬁ with linse,

The fallowinﬁ ara exawgl&a‘

~ | points @n s line '
e ALY the | ) eunstitute
lines $hrough » polint

ﬁ%ﬁﬂﬁmruw

L ]
ﬁiaaf of r&;s -
" points | |
B. A1l the in o planeg constitude a field
: lines ‘
Fen points
o of .
' linece
| points iving g line
- 3. Three
o lines passing ﬁhra&yh & noint

L | vertices
are bthe : of o &fiaﬁgieo

' sidan :

| vodint deseribes
4, A moving 8 CIrva.
- 1&@@ %&?ﬁlﬁ@ﬁﬁ

Similarly, any theovem invelving only bhe relative



positions of the dusl elements, line ani point.
Lot ue consider the following statenents %ﬂ %ﬁa‘ﬁua1w

_ ‘ pionos prasdog ﬁhxﬁngh o
+« Three not ‘ the

noints : Iyin: on

‘ 1
line ‘ poind
sane daotermine & °
B} i . n
o |

Lin : ,
L o e | ™
_ points A andB
2e Two L

.- deternine the
pianes o and

: _ ; ” -
poing A line siane

: apd a determine a - .
plane 1ine :

3 : 1 nes
&. Too

which bave o comson
lines :

. plane
deterinine o
: poind

A wtndy of these platements showe that the pgint ond

the plane sre dugl elemente in sunc

4, while the lLigs in
s,m own dual, or 4

Aleo,

points wn a line
Be 431 the ' _ conshiduts o
pianes through o line

polnterow
ghenf gf planee

S leointe Lydng in 8 plane
6. A1 bhe |

| S eonstitute
planes paselng thveush s poind



fielda aof B 2inta

aaxmilea €3$”’ plones

From these examples it will be seen ﬁmu aooh wrinie
"Mw forn has a syaoe dunl, or ceeiprocnl, gz@imﬁw@ FOrie
" The following io an exemple of a theovom and its
‘,jaé»m@-ma:;;' placed, in parallel colunms.
. ¥ fous g:s.;siéé‘{zﬁé‘,A:BszﬁD IS’ £ uE ;g;}l@!ﬁf?%o‘,/g,k,
aw 6o situnted that ihe lines and 4 are po situated

A’ﬁ .' m_m»'QD interosant, then that the Lines o3 and

| 'a‘t}.&. the poings lie in one nlane YAC( . inbavrseebt, Show
and consequently the 1ines AC a1l bhe planas pass
: ,gmi_ﬁi) and aloe the Limes AD theongh one poind and
‘ émgi’ﬁQ inborsech. _ m;%n%igmut},y the iima

aAY and (Sd/,g st pleo the
tinend ,d/ and ,6’ I inteps
_ a2a0t. o
_ And now we w&y &&ﬁ& the princinle of dunlity an
f&&lﬁwa*» | |
“Gorresponding ﬁ@ any figara in BraGe whieh ia mpade

.'ﬂﬁ ﬁf.ax gﬁn@raﬁ@ﬁ by polnds, Liﬁ&@ and plenes thove axishe
o &ﬁﬁﬁﬁﬁ fiwur@ whigh ig nmade ap of or g@ﬁurwuhd by planos,
;i@ﬁﬁﬁg ant poeinte, such thet Lo every point, evory line,
'Tfﬁﬁa BWRLY plaﬂe of ﬁha.fiweﬁ figura, Lhere corretponds roe
|  @§®&&£?@1y-a,y§@n@, g line, and 5 point of the sacund V
~ figure, and such that %o every proposition Which reletes

~



o points, lines «ﬁ.mﬁt planes of :’t:i”ie firet Figure, bul which
dpesz nob esssazﬁmlly mwlvé ideas of measurenont, bthaeve
| eorrasponds a aimilar propesition regarding the planes,
lmw, sad points of the sccond Tisure, and these i;ma pEOw

peaﬁima ars alther both ftrue or beth false.

Zmereivas in dualitys

b "éi?mﬁ i the slane duel of o &:r.ﬁsmgg;‘m? Spneowdunly
2. Btate the dual of the Tollowing,
B (s i;hé varticos of a triangle ave mmw ef & curve, the
trisngle is maild to be insoribed in o ouryd.
3. Ir the points A E C 13e on a lire A , ond the points
o —.D 'B F li%& o o sseond hm b » GBhoen the iines Aﬁ
"ED:+AF,DC ; and EF,BCdetarnine three pointe
which Lie on the third line C . . .
- %epite out the reciproonl theorss in the plune and
draw the corvesponding figure, Alse wribte oat the

spacesdual of the given thesrem.



CHAPM IX
WIALITY A% ALPRIZD 79 COORDINALES

The ﬁh@ia of analytieal geometry as hitherto studiad

\&epanﬁﬁ on the poseibility af representing the position

of & point in o plane by two aaardin&ﬁ&s. with the depende

end possibility of representing the pesition of o polnt

 in ordinary spece by three coordinahes. 7These ceordinates

in the case of plans geometry wore rogerded initislly as
the distances from two selected Lines o the pulnt. Butb
@ﬁh@r systems were a&&aﬁian&lzv usad; for sxample, polay
eﬁewaiﬁat@@, where the distance Prom a fixed polé to the

@ﬁiﬂ%, and the direetion of ths Line 5%&&3%% $he Fixed

pole to tﬁa @sinﬁ; were bthe two dcbermining q&&ﬁt%%ieﬁ.
The fundemontal ides of voordinates frunm clomentary plano

- apalytie gemetry is thevefore Shab Lhey ave aﬁy two quosie

tities thod serve to determine the position of a point in
& plane. Here there are imglied ecrtein limitations; for

there are geometricnl elements other than o point, whose

"peaitian we may wish to epeeify, and we have no sssarsnce

'shﬁt the number of coordinabes roquirod 1s nscessarily two.

@ﬁ generalize, therefore, by dropping these limitations

The nature ol these

éag&nﬁ on iz} the epaes awsameﬁ. (%} the u?ﬁhzﬂm mwnwiﬁaraﬁ,
t&l the element ﬁﬁl%&ﬁ&ﬁ,



Lot us heve congider the possibility toob the primary
element moey not be the @wiﬁﬁg’ The poknt presents E3 355 4 4

o us a® Lha slement vrobably becauwe sll our drawing is

}ﬁ@ﬁ@ ﬁixﬁ'tm@ point. Huat ﬁh@ straight line io aﬁaaﬂtialiy
:gé &iwyiﬁ; Iﬁ in possible ﬁﬂiﬁ wa might have 1o ﬁz@¢a %@
/ @ﬁ_al& sur drowing with a siralight-adge iﬁ%ﬁ%&ﬁ afréfpaiﬁ%i
ﬁa‘wkﬁulﬁ L en regard the g@iﬁ% o w segondary olewment,
‘°§ﬁi§a$§y ﬁ@%’xmiﬁﬁﬁ by %W@:Qﬁéﬁiﬁgt“iﬁﬁﬁﬁu his ﬁﬂ@@ﬂﬁ%ﬁy
#&ﬁm§ﬁ§§ Lhe point, ﬁwulﬁ saggont b ag an infinil vy of
at?aiﬂha Lings ﬁ&ﬁ@iﬁ% %brae*h ity Jjust an waah DU DTG
sont id@&% thae aﬁeiﬁﬁary elemont, %me ﬁﬁr&iyka Flue, anie
 @&@&§ &@@ﬁrminaﬁ:hg ﬁga polints, ﬁﬂggiﬁﬁﬂ o us an infially
of points lying on it. ¥e shall constantly have oacasion
§§ ﬁg$§é@'in doteil the @ﬁf??ﬁ@&ﬁ@%ﬂm petucen the two
_  §§§&@%¥1&&1 theorles; tha® is, the two is which the f@wlé
Af@a&ﬁ@‘?aaﬁriﬁﬁaa tg‘g pinns, bthe ;@iw&r? slenments &?% P
'féﬁéﬁtiﬁaiy the point and the s rmi@zt Linw, the spsgundary
 $1@§$§%5¥ ﬁﬁé ghiroizht line and the polint. The olewent
khﬁﬁ ﬁﬁ&& nos be » poind, ib m&y %@ #ome obheyp g&ém@%%ﬁﬁ@i
‘mw,w, |
;«mmm orth, we eball conline urselves bo W%m%ry
1&% a plane, ueing for slement somebines the point and
hﬁﬁ%&#i&&ﬂ t&ﬁ'&ia@. in gﬁxﬁﬁaimﬁ.p@@mnﬁﬁgn W aaﬁaiﬁ hﬂ‘
_ﬁ%ﬂ ﬁﬁ&#ﬂiﬂ%t a1 QF o point by means of two Tixed liaes of
'éﬁfégﬁnﬁa, We here begin by assuming $hres noneconeurrent

:tixga lines af roference, X, band C. (Figwre 4}. Lot



the distances from thes: lines to a point P be denuted

?33? 0( , 3, and Y « Uning the ordinayy m@ﬁiz{afi of sign,
sach line has o positive and '@. mggﬁﬁiwa side which may be
amﬁt?mmg ﬁ&%&%i{&ﬁ:@ﬁ; The rotlo of any ﬁm;;‘: i’{»ﬁskﬁﬁmiﬂﬁﬁ
? ; m lying on o line through She intoraeghion
;;f -a b and the ratio of XV ti%ﬁﬁpfi%:iﬂ@ﬁ P ‘_ 8o
iyior on o im@ thraugh the intersection of A ¢ P
ic tuerefore determined by two rationX/A3,d!YV wy which
a third (S r is &i&‘g}%iﬂﬁ, If, then, ws seleeh throe
lines 4 , b and C,-f s not coucurrent; the position of
7P in deternined by any two of the rative XG0 Y
whish are the coordinates of the point. It is eseential
thnt the throe lines a, b, ami C  be not goneurrent, for
| ;&.aﬁamam the twe Lines P(a b)amz ?(d c) whose intersection

.?éag& %o give P would latersset only at A bC ¢ bhe inter.

' .ﬁf:é#i;iﬁn ﬂf the lines of reforence. Therelore, the polnd
g fe:-g;aii% aub be determined, {Fioure 2)
| How, regarding the line as element, let ue assign
"Ti“i;s‘; }g’i&ﬁiﬁi&m in o eprresponding way. The mmm o thie

pednt was referred to fixed fundanental vonmconcurrent

" 1ines; we refer the povition of the line to fined fundonente

nl mou-gollinear points, Yot the perpendiculer distonces
‘o0 the line from these fimed points A, B, C be noted by
P 9 Yy and P » 80 that the statement pP= o PR

that the l;i?;@ paoses throusk A  end so om, {(W¥igure 3)

"ifh% position of L + thevefore, will be determined by

R IR

R o+ s 1 LT TR T 1 D) O

D e SR 11t |11 T4 T F 1 dhuetri 11| e




the ratios f::q:l’ which =ve the eoomdiinates of the Line.
Thies wili be shown mors definitely later.

AL

':ﬁwam this cone bhe following dual thoorems,

1. The eoordinete syolen of point g%&@éﬁrg ig dew
terni sed by three arbitrary lines of rﬁf@raméa nnd an
arbitrary aﬂi% point, - |

lﬁg, ihe coordinste syoben of liag geonmatiry is delore
mingd by three arbitrary ﬁ&inﬁﬁkﬂf‘ﬁﬁfafﬁﬁﬂa_&mﬁlﬂﬂW&r%iﬁw

rary unit line,

R T 17 1 - (e b0 (1B 4 BAR k11| L R \

It T A P N BRI §

AT T
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DULL THRORIES IN Bougsiiys COonDInRess
- 2,, ‘i"mwiiswsw point euwﬁim% Bl

Tet X,=0, X, =0,and X5 = o (Figure 4) ve .

‘?ﬁm*w mma straizht lines m veference forméng a wi»
3 10t 4 4 £ be three prbitrerily s

E-ﬂbﬂ%‘}ﬂﬁ b2ty i) Ta)vs vw-& .

4

R

C nuil

Eegs,

o
gﬂﬁ%ﬁ&ﬁ*}’hﬂi Let P be spny point in the plane A B
P Lrom

1«3& d,,oll ,d;he three perpendicular divtances to
m@ %hmm lines of weforencs. Algebrale signe ave o
be* &%tmh@d to 2ach of ﬁmé@ digtanged s oeording to
the 'ﬁ{if&% of the line of veference on which P ides,
| "'&hef pesitive wide of wnch line bedny asduced ab s‘i 2RO
' f ?h@ -t*&waimaw@ of P are definsd as the rabion of
%hma qusm@iﬁwx Xy amd X; such bhat
XK X = e d,  Aed i Ky oy -
1% 18 evident thet 4f P is given its coerdinnbes
m*sa unianaly em;*;@rmm@am {ﬁﬁmamalﬁr, let real *""?gi@&:
'a,:azn.' 4, ve sedmmed for X ! X! X;e The ratio X, X, =4, a,
'_,fami&h@ﬁ the ¢ ‘ﬁm%im —;(‘% mmia o aonsdant, which i
’mkzamm a«y sy point on w aﬂiqw line throush A "
wimﬁmﬁy tne vatio X0 X; = 4, d;  in satisfied by
any point on a unique l.‘%‘f&ﬁ: shrough C . 1Y these 1ines
iﬂﬂﬁu’?&ﬁ&ﬁ, i:w p{smt ot miﬁammﬂm is P, wmﬁ}a i
%imﬁ Buliauely date mzw& by ite coordinaten,

‘In oase these bwo Lines are arnilel ve maw sxbend ourp



1l

cw@imta mm by saying that the coordinates |

- define a point 'at. infinity. mwe are, in fact, the

| I.imismg ratioa &pprmeﬁaﬁ vy X' X,/ X;as P rvecedos

maaf!mnely from the lines of roference. Wecomplete

- %he definition of the coordinates by saying that complex
aaw&iﬁmé& &efmfa imaginery poluts o?f '#hsa plane, and the

soordinates O O! O are not allowable.

$ A loining the lines X, = O

m:.- o b s

PO D ) ;
The soordidaltss of

of polin
- and X,=oare 010!/, those of point B ,‘;aiﬁ.ﬁ.ng the 1ines X.= o
azzaX =Oare O I O, and those of point C joining %the 1lines
 X,=o0 and X=0are [10! 0 , The ration of %ff, 4 ang é are
determined when the point with the coordinates /! 1 I 1
flxod, This polnt we shall call the unit ;;mim, and aluce %:z;e
%4, 836 ami‘&mz‘g i% ma;z be baken anywharm ﬁsmmm
eamdin&x&e system is determined by %hr% grmtmry lines

. , i
- of reforence and sn arbilivery anit point.

 Bxemple in point geometry:

The aleaaen% in g}o&zzﬁs gaamtry mm aoord mama vhich
sre the ratios of the gargm&ieu}.&w dstances (oach mule
’ltiiﬂhmﬁ by en arbisrary aaaz:a%;am%} fyom the lines of ro=-

" ference to the points e
- et X, =0, Xy =0, and X;=0 » be the f£ixed lines

B 3 wﬂé&ﬁ;»mghaz’ Geometry, &4,

I"KIMN S8 (U 2 [ 1 o} AR

| - VAT SO ey

[ T
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é’*’#ﬁ‘ Mmmﬁm, nﬁdA’BC i thedr point of int:rsechion.
M% d,,d anac 6(3 ba ﬁ%w pervendiculoy distencos from
‘ﬁw linas (; raforanes,  {(Fioave §)
. Phen Xo 4%y ’3 = A, 4, Lo, A, . 4 a[
Tob /R S |

For convenlsuga lot a¢ seb up the ratliv bebwesn

the Llines of reference as o,/ d,!d, = /. 2! 3 and

Xl :_éJ':_L. ) __)_<J=—-: _ié“':é— ..>_(_l—:4—'--:'—£"
' X,_ d".t R Xs‘ 3'J' -3 / X di 3

- Tiret, let us eonsider the polnt A  julning the
'»immé ‘X = 0 am X =0 éa, '%:%-zém eonsider the ratio.
o(,. A, = (! 2 « HNow et us take muy point 73’
mmmfgimg theee conditions. This determines the Line
Wﬁiﬂg througk A g.m*i ’PI 06 t\.%‘.a:aﬁ any polnt on this
‘Line satiofies the condition of the ratig.
ﬁi%ﬁiﬁé& 1ot ue gonsider f;%w lines X, = © s;éﬁsﬁ X,‘_:o
»;jxaim@f;t pr the point C . The ratio here 1o

___.-_.Qd_,._:_.é:_.
X3 s J

ﬁiﬁ&)ﬂﬁ% By -g;a-@sm% —F sabiafying this oondition and we
bave determined the line L' paseing through . ond P !
, By that any noint on thie line satisfies ithe é{xm&; i1%icn
gf tim ratio. |
| At the «mm? where the two iines L and & intere
geck, wo have the polnk
o X, 0 X i Xy = 11 2 3.

R 111 1) (9 b 11 (A% 1| e
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2y Pual. Theorem in Liina {}a m@ﬁr;f.(F Lo é)
Tot U, =0, U, =0, Ly =0 be throe fixed points
M’ ﬁafﬁmnee, and lot /4, %,_ mxd. % he three mﬁ;i%mmly
mﬁumﬁ wﬁmahm.r Lot p ‘im aﬁy line in the ;g;s:amm @gzﬁ
1at 1), , Dy and D, be the perpaniieniar iiiwwﬂa'&ﬁ of the
11@;&1 f‘ rom the three pointes of references
The emrfm,imﬁma of p  mwe deli vm as the rotios of
| ""ﬁ'.‘;z‘f'@_'e‘? gusnbitien | | ‘ ‘
: : “( 7R U, = —é'D, ," 'éa_D_,_ :'4»?3
£ p is given, its ﬁa@m&:&w tes ars zm.‘iqmw ﬁaﬁ@rm |
w:imzi, 6'&&%}?&3@13, let renl reblon 4,/ 44y bo ——
,ji}'l,-‘fé#}?aa, JUy ) Uz ..«v Tne ratio W,/ Uy = Q,! 43 Tarnishen the
sondition DL equals a oonstend, which i sabisfied by
emy line /o Jﬁ%ﬂrmxiﬁi . zmiqzw poind P on the ;i.uw b .j
' »i?ﬁr in the right trisnsles A'R P and PQC , 81l the cove
r@&gxm ding anzlc 5 are equal. 'g:mrza}?@m e tws tr im‘;ggl@g
| mm gimilor and the nwm&;pm&iw}; sides are proportioomd,
fw AKP :<?C = AR:AdC |, Likewise, for any 1ine
) :‘-ﬁfméﬁ Shroush 'P > B mﬁ,my %ri&;ﬁghﬁ% would be Formed
ziving ue & ﬁimﬂam';ﬁ?mm‘*&mm Bimilarly the ratio
WUz al 18 satioficd by any line p ’ﬁ;m* gy
S ﬁni@m imiﬁﬁ-'P' on the line & - The Line Jeiniag the
| ‘gm;m'? and P 1s p » vhich is thus waniguely ‘debormined
1::3;' iw goordinates, ’
e A% will be notioed that P divides bthe lino Besment of

b wetween th pointe A and C in tue given ratlo. The

Bl A

o

TRFES LT |
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@ ;;,misaﬁ 73 amgr therafore moet sasily be fownd by dividing

this @ﬂiﬁﬁ%ﬁ%ﬁﬁ af lime b in the given ratin,

‘Theve facts enable us Lo set up convenbions for pose
im*mww and nogativeness in Yine eourdinabesg,

- ’*% ling L (Pigure 7) divides the Line AB nEHTOTe

: !;Mnalh interually. Trow our previews shedy of geometyy

'm ummmmm thet 4f sfé?zy iing i¢ divided internsily by
ng,, msv yiebdo g g m:ﬁﬁiw, gnd Mikewlse, iT nay line
14 \ii‘?ii%mi ﬁmmmmm.}z by n @am the watio 48 amgabive.
'i‘mmmm in {#gave 7) we have the tvo similsy trinaglen
A’Rﬂm&'E oPand the sides sre in the proportion
AP PB= AR 30. Bines the ratio AP/ PB in positive.
%}m‘ﬁiﬁtw‘w 33 33 . aod 77,_ m’k in » ponidtive sabios Dub

the r@&ziz of mww‘ disbancas M praporbionsl to the lins

ﬁﬁﬁx’ﬁiﬁ&taﬁ of @« }. §e1) ﬁm‘*uwa the ooint 7’ . 4nd since this

ratio is pemitive we oan define th: coordinates of aay line.

%maagh the ooing 73 an positiva. ‘:&i:ehmﬁm the distanced
D, ond D, pre in & positive rabio and in thiv parbicular

aaBe %‘&1” eoprdinates of the ine b  iaviive snly fgmaa;:iﬁiw

iIn (”‘ﬁmwe’t 2) %r;,uwmr@m we heve the Line L ddviding

the line AB exteornully, making the ratio of ité veguonts

" a@sv&%i%. In the similar trisngles ARP and B OP, w6 have

’B’P PA="Bo: AR . SHisce the ratic BTP. PA w
negatire the distonoes L), end P, are in o negative ratie,

thus making the rafio of the coovdinates of suy line Lhrough
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P nognbive, mrs wm; w«wmmw whown pay m.:m Ly ;Tgh

vides BCin n pobibive ratic snd henee would have

B poeitlive ratio -of goovdisaten. ZThorafore the Line

mmw&m the peinte [ end P would mve u #2% of osordipaton

irw'wim both vesibtive emﬁ m:'xg,mwa roblon,

i P and P’ are podnis at iafinliy, we

m%iﬁg}‘ w&‘ﬁ‘&}')ﬁk&»»&ﬂ%ﬂ*i g;):yu M/' “J.,o 6{3 %24 P J‘K«ﬁﬁﬁﬁ%‘%

i’z*m itiw ;:mm%; of PeferanGe, |

i mpm in Line ?ﬁ'ﬁiﬂﬂiﬂ?}?g

\my zzahf m fw

£ m a 11 e ab nlinity. Yhese ave the },"émmﬁw -

indeiind f&é@‘iy

e sgmr«s@m b 1&:%» gﬁ&cmifﬁrj har coprdinabes vhieh sre

t&w m%iw @:f.“ tm werpendic iny dictnnpes, [paen wmmmzm

E@y o arbibeary oonsband) x’mﬁ the three ;}Mn*‘*&; ol mf&ammm

Let =0, Uy =0 mﬂs&agzom ihe throe

gmw e o' row

:i“mmﬂﬁﬁ and D) 'D,\ and T the perpendiculser divkenves {row

iﬁm pam%ﬁ of PALEPENte.,
U, | Ui Uy K, D M D,

. Draw amy line p’ sstisfying the

=H; =1 'e«-zm’D,:D 1Dy =123,
':"wﬁ eomoider the Line @ joluing the pemz% U =

mm’i%ﬁ; 1y

“ bk D, i Dp= 112 . hers the Line p intersects the

1&!%1” 4 5 we have the pofat TP Bo Shab any 'l‘ﬁﬁ%ﬁ‘ g:;mwag@

Q%‘Z%m«m by wrevious %Zémwmm.} In practics tuds -;mmﬁ P

| m:mm m Mmm@i by d4ividing the Line seguent of X bebwsen

_;ﬁ_m :g&ﬁiﬁ'ﬁ:ﬁ U, =6 and A, =0in the given pabio,

The polut P

P T T I S
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' ﬁay therefore moet wmly be found by ﬁivmmg tmg %gmam
‘ai Mm A m the given tatw.
: B mkswmm Join the points U =0 and U, =Oby %he line b .
| a,gh b pass any 1ine p° saﬁiaiying the condition that
e D;=1!3 + vhere this line p” intercects the line b

 we have the polnt P', so thet any lino passing through this
. point aésam;ewe the ctndition D, T, =/'3+ The line p Joining
; ﬁm wima? ana P’ ha&s the coordinatos

! L ul t J. ] “3 / -/Z 3
mwla neing mggatim Tt ioge

. Fow lat ug conpider an ezxample using negative ratiog.
U U Uy =D RD, D |
Iaﬁi%’kiﬁg Hi=HK. =K, =1 a8 before, we have

D, DD =2 \s"—sw | |
‘ »E‘&m%, &en&amar the 1106 clmusts ‘e (Piguras 10).

o ‘i‘!zia I;ixaé will bo Alvided externally lnto the ratic 5, 3’5&3 |
the point "P so that the puerpendiculsy éisstameem from the '

TNNTE I [t (s I I

| mmﬁauﬁ“aoa;:zﬁ&;_,rvﬁéczmg iine through this ;;sam;fwim have the
mﬁm 5 ;-3 . ﬁ”ég ﬁm g;%*@ﬂ-aam 'Iﬁsheammd Likewiso, consldere
| Amg%im line sefesescismmms g " - 1% m:. ’w divided glailarly |
izxr &h& gmmh’? into the retlo 2.9 aam’_;»h&'k thae pwmwﬁiwi&r
K &misam% from the points w,»oaimu co%o any 1ine through this
| gamk ’P will have the ratlo 2.S . The line ;jammg fhege
| two ;mmm P and P’ , will therefors satisfy the conditlon
Vk ":'.,’-;Lr&néb ias.wss the goordinaten U'! U, iUy = 2! 5 3.

T e e oo e i T T e
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OHATTIR IV
LAGIAR BQUATTON I POLNT COOINALLS

1% is n Pundnmental propositisn in sueliytic

giefﬁmwzf that any Linesy sguotion AX T BY +C =
z»z;gzms%s@zmm n siyaight line. Now let ue prove the Lollove

i"ii{é’ theorems & hosocensous soustion of the Tired depree,

- Q,X,'f“d)_x,;+a3x3:
represonts o straight line, and sonveresly.

A on pralisinary a-mm@ itiom Jek uw prove et the

'ﬁoamiiww i of & point om n Mma Joining two fized polnbs
mm ”@»@_ a;acgg;vmfasa-@é% in the coordinates of the wo Fixed points.,

In vlemendavy geonmelry the Tollowing relotious are alrsedy

B ¥ = X, +A X,

I+ A
Y - 4t A4
) [+A
o¥ xy X, tA XU Y+ Ay,
CIn trilincoy esovdined s, wo are io yrove that

Xtk i Xy = Yo+ Xz Yo +Az LY, + A7

\ ’.'-wmm A is pmwwﬁrti mal te M . {Plgure 31} M = YP

, | Pz
T—? : ’Dy P” _ _J)Z
r 2P P T DP

f
T'-F _ DY-DP - R'-P_Dz-DP _ pz
™ DP » ~ DP DP

PP _DPDY. VP oo yp o
PP._A DP :D? ;[')"”"? Pz

t

T



P, =

b X, Xl X
ey |
. _fX, = %’7:7

. : \/IY,: %I//t)
. /o),z':%’_//’_)ﬂ

i8

_ /\/\’l?"«/\/\'P'

B+MP-MmP

! |
T+ MP

\ 't +M'|

| +M

and

= %,7,).'%,,73.;%3

=

f"’X’f/P‘ X, =

Py MR

4
Y= AT Gy AT
Pz, = LB Pz, = LT
| +M
- mA

o
| [ +M
£ x, = P |
‘-’7—‘3-— /.[-/\/\ o
y ,/_\Af
c.e'/;( VX =Y, *JZ Pt //Vl(a TS

or Xl . x X3

AS Az N\_fi’;

‘1+Aa‘qL+A%.ék+Az?

A s proportiomel S0 M

Tt

ST IO i L T
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fﬁﬁw# in our origlual thoorsm, lob us h&#@ glven ;

a, X, +ax+a x3.—o a) -

and 3.@15 b], q. . (,{3 and 2,0 Zy,. 23 bo two pointe on the ;

&ﬁeuﬁ o (1), -

then & X + Ay Xy + Ay Xy = O )
a4y + a4 Y, +a Y, =0
e o €@z, +0,Z, +&32;=0

Ppam these thyee equatlons we have
Xv o Xy Xq
q\ ('12.. b’s = O)

Z, Z, %
and by interchanging rous and columng we ged
XY, Z E
Xy YU, z.. | =o ' ~
‘ , X"J (’13 Zs
But this determinant night alee come from thy following '
humogenacus squations s | ;
' e
R | AIX‘+’\3~%,+[\3Z::O E

,\l X)__‘l‘“ /\,. Y, +/\SZL:O
A Kt el FNZ =0

TR THEERE AT T

R TS
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mmﬁimg these mmi;mass j by — /\,~ Wi woh

>
<
|
}
\/
A :ﬁ:
|
y
r’

J\.LX -::_.(\_L. _;.___Az__
’\z. ;L“"z_ - —/\LZL "

: and reweiting the squations, we gst
CX = Y +4z
P, = Y, + A4z,
I X3 =Ys +4 Z3

s mm&; dn tuen gives ue _
S XK S YAz iy A AT |

i which we Rnow iy mrmwzw the coordinabas of any poéint on
%h&_ stralohi mm@ j&.;iw}'ﬂmg L/,, ;/}_. Y, wnd 2,2, Z;
‘-i;}m'af@mzﬁm fsf’m':_ suy poind on the line Joining Yy, 4,

aud Z0Zy 0 Z; wa hwve

XK K=Y FhE Yy +AZ YAz,

e e T

R e e T

e




Honoe Xy, z |
Xy ‘41_ zZ, 1 =0
X L
'y Ty 73 |
oy z Y, Z
| Z. ‘
| ol P = Xt P | X, =0
(43 Zy ('13 Z3 b’l. Zz.—
oF A X\t A, % +a, % =0

From these bheorams comen $he followiogy if
. b) X) + b,,LX.L + b3 X3 =0
are Ywo fixed linss, the eguation of any line thrswgh
thedr point of fatersoeticn ie
| _ﬂl X, + Aa X2~+d3 X3+>\ <6I Xt ,J,,Xa_’f' bs Xy=o0
These eguntions, then, determine the linue of & pencil
(@ +26)X, + (At db) X+ (A +d b)) X =0

and any line Sthrough this peneil hee the coetficiante, |

(d,+A E,)) (a&.f. A bk>) (Q3 -(— A 53) .

{

ETRI CR IO R et

170
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CHATTER ¥
LING GOORTIBATES DAVINED 19 A DIFPUANET WANSIR
CER LIUAR BOUATITN 17 LINE COORULEATAG

\ i‘iw soefTieients 4, d,.) 4, in the eguabtion of »
stralghi Line are sufficlent to Fix the line. oo enwe
ample let 4,23, A= S and 4,=-2. This gives as Bhe
W%mmm 3X, +§ Xpo—2 X3 =0 & ﬁiﬁﬁﬂim line, |

Ag Mai@ X'la vary, sny sob asblelying the éagm:ﬁimw wilk

, ropretent o poing on the 1ings Thon, ouppose we shoald
have o definite - gm:hr;% given ax X, X X3 = 4:=3.7
‘i‘?s?fz;ﬁ' giqen we the egustion 44, 34, +74, =0 . How
'smhmimtm» diffavent valuew for the Ao mmh satisty
the mmyﬁim, piven ug an iafinitg wf Yines ;m&mivw
t?k&“mibh the miven point 73 .
CTpeune veties &4, 4. 4 may be Saken as coordinaben of
& ebraight Lise, or line coordinitss, Thus Sho soordinntes
of the Tirst Lime above are 3. 5!-2, A warisbie op
mmml set of line goordinetes wo shall denobe by () a,_,as,
A mfamx* a&zﬂa‘mim u, Y +UsrY.+ U, % =0 o« popresonts
v&m, 1;.3‘;&3;&_ thyoush the fized polat of vhioh %he polnd coore
diupten are (,, CY, Yy e % 1w %&ze tine equatioa of the
noinde This will be yww&i MARE Sriéﬁw‘éﬁzg%ﬁi}?‘ later, The
goneral equaltion U, X, + Uy X+ Uy Xy =0 sy be eontide
ered ns the nseessary and mffmmm gondition that the

1ine u, L(,_ Us and the point X, VK /Ky nee wnitedy Rhat is,

i”,‘lllﬂi‘[ Wi

B i 11 i AR

EO



) iﬁsm puing lies on the line, and the line pasgen a‘maugh
the potat.
| 16 is o fundsmentel preposition in amslybis pesne by
 that any Limeay equation A X +BY +C =0 represents
3 a-%xj‘:ﬁgﬁxﬁ iine. Wow let us prove the following theosramd
A& homogeneous iinme egustion of the Tired degres,
QAU+ Ay Uy 1 ﬁ3 U, = O e the Line sgusiion of
A %f;a:si‘ﬁ*a wd mggm.ﬁmﬁw ik Lined threugh the point whose
| pednt coordinetes sve 4,/ o Apn
e have given now Lhat
\ adu, + A Uy, + 6236(3 =0 ' o)y
Dot )V U, ead L0 Wy Wy be any twe lines thesugh
the lowas of {1). Then |
, a, u, + d;_a,x_'/—d3 Uy = 0O
&V, + a V,+4a, V; zo
QW + Ay W, +a;W; =0
Prowm these oguetions we heve
U U s
Vi ' Vo U =0
| . w, Wy W
ond by intervebonglng vows snd colmams, we geb
u, v W,

Uy, Voo wy | =0

Uy Vs w,

But thiv determinant mishi also bwve come from the (ollowing

" i’;~?ﬁ§§§l€$§§ﬁi¥% van eguabiong,

IH,H!!I.L \‘l H

R Rk T e




AMM +A15%JPA3‘UI
AU+ Ay + A, W

v )\Mg‘{"/\ V3+'/\WZ«
mvmzw thess aguabions by [\

U

u

IHAIIIU,U [

0O
o
o)
*

+ We pab

ﬁLL{ = :.b_’;.v' + -3

(\). ~~(\7.. —Ay ! | -
' = N w
—,—\\LMJ.: - \/2.. +‘ ad
T Oy A (\3
AUy = —:é-: Wt ~0s
o — A
Tetbing —23 ~ond & D P and x‘z.,#&mimi' the egueblong,
L -..)\2. "‘2\)_ . /
woast oy v, AW

/U)._:Va-'f"(\w’\“ =

Pu,= W+ AW

wmm in town glves uw
U Up ' Us= Vi+A Wid Vet AWa ! U +Aw,.
"iﬁ’_ﬁm* m_ provionsly shoen, represents the coordinsben of -
any idue Swoagh the inlerseotion 6 the fimed lines
A l/g.-' Vi amd W, I Wyt Ws . Fop, sinoce the euevdinstes
V, ! [/,,: V; determine a line | X +1/ XootVz X, = O
wpd the coordisubes W | W ! W, \iwwmma % Line
' "U)X' +W, X, + Wy Xy =0 the vatios (l/ + A wl) (V,z."‘/\ W.L)
Q/3+A w,,) are the eourdinates of wome line and we kuow that

IR p————

F % B 1135 T A I |

4

' %@w xmm,
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And sonversely, we know from onr previons theoren

Wity L Uy = V+Adw, Y U +d wi Vs +4 Ws

vaprogsuts the Linoe of the peneil desermined by V) ULV,

Cemd U Wol Wy,

.'V“’ =V tAW fﬂa, U - AW, =0

oy ?/"u}':v);-f—-/‘l Wi oF /('(J.—V.L' }\LU'L:Q
- Pui= Ay ouy - Vi—AWs =0
Honow |
U| V; w!
U Vy Wi | =0
and _
W w 74 Ve w
_VA i TR i U+ | U, =0
v, ws Vi ws Va Wa
oy

0-, b(_,—f’ a;\ L(L_ + d__g M?}:O‘

w&aeg proves that (1) iz the line equation of n woint.

’” Hl!\I l‘l it

"l

E
’
E
i
|
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CHATPIR VI
BRUIVALINGT OF DEFINIPION OF LINS COORDINATIES

Lat un next show, firet, thal 14 w goordinaies ave
ﬁx*z:ig#ar%im&f& Lo the ﬁ-@gfﬁénﬁﬁ ent off by the 1ing on the
gides of the trisngle of yefevence, each seguent beiag P
Siplied by o constant factor, and sseond, thet ding aos '

ordinntas are propertiansl to the thvee perpendicalsrs

from hhe vectiges of the trisngle of referenve o Lhe
ghraipht 1ine, ench perpendiculay beins waltiplied Wy a
gonsteat faetor.

The aguation of Yine L (figwre 13} is

A X+ A Xy + A3 %3 =0 ()

The sogles X, &, and [ are fized for any porticus

loy coordinate system, |
 Wow in eguation (1) et X3 = O we then bave intere

gepd walasw Tor X, aad X, or X" and X,i «  Pavetion (1}

0oy beeommen,

] o
A, X + As X, =0 I . ;
' o¥ aa— Xl é d/,
I4

. , v / :
d)_: 2 1"/ . . ‘ : /ﬂ- ,/J_/W//
Ao ‘
d,
. T

Z,
A

47 A ot

a, b lal _ C’;/z

Ny

4. hheep oL

}

Tk

g
X
1
N
RN

Mﬁ

'

HANRRER

R

E



i
1

2Y

"%w ira eﬁqmt-iw (l) Let us mmm&@r Xi=0 o Our

a@m&imn &imﬁ %mas:wmﬁa P |
C AaXira X/ =o o Zom =
h ’ : dg X). /42. dJ_”
. dh _ e K p )
Bt —= — Lo or ai - //,//W X
R /Z‘/ .
. : . 4 .
gﬁ& dz, - Wﬂ | oY 3 = ,ZJW/
A
. 41 J v o2
d . Ly Aen /O
S

Ao ——ézﬂ{:. - ’%/Mﬂ - C;s//?
A; - %‘d) ,4 /q/dowoc C)‘I’Zf

Lot oo now eonslder the parpendleulars from Ehe vaprs

‘%iwﬁ of the trisagle to the o ireight line. Yo have, Plras

considering sgedin, that Xz =0 and QX + 4, X,,_+ Az X3 =0

A

b =X b - Gl
I N Tl A

s ,
Bt winne 4 = D, ) . A - CoD, ( ,)
T4 D A e 0,7),_
/Z_g -— —.Z)).. az. 0 [ /2)

&immm ¢ Bince -

’“z:!.%‘zs},,;.: ne aumerator and denominaber @f’ bhe right i*mmi

wgribay of (/J by a 3 w@ ,g;ag QA . C D,

slsilarly waltivdlylve aumsrator snd denomiustor of the righd

bad  menbar of 5?) by Q we pat Ay C,C_—,- D;.

Yot C:LCB :h/,) CI C3=K9~) and c C KSQ

C Yhese eguatisne then aive the relations

A, a,: a,=7D: D, KD,
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Sinee 1% was previcusly showan from the firet definition
of line esordinstes, based upun Jdualiby, Shat
. - y .
W' oty =KD KD KD,

4t i now demonstrsted theb the o mebhods of defining 4 -

tine poordinntes are equivalent ;-

Row in {figuve 12) as ve Let 4, =0 our proporiion b
f?,«amers-v 0! dy'a; = O/K, D, ! A; 'rg " Elnes ths K ‘/4_-) are
éri"iai.tmris,y fixed D, = o and the ling ‘L; PABESE mm;gh
 the roint C . Bince the lime L wes any lice the condibion
%ﬁ guch & line should pany ﬁiia:fés‘mggh tho point C is é;}:zzéﬁ‘a
"D, =0 '. Huk tha Do :a,m i};ﬁfﬁ?%iﬁf}y‘giﬂiﬁﬁz b0 %he ovordinntus
@i" the line, hancej i pauetion of the polnt C i YU=06 «

Himilarly the ecquativng of the poinke A snd B are Y=0

and ML : o | « in poing mgy;ﬁ?a«:ifie’m;gé the ooordi nabes of the
- poiat Q are 110! 0 iikewise Shose of B are 0.1/ anid :
those of A are 010 . | _ _ ” o o
. e heve alrendy shown that U, X\ + U X+« Xy =0

iw the ovndibion that the poind and the line we united,

The 1ine eguations of the points A, B, at Q. gt
(£igure 15.) mmy be dotewmined se follows, IF the voind A

whase point coordimmtes are O 01 18 uni ed with a line

R . 1150 4. 1 EL R R ]

a8 above sbotad we have She following condition a,- O +UY 0

+U; L TO gr Uz 0 . Thiz ie Shen She Line squnbion

ol puint A . The aquad ion of point P whose ¢osrdisates
ars OO0 4g then U,'O+a)_-( +U 0 =8 gy U, =0 snd : =

™

tha eguation of point C vwhose coordinntes s /Jlo:d 1is i

U+ U O +Uy 0 =0 or U=0 »

1
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o It has boon shown that 1n the dual syatom of line and
o mmt aéagﬁimﬁw, the eleuenis of reference are nOW assow

= #W*‘;‘i’ﬁ; in the gage trisngle, In the ocasoc of point coordi-

" ;ﬁﬁﬁgai of the point A Joining the lines of reforenco whose
| “'fmmm‘ oro X, =0 and X;_——Oax'ea “Plo: 0! D Buallymha 1ine

- eoordinates of tho nm-a Joilning the points of mfernme ,
__whose equations srel, =0 and U, =0 are L(O! o:!l). Dikewlse

- the point coordinates of the poimi B joiningthe lines whe

' squations ave 'Xl-’: O and X; =0 are P(0!1!0) 3 while the line

’, | qéamimwa of fb}m line Joiaing the points whoss sguntions
E ﬁra a._:,o’ and U; = O are L.(O N l:o) « And the polnt coordinates
of the pa.mﬁ C joinming the lines whose squalions ave Xy =0
“and X,=oare P(1'0:0). |

Um restate souwe of the reaults thug far :}bmima in

parallel columns 80 88 to show tho dualistic ml*ﬁ;imm. )

The ratios X' X! X; determine The ratlios u, LUy ! U

- the mmh | ' - d@t@rmm& n straight lines
& linear aquation A, X, + Alinesr equation 4, U, 4
R a,.xk+a'3,x3:o represouts all 4 U, 1+ 4y Uy= 0 reprosents
L ,pwmﬁa on the line of which the  all lines through the
soordinates are &, ' 4, ! U point of which the coordine

1% s the eguetion of the lines ~  wbes avo A,/ A/ d; . It
o T is the squation of the pamt.
12 y; and Zjsre fixed T IE v, snd g ave £ixed

ammﬁn the aoordinstsg a:é any 1ines the coordinstss of .

pomt ON_the, lme_ Any line Througk their

LT

ELEE ]



’mfmm%im ﬁmm mm

,(4/_ +4A =z

é‘ a, X, + a, X +43 X, =
and b.X. +E;XL+63X3:Q

REG the equatlont

%%m mm%im a
bmm padnt of intergoction i8

(\(A,X,H:L ,L—gbsmso

t ile
on @ straight line when
L/, Z) T

h‘fﬂs& T mm% p

N 2, Ll =0
Yy  Zs3 t,
Thyee Biraizht lines
205 X =0, % by X =g
200 %,

: meat in s g{gi%"f% when
A b, q

a. 3 b 3 Q "3
Wonda, Hichep Boonabey,

36

podnt of intewsechlun are
Vi + A wi
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SRAYETR VT
CURVEE XV LINE COOMDINATES

E.M us First conslder z.m gw«mesmi mebld Fer finding
%aﬂgmnk in pamﬁ goordine o
He have glven ths cuvve f()(, Xy X) and oty sepant
’lima//" o whare | (q,q,_ 4,) wnd 2 (=, = zg) are fized pelnto.
Wow may peint ow 7R son be expressed in the Form
XXX = Y+ NE Y A Yt A 2
vhars A 38 propertionnd Lo Sha ratle dn whick the woelind
P éimmem Lhe é;ix'zw’ﬁﬁ » .{&%M Pge 17} Bek Q and O
be two of the poinks of inbereection of PR with { (%, x_,_XJ)
Sleoe the sfraipght Line and surve iﬁﬁs&?geéi atk these pointe
the aogedinnbes of fgsf;umw sakiefyiag the slrelgbt Live
Bere will sleo setisfy the equaiion of fhe ouwve ok Q
and Q " m?* in obher wopds, 7[((,//-/)2, ' %j/lzl‘ 7;"'/\4}»
C will be o Brue eguabic w0 o points Q fad Q

Prpondine by Teylorts Theevem,; we have

7[.(% +AzZ ! Y+l 2o .“ Y, +A zg>: ][(% Y, L/g
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Q, aivide PR .
Yuppoee now that 7" solneidesn “;ii:h Q o Then
)L( Y | Y., 4 ) st one valus of >\ negones O o Suppose

farther thet . appronches T {1a. @ since shess -

il

e

fwe are noe eoianident)  Thns swodiey value of A is
approseling O singe N\ 18 proporiionsl fo the ratio
in which , divides [TF. « Dat easlysiesily the condle

tion thet n secomt walua of A showld egual O is blab

zZ, g; +Zl~a—£- + Z of .. O
!

Hange Em sondibion thad o }.ivzw ;Mww throagh the point
Tz (Z;,Z;Z_z) should have two volucident intarusctions with
g gurys alb the gmig@'ﬁ’@ | (,12 (,13) {that im, be tangend Lo the
curve ab this point) is

oFf L 9f -
q c).q,_ ds
But ne resbriotion bas beesn placed zig;tm(z, z, Zg> and
henge 1% wy be any point s thie Gmopenit line. Henoe
f:@ﬁf‘li(z Z, Z}) (X X Xg\ and we bave the sgualbin of the

£ mrm;g Line 4o nny cupve 'l(x X)_ 3\ O a% the polnt

l’!| l’fn— Lf-? is

0f 4 x DE 4x, oF =
I TR i

The tanpent iz uniauely detsrmined unleon
_@__{—.. =0 .@__E =0 M =
o Y, 0Y. 0 93 Th/s pot vf’

In this ense wo beve » sinular polny € Lj 9, (13 =

lies on the curve, Yo peove thin we resuil that | -
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from Huler's Theorew for homcgmmma ﬁﬁnc:tianm Bat the

left hond member we know equolg zero because

 Therefore .f (4, Y. 4 )nowm thus stneo (1, Y Y, satisties

;e kit aie _/\/

_ TLMX.LX}) O) b" "ta-('ts st 1le on the "WWTV\ )&xj)
L’|L“' (13 %h@r@f@r@ r%@z’ﬁ%@z}gs} B siﬁgulw g}ﬁinﬁ o1

f (Xi%X)=0and not the centex of the curve.
Yo defined the curve in point goomelry as the locus

of a point subjectsd %o certaln anslytic conditions. Ve

- now define the curve in llne geomeiry as the locus of a

line subjected to cortasin snsiitic conditions. Ye have
slgam‘ that the eguatlon .U.,x, + U X +U Xy =0  unites
the point and the line; that ls, the polut having the co-

oxdinatos X, ! Xy Xq lies on tho line whose coordinates

ave (L2 Uy W, « We might otherwiso thimk a@ the curve
in wmt goordinates ag the path wrwama by t}w polint
subjected to given cvonditbons. In line coordinates, then,
| the surve would be tha amaiem of all the tongent 1llnew.
| ﬁiw aqmtwu of %hag&im to %hea curve -/;(X X X3)
&t the fixeﬁ point q‘q t{3 is |
X ‘—ﬁ‘v"x 2f 4 X3 of_—-po
&é/, 0 Y &%

finge these pailal devivatives are conutants snd
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Cepovidineteos v:}f ‘Es%zw aiﬁ?ﬁ%“% line, Shen

C(,.'L{L.'(,(s_: ~—-’L— &7[_
. écf, ' d(({x a%
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(/P =

Cu, = a%_
0, —Of
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This gives the lins ecverdinetes of the taungent in btepus
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of the three i-;'.:@zx'&;tmé@;%fg% Y, rms:% (12 s P Bbelog serely a

BEOD a:vz?-tzimés;li,hy faatore. By eliningting these i;%zrm‘.

jg&mmt@w_w got the coordiustes of #3d dines wubjeot

w the condition that hey shall be ﬁaraggmat $0 the givn

curves . In other words, we _hs,w& found the iine eguation of
the enrvie,  Slinee M Y. Y an now be aay polab X)X, )( an

i,?rw purve we have bhe foup aguationgs

o+f
Pu, = T |
Pu, = 2F |
ﬁ O Xy

P, _dF
a3
%,

7f (X, XX) = 0
E i O %s‘r‘_ﬁw%:t to eliminate Phe thves X '4 .a
:@m a6 Pind for azampls tho line mgm*‘ﬁw,. af bhe
Carve .
Xy Xy F XXy + X, X3 =0 )
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o f)“ + /OH_, +ﬂ¢ —~ Q X, from saantion /6") rivon ug,
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wﬁm«.wm e bhe velus Pav X shven an
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Lrom mm& the paromofers X ) X;_ X3 Have boen eliminatesn.

Sylvesterts Method of Blimination,

) Somet me;s Bl pbove elinminnblong are axesodingly 4
‘ difﬁ’imxm; congequently 1% 16 woll %o consider he | )
foliowing mathod,
e Yo have piven the 2o egueiions
Fx)= a,x*+ b X +C, =0 |

)= X + b, X+CL =0
Hoing @;h{g following vule,-=vthon we have Swo ayunt Lone
- of n and m degres, I we multiply the n denres equndion
by ®{ned) biues, snd i’;%;ieal n degrea eguation by ;sr;{msel) G imen,
wa pat the oquatil Mg,
| A, X"+ b/ X +¢€ =0
\ | a, X+ b, X"+ C, X =0
4. X +b.%x +0C =0
a,X + kX" + € X ~0
for eonslistency of ki;mﬁ shove »mgmxm W havaes
© 4 bl ¢
an bl C' O
o 4. b. Co
’ ‘ a,_ b,, am_ o

Toke for axample the oorve heving the polind ¢gmbion
f X+ %X = XX, =
| \ (X,X,_Xg)f‘- 1 + ¥ 3 2 x3 =0 ~ Q)
cand U X FUL X F Uy X, =0 @

the s tion of pny line.
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#g pre to find the conditlon to be impoved upon the U
2o that this fopdly of lines shell envelope ths eurve, in

~other words to find the line eguition of the curve. Dolye

, 2
ing foar X3 - Up Xa T, X, in mgss‘mim{,\%m’i sahntitoting
. 3 ) '

in equabkilon (l\ plves us

-]C(x X, 3)___ (“lx "Ha(z_X\_,_X (JXL‘/'LAX )-‘30

“‘S
Tien (,{3)(, -y, X, -, X, X +q, X,X + U, XS =0

| 3

ox' (M:f’“i) x; - az X; X, +(’<: xz. X, +(,{_2_)(2_‘—'-‘—-O
How lebting )%(.L:/\ divide eneh Serm Dy )(3 g il

2

¢ (w Uy s d)= (U5~ U) Nt 2 ru, Uy =0
;g_iz;: 3u-u A -24A+4, = o

S Pron Goloalus the aliminstion of A f’mm Bha eq :aﬁiam

‘P(“"»U(; )\\ ol %%i'ggivw e the suvelope, Using

*“ymmﬁmr'ﬁ mebhod of elimiuetion wa pet the Tollowliug

soh of etatlons,

| (u, —u)h S T SR
(“3"'“0)/\1{ — U, )\ + U, /\V + U, A | =0
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: , Y 3 - _
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| Mol @Qfao \ 4—al-, U, "“L
o . w
6 o 3lugu)  -au, U, | =0
o 3ugw) —aw,  —4 O
say —aw w0

&h@ iine scuntion of the ocurve..
b _ wa haye been considering thus fur bonogensons ﬁﬂiﬁb
am& lin& goprdinntes mud the squation of curvew ﬁﬁ ruw
fgygaarﬁa these elemenis of rmf&r&an&;~ ﬁ@ﬁwhﬁﬂﬁgﬁﬁﬁéﬁﬁ
:ﬁﬁiﬁt'ﬁﬁﬁrﬁ inastes avry familﬁm? Lrom alensntary aangﬁiw
gﬂ@me%rj and ponehomsgeneous line aa&wﬂiﬁaﬁﬁﬁ CH %ﬁ f
—&Eﬁ&%ﬁiﬂ%@ﬂ wey Tollowe, | ‘
| mu equation AX+BY +C=04s the "gmim% éa‘w@@imz
%f n liﬁf How 4f we divide enoh borm ﬁ? thic eguntion
%h#uagh‘ay the gonsstent C. 1% gives ue b he %qwmﬁia@
| A—x+—-Y+ /=0 oF ax+by+l=0 '. the cos
@ff&qianﬁm A gnd b nre the sssentisl consbante @x this
&q&#ﬁﬁﬁm-&ﬁ@ detarmine the 1ine. They way b e baken
:$i§$ ﬁﬁ§¥ﬁiw&ﬁ$ﬂ'%ﬂﬁ the theorems of @1&@%%&&igm gi?a@
fi& ééﬁmﬂaﬁﬂan with &ﬁm&g@me&ug sooydinates con hw_ﬁgg&&@&
1ﬂ‘nﬁ§mﬁmmag&nﬁmaa coordinnies ne well. .
%a% ugs conslder the line equations in naﬁ»ﬁﬁaﬁan@am%

t@ﬁﬂ%ﬁiﬂﬂt&ﬁ of various byped of cupves, h@giﬁﬁiﬁg with the

.aixgggﬁ The general equation of the cirele is X +47 = )

?h@féga&tiaﬁﬂﬁ mmy.liﬁ@-ﬁaﬁhﬁﬂg bhe etrele  (fipure 16)
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) Coa
m A' X+ BY+e = O Nividing ench term of this

AL

mm@ﬁm by & we yet u now met of cosfficiente which
we shall oall U X + vy +1=20 (3) « By solving

ﬁmﬁ%ﬁ%tm&g of tha ling fa‘ﬁ& gircle simultaneously, . we -
ean Find Bhe poinks of interscetion of the lime with

the :}imm. Solving waeg‘m%izm (3 for (4 ggé"srm; e

/1 = ‘*’I-—l_AY (4) I,
Y= « Bubutitubing this vsilue of (1 in

ﬁi}tﬁ&ﬁé iv x: ) we nave

X"_;‘,(_U‘.‘Lu.x +u*r X" ):- 2

S

| v
Vx ) 2w X +UF XY T=0

Q/w)x FawX +|-V¥ ro=o

Tm Q‘3ﬂii§iﬂﬁ "oy bangeney of Wim Line mm & e:iréw

iy 1.1’1% the disoriminant D "“‘/ A C =0, “m?mtimg Sha
| ﬁimgrimmmt of this eguation Lo zero we have )
- X@=Xra?) (- V) =0
or '“a?_.'y%,z_y‘f/-"» u=+ u”V”r“:o
| VF ’”+u*r’” = £
rut = =

wm{m ie tha penoral egunbtion of the Mml@ in Line goore
di:mzu&. |

- He may nlso &arim the line egua mﬁ. s of Lhe eimm

I TR

by ‘5}}_;{% uge of Bylvester's mti;a@.
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X"+ U,P:: r
M-X+V61-H -0
(,1____ -u,lxﬂﬂl

| V
2 ~UX — - - .
X 4—(——————-—--V ) - ¥

VKR WK wx | = P

T /7” V’-HA‘)X FauX+-V T =0 ()
| Bﬂ . 2(y+ur)X taw =0 )
°a<v+u)>< FRuX =0 ()
| .‘-(\/"-/-LL.z 2w (1-vrr)
o Awe Lu | =0
e 20k 0
nwwzm rows (2) acd (3) vy 1 s gives us
(wﬂ/‘) 2 U Nl
0 wE+vE w =0
] ((,L”-H") w 0 -
mm:ifpwimv row (3 X:y +| and sablracting from row (I} o
o W =V
0 Wt W = O .

"'IA”H/"! W o

B ] (TR

R

AT

TEE



a

: ﬁm ﬁmg by minors
| w |-V F"

. a 2\ s :O
N Uk -

2-
WAV YT Ut Wt = 0
w+VT =
S in oa 1ike manner we gon find the line equakion of a

x”.\ll‘].{.‘l‘[ Hl

parabola from the point sgumiion. T&m 3,3,&;;_@'% gguation

of n porabola is (,/’“:. 4p X and ae bofors U X +V Z,/'H:O
in the equation of nuy Line cutting the parabola. Dolve
iéjsg:g Lor X wa peb )(: :J_(il(# m*xi{ﬂa&‘ﬁ}ﬁ%ﬁei%%iﬂ@g this

yalas in cur firsd egustion gives us

4= 7 p(FE)

wly =-4p~ ‘//’V‘f
uq +¢/Fv74—4f> =0

"‘%ﬁwa a8 befura, ﬁxwzkiw %h@ disorisinant of thm

%m@%ﬂ-m Lo Baro, we have

T P fLa_‘R:zo

or /’JV g

| and 791/ = W -
*ﬂh&:&h 18 the Yine equation of o porabolo.
| By the nwe of Syivester s m@z?;%mﬁ, let us dab: xmim E
\“tm i“m aqus ian of the f’:ﬁlwim«:. e nave @;i'ﬁ?t&ﬂfﬁfﬁﬁ% :

mzm%mn )

Flrg)= X=q*+1=9
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Cand ?smﬁr“&»ﬁsﬁmmf 1ine U X ‘H/‘{ +1 =0 (.z)
Selving Por b/ in @) pives us
y = =Xl
| v
How, enbstituting this walue in equation (1)
3 __a x...
X ..(_.___LV )+ | = o

"-"F'(“VX) =V X WX FIH=0
| OF _s3yx*+w =0
5 S o

The eliginetion of X @mmm these two willl

give ua the envelope.

Vx? +ux+U+v) =0
vt + U X"+ —0
3Ux” F U =0
; VKT +ux —o0
3V'XL{ . + A X =
which gives ub |
o VvV o w (+v)
vV o w (1tv) 0
o) o 3V o) U
0 3y O U o
VY o WU O o |

o the line equation of the curve,
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0 V.o w1tV
v o w (1+v) o
o 1% o U
o 3V o w o
0 o —au  =3(1+) 0
Bedueing by ninove
v/ . ”~ ') Ay oy I\
V O “ uTv)
Ve O 3V o U
| 3v o «w - ©
o) 2w =30+ o
?éamiﬁlyi% rvow (1) by 3 und subtractin:
Vv o w (V)
0] 3V o w
o o 2w —30+v)
| o —au -3(w) 0
: &gmin rodundng by sinors
3V o0 w
3. | o -—-auw =3 H/)

2w 3 o

—dut-av(i+v) =
Hil+qv(1+v) =0

4%

e ———.
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In some onues 1% s convenlent to eliminate the

porameher withont the uwse of such gensral nothods as

Bylvestorat,
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‘the ﬁ.ix*ém ial&‘ﬂéﬁﬁff obtainad by Ywo obhoy methods,.
' m&i the f&mii@:&’ Lines
nwX +V Y + =0

by = ;

X UXERUKE]

72

o0 PluvX)= (WHVHX+2UX -V P =0

%%“QWwMX+&w' =0

Solving for X in equation (1) gives ue

X = - U
| Wr*
j |
Subsbituting thiew value for X in (1) and solving

(w +v’”)< ““ \b u+

u __' 2ur A,
W* k"ﬂ,‘ U +y*+

Vrr=o

S R écbuwt—)s( i

Uprp -y =0
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