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Fragmenta ex Adversariis depromia. 487

XXIIL

Continuatio Fragmentorum ¢x Adversar iis ma t hematicis
depromtoxum,

(Conf. supra pagg. 157 ad 266.)

1. Supplementa numerorum doctrinae.
O1.
(Lemell.)

Pronrems. Invenire numeros p, ¢, r, §, ul haec formula

A(pp - 58) (@4 + rr)
pgrs (pp — $8) 44 — 77)

fiat quadratum.

SovroTro, I..m'l;ri.m(-)‘%poﬁaﬁlrr PP - 88 == (aa + bb} (.'z:a: + Jy) et
qg—i—'m‘*—(cc-l—dd) (@ 4+ yy)
p—-am+by elzqzcm—l—dy

_ bm——-—-ay L ofe=—dr—cy;
o facto, quadratum esse debel haec formula | S

A {ag -+ bb) (cc -~ dd)
prs (p ) (2 — 8) [+ 1) — n

‘1I. Ui pumerus faciorum diminuatur, statuatur r =, sive

cdm——cy_bm-—aj, unde ﬁt— .b’:‘d‘

Y

z=a—c¢. et y_._b—-d

= A (1 i Dl = bd. g= ae et bd — et ] » '-:“:: e A

s_.—-_r._ab—bc——ab—t-ad——ad——bc, hmcque

'p—i—s::'aa’——-ac—l'—ad—r—bb-—bc-—bd, q+: —"ac——bc—cc+bd+ad—-dd

p—s=aa—a = gd-a- bb 4 be-— bd, g — r = ac -+ be = cc ~4~ bd — ad — dd.
ormula ergo quadratum reddenda erit e y
PR AR A (aa—i-bb) (cc - dd)

pq(ﬂﬂ-s)(zv*s)(q—t—r)(q-r) )
4 — ac + bb — bd .ad. quam resolvendam statuatur d= a,
b

- TIL I‘xat porro p= e dd sive ¢ 4+ dd =@

.ernque cc= —ac+bb—-ba, slveo————-cc-—ac—l—bb—-mb seu cc+ac—bb+ab_0 quae per ¢ -

ivisa dat a + ¢ - b = 0 unde ﬁl e=b—2a exxstente d =a. Habeblmus ergo

p=c +dd g-—‘( a—-—b)(b—-— a,) s aa'-;—'ab— b,

(‘3(1 = b) (I) —_ a)a(3a —_ b) (b — a) @b ) (Qa': b) (26 — a) a (3b — 4a) ’
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quae ,-!‘edgcltur_gd hanc formam a— 5 Gt — 40 = O, ita ut haheamr'ha??"‘_}@eﬂw N
l(2a—b)(3b-——-lm)(aa+bb)_~m.--= T T

.

Nom St N° HI posunissemus d == —ga,. hahulssemus 06 — bb - ac — ab_ 0,. quae per'_E

praebel ¢ 4+ b -~ a =0, sive ¢ == — a — b unde. porro fit
‘P:—_(a+b)2+aa—cc—1—‘dd qm—(3a—|—b) (@—-8), r=1s=— (aa— ab— bb)
p-s=(2b-a) (b4 a), p—-s—~a(3a+b) g+rﬁ—a(4a+b), g—r=—— (200 (2b§_a) -

Unde quadralum esse debet haec forma
A (aa. —i- bb)

— Ba—+b) (@b b+ a) b 4-a)a(3a+a)a(4a-;- 36) (Qa—|—b) (21)+a)

.slcque quaestio reducitur ad hanc formam —A (aa + bb) (2a - ) (lm + 31)) =d. Hic imprimis notatu d]gn

oceurrit, quod per posxtmnem_terham, qua fecimus p = cc —+ dd, praeter expeclalmnem, quatuor parla simpli-

cium factorum ex caleulo diseessernnt.

Conditioni tertiae p = ce - dd sequenti modo genera]iler satisfieri potest : Quum sil

e € QA= - - QA DD - bl Xt A~ Aq =Dl ~==—bd-=dd; 5T Ve
(2 4+ 6)f — 5aa = (2b — d)* — 5dd, sive (2 -+ a)® — (2 — &) =5 (a2 — dd) et
Qe4+a—20+d) Re4+a+20—d) =135 (a-+d) (a — d) = 5Smatu;

unde vcolligitur 2e4+a—2b+d=nu, 2¢+ a+2b—d=>5mt et a~~d—=mu et a—d==nt. Ex his concludity

my -+ nt . my — ni
= — et do—= —3
2 ' 2

inde vero 4c —-2a == 5mt -+~ nu et &b — 2d =— 5m{ — nu, unde fit

c;{ﬁmnn)t+(n—m)1z ot b_(sm—n)t—(n—'m)ztl

Hine p=1[5 (5mm — an —+ nn) it — 2 (5mm — 2mn -+ ‘am) 4 (Sinm —. 2mh 4 nn) wu]: 16
g = [~ 5 (5meht — 2mn <~ hn) %+ 6 (5mm — 2mn - nm) tu — (Smm — 2mn nm) nu] : 16

Smm — 2mn 4+ nn

sive p= 3 (5t — 2tu uu)
_ (5mm - 2mn -+ 'rm) B S (E_;m—m—ﬁmn —|—n;1,)_ -
,]~__> 16 (5!t—6tu+uu} = — T (t—u_) (51 ~— u)
pms s TMRTEMIEEL gy gy T T T
16 ) .
Si¢ brevitatis gratia (smm_.?gm__!”nn) = €, ut sit
Cp=C (5t — 2t +un),  q—= —C t — u) (5t — zll,)," r =5=C (— 5it -+ un)
erityue Ps=—20u(l — u), p—s=2C (5l — u) '
g4+r=—20u (3 — u), q~—r=20 (5 — 3n)

ag -+ bb = C (511 -+ 200 - uy) ;

quare formula quadratem reddenda est
A (Bt =1~ o= )
(t— 1) (58— w) . — e (t —u) 2 (5t — u) . — Qe (3t — u) 2 (5t — Jue) ’

quae reducitur ad hane conditionem : A (514 —+ 20 ~+ ) (3t —wu) (5t — 3u) = 0. Statuatur v = i;‘—t, fietq
A (Gt =) (= v) (B1—3v) =0 ; seu posito 2 =1w erit A (ww - vp) 7(91;«' =~ 'V) (b — 3 v)=10; qllO
habebitur P = ww - (w—?% g=(w—v) Bw—1¢) et r=—s="py—pw — ww.
Quae solutio ¢um praecedenle prorsus comgruit, ex quo paiet llam solutlonem mulio esse generahorem, quamns
initio videbatar. '
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Hine alius modus solvendi‘colligitur: Pondtur p 8= af; p—s =6l g 4-r==0y, ¢ — r=¢n; tum vero

q_,;ﬁﬁ.».-»~ﬁinc .ob r:asvaﬁt;-%y::? eé—z—;{\;"'ideoque sumalnr ¢=17 — { ‘el-& =y — f; -deinde 28f ==y -7, ba-

bebnm 2l =2y — yL — fn et ﬁ 32:—i .Statuatyr . ergo .f =: “"ﬁﬂ,‘},:i)gg_ﬂ, 05:72—{,”1@,%3;5_’?,
g0 pzm—_?m, g =, "&g;g)rzs='i_—25§:_€§, L
consequenter PP 85 = ' {(5EE -+ 6Ly —; 52@) (6t -+-77) ot

PP S N

unde plaecedens solutio nascitur. Impllmls hic nmotetur, tolum negotlum pendere ab his tribus rationibus:

HEEE 1) BT AR SRS S

T £, ﬁ y et ﬁ 77, neque ipsas quantitales alisolutas in compulum vehire.
Solutio generalior.

Maneat pa-s=uaf, p-——s:aﬁ‘, gHr=uay, ¢—r=2, ut sit

aff 4- &t s__'aﬂ—gﬁ,:. 9’_‘ ay -+ &y r__a}'—ry_

1’:2’_2"_2’7—2’

o IS
CREL O MR R I

at sit r:s;f g et g==hpL; erit prlmo
ey 5 frxﬁ—ffi'—ya_y'.
Ponatur ergo o= fL— g7 et e_fﬁ—-gy, deinde habemus S
21 = =yt — g0+ (o, nde (24— ) =7 (T —21).
Ponatur ergo §—=ff—2¢y et y_2h§‘ f‘l} erlique

Ca=fi—g e ~£=(ﬂ"--—99h) £ — fom.

o g

R R
i

Hine ergo consequimur

p-s = [t — 3fgbn-+29gm, 7 p—s =(— 2k L — fol

atque g 1 == 2fhLE — (ff = 2g0) En'“ ¥ fg,  q—r = ([ — 29%) En— fom;

unde ity oo sl ""“'““;P = gh) E =2 gl gyt wvnme= g Bl B i)l 5 svcannd

T T Ty =0 (6 —2gm) r .__f{]z.ﬁgm.fﬁﬂ‘é—lﬂlgﬂﬂ}vw”i'_r“:z'}' ROTIRO R RN L
» pp -+ 85 == (f* — 2ffgh — 2gghh) £* — 2fg 2ff — gk) ) 30 - Tffggllm—=:6fg*n? - 2¢80* P

= Qﬂkhﬁ'* — Ofhi(ffa- 2gh) Oy (fE--2ffghi-t-lgght) b +—2f gLy’ -+ y‘fggn ,
quae forma ut divisibilis fiat per p = (ff — gh)tt — 2fgti -+ ggnys-hae dunscconditiones requiviinturt: % = " i

Primo ff-gh == 0 “secundo. — 3f* - flgh +71-gghh = 0
S who— Ll — i iy

- {um vero quotus erit SN I G 0ho
ff?m-!-(gﬁ +~’d h) t.l: “

. L i o . i “}- Ve 3
At prior conditio dat glb._e-{f vel et altera condmo _quae est ¥ " ; " ;
R A R ML itt l" S R VR i_z_ R L A LI TR
C . =+ ) 0, . ’ .
T R N S YTV {ff gt 4‘(]}& i ‘umu\ Tastrauinainil 2 oneite munthet o it ‘c.l!i.:ri!

D -Ap§0 i’mpléti;‘:'r. ~Hawiit habeamus == - f,,ium vero: quotu= erlt— IR TURE I NN I A R

o -t - BEE, , N N PR Hh s
Delnde Vero oI) gh=—1, formila pp -+ s fit - S
L.Eunleri Op, posthama T. L. 62
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Sy e Lnow =5f4§"“ —ﬁf:‘)g@aq-l—"zﬂ:ggggnr} -—-Gfgscnﬂ wp2phnb e e e e g
cujus factores- sunt (ﬂ‘té‘-—kggm} (5fFEE — Gfgln —+2qynmitis Quibus:- valorxhus substltutm. formula nostra quadratn

reddenda fiet . T . . -
‘ Tt 1(5ff‘§§—6m§7z+ﬂgyvﬂ (G mv) (ffw+’fh§§) Tl T, e R
: iy @I — 1) _ -
quae ut BOlllbl]lf-‘ fiat, nece§se esf, ut bini’ snpérlores 1;factores Lo Loy
MK g et oAl I

vt

coalescant, quod fit ponendo ff: kh__gg ]’[', quod sponle evenit ob ff— — gk, ita ut res huc redeat

A (5fftt — Gfgtv -+ 2g9m);... Vei 2 (5ff§§ — By 2997)
ﬁz(fe—-%ﬁ) e e 9’1(2f§+gq)

i coes g taeoar oo i st

93, e e ' i
B S Euler) co T |

Turonema. Si formula aapp-—l—-bﬁqq ducatur in formulam abrr—l—aﬁss, productum er]t

rxb apr = ﬁqs + aﬁ ocps s bqr)2

Hujus ergo productl forma est abww—a—aﬁ ¥y emstenle

haad — By . - o -

‘ ' Sl ac_..apr—'-ﬁqs et y aps_._bqr:

,. e T
- e (Lexell) ‘

S

ut Productum ﬁat numerus: rahonahs H
Sovurro. €Cum productume-sit . - vt - L ar - T e te L0l D e
fpac® =4 (fq 4~ gp) &® =~ (fr == hp = gg) wa 4 (gri=4=hg) 2 4=hr

ob 23 =a, hoc productum reducitur ad sequentem formam A o !

(fr+hp+gq)wm+(fpa+grr+hq)m+fq+gp+kr——0

unde re=—=_= hp—gq; roo 2T ﬁm—hqs L fi— g L e Tes
r tg A ’
o . o ___ . 2. __fh—gg R
atque hpg -+ g*q = f*pa -+ fhy; (ity—ﬁ—q(fiz— % q ,,,g_ff; o
continuam convertatur....
. AAmnT.Lp

RTIRTRIITE TN F I B
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B4,
{N. Fuss.)

~ Si fuerit g=2z" — 6zz~+1 el y = ba® —hz, erit a2 +-yy==(zz+-1*. At yero . .

pa-y=xt -k —bzz—hz+-1, 0w

quae formula resolvitur in hos factores
e T ' [zz+(9+2V9)z—l][zz+ (2 2V2) z — 1]
quod si jam -y debeal esse quadratum, fiat uterque faclor guadratum ponendo
24 R4-2V2) s —1={z A p - qV2)
2z (2 — 2V2) 1 — 1= (s +-p — V2
tam’ enim eril & -y == (32 = 2pz 4 pp — 2q¢)*. Jam e'vo’]vatur_ alterutra harum positionum, et termini ratio-
aies inter se seorsim aequantur et irrationales:

R % — 1 ==2px +pp+249
9512 = 2¢5V2 -+ 2pgV2. | :

‘Prwr aequatio dat 2z — 2pz =1 -~ pp +- 2g¢, unde z_%Mg ; ex altera autem aequatione per 2V2 di-
visa fit z=g& - pq, hincque z= 1” 2 . qui duo valores~inter se aequati praebent p.__q“‘]if__.—q;——-ﬁ
Si hic capiatur ¢ =13, fiet p= vel 18, vel = -—;H- " Poni etiam possel g—=— 13, fiereique
— 13239
P=TT73
hmc vel p._-21 vel .._-?- Si sumatur ¢= 13 et _p_.— 13; reperietar z=18—2g-

. Haec methodus ad sequentem redire vxdetur, quaa reso]utlone m factores ‘non mdlget et ita se. habet Sit
formula proposita quadratum eﬂ‘icnenda in genere z“q—az +bzz+ cz.v-l—d _cujus radlx _ponatur sz -i-pz —-1,

| lta ut fieri debeat D e
4t sz -+ 2rz‘. -+ 2prz e rr '

g

EEC A —it— gg? = iz — cx— d=0 "
ubl cum primi termini se destmant (ermini secundi et tertii ad nihilum redigantur, unde per zz dividendo fiet

""" Qr4-pp — D

2p—a)z+ 2 +pp— b= 0, ideoque z= Simili vero modo termini quarti et quinti conjunctim

. rr—d s . .
tollantur, unde ﬁet (2pr—c)z~+— rr-—d=20, mdeque z.— o Hi duo valores ipsins z inter se aequati

a—2p

=

' dabunt '
r==c~bp -—-p3 2=V (cc - a (ad— be) — bbpp - acpp — kdpp ——2bp* -+ p°).

A 8 . . .
Nostro autem casu erat o=k b==—6, c=0— %, d==1; hinc formula radicalis evadit

._V(—s;»—l—isgm-;-izp +p®%) sive V (pp-+ ¥ (p* --8pp —16),

mula nullo modo tractari potest, unde patet priorem methodum non reduci .ad hanc posteriorem,

RN .
- quae autem for

ul‘deogue eo magis altentionem merere. . _ :
NS ' B ! : o . ki o I o fl
o 3 _ o R A m. T. L p. 278, 277.

EERS ¥ fl
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95;
. (N: reI"*usiﬁ

dmsﬂnhs fial per datum numerum N.-
Prxmum observandum, hoc fieri non posse, nisi fuerit vel N==maa-i- nbb» xel N = At mnpb1 “];’1;

i

tum fuerit, erit

g 2N SEEp Vel dliam g eV pith o T g i

“ubi @, 8, p, g pro lubilu sumuntur,

. Pro altero, casn quaerafur quadratum Ilk== MmN =mab, tum yero erlt ut ante w—aN+ap et y

i B H 4 N

vulellamm_th—!—kg y—ﬁN—*—bq S]tm:?. etn—-‘l “ut form la

TR ( Sy

numeris pnmus fore mat=a =1, Quo iﬁagls utem numerus a fuerxt compomtus "6

STErIre

almodiim qutem’ pro quows numero "¢ iveniri queat vanr n'a, rewulam quldem ’ olifh dedl’,"' 3t

strationem multo simpliciorem hic sum tradlturus.

in nsque ergo occurrent omnes numem 1p50 a mingres, scll 0 1 2 3 oo, a— 1 i
TR ST PRt R Y R P EN R T T giean et k o heageral gobay i Ul
DI‘MONSTRATIO Sit p prxmus termmus el ¢ dlﬂ'erentla ad a prlma, “erit progressw avithmetica - v

‘,”: I ";’3 o TR A 1( lu[ LR

" u Goitesie M “”“:= ‘“"ﬁ‘:’:'{“_,-

p_p—l—q, p—|—2g,..‘ p—l—(a-—l)q

vodgand b Gafes GHAnT et g

Quod si _]am smguh termini per « dwldantur facﬂe patet omnia resxdua mde orta maequaha esse debere

numerus ipso @ minor, pcr “sum esse' d]VlB]bllls. Cumm 1g1tur omnia residua sint Ehversa,

—a, in iis necessario’ ~1‘épeflentui'"'bmnes futieri 0,‘1','2, 3 bt @ —i1; somper igitur unus horum nume-
rorum - per; arerit divisibilis, oo crthoiinme i prien ara anterp v oo T il 5 7"”])

’ § R ‘ [ty
PIlAI]PAnA'I‘IO AD DXMONSTRATIONEM. Sint 1, «, f#, y omnes numeri Ipso & minores ad- eumgue prid
N Ji

quomm ergo numerus per hypothesin = e, inter quos ergo IJI‘]Il’lIJS erit 1, et ultimus a — 1. Hine. constit

antur sequentes series:
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5.

1 [ B oo a—1 a -

a--1 a-+o a+f a4-y.... a—1 2a
2041 20+a 204§ 204-y....3¢a—1 3a
3¢+1 e 30§ Ja—-y.... ka1 ha
(n-—l)a——l-‘,l, (n—l)a—l—a, (n-—'l)a+p‘, -(n-—1)a-+-,r...' na—1 1. na.

e ULoon Lot HEH -=.:.'.

EPTRIIR]

Quemadmodam igitur hlc prima series horxzonlahs contmet omnes Numeros ad a prlmos ab 0 usque ad a, ita
secunda geries continet omnes ad a pnmos usque ad. 2a, tertia vero omnes numeros ad a primos ab 2¢ usque

ad 3a, hocque modo hae serles contmuenlur usque ad ‘ullimam {n — i)ani—'.l Omnes igitur, conjunetim prae-

,u“

hent omnes numeros ad a pmmos ab 0 usque ad na, quorum ergo numerus est nma. Smgulae auiem seues

vertlcales LI‘lllll arlthmeucae progresswnes d:[feren‘ua a crescentes His praemlssw sequentla problemata faml—

hme solventur. o

Prozrexa. Pwposxto numelo quocunque a, mveshgale valores formulmum wa®, wa?, wat, et in genere wa™.

Sorurio. In ébhemate superlore sumamus n=—=a, ut quaeratur mz' atque manifestum est omnes ferminos
illarum serierum , quia sunt primi ad ¢, etiam primos. fore ad-ae. .Quare.cum earum serierum numerus sit
n=—a, et cujusque terminorum numerus ==7ma,, omnino. habebimus ¢.7q., .cui ergo aequalis wae, ila ut sit
mag=anwe. Deinde sumio n=aa, ut sit m-—a"’ qula iterum omnes terrmm sunt primi ad af, eorum nume-

" rus erit aamwe, ideoque 7m3-—aa1m. Atque in genere si sumatur n==a™ — “1, ut fiat ne = a™, multitudo om-

T .
¥ Foerne ot

nium numerorum ad ¢” primorum ‘erit RN
a™ = Vo

Corori. Si igitur @ numeres primus, ideoque ma—a — 1, erit
. 7

© mat=ala—1), wd=aale—1) et . ... 7w =0"T""'(a—1)
PromLEMA. Propositis duobus pumeris @ et b inter se primis, pro quibus habeantur formulae 7a et 7b,
invenire multitudinem omnium numercrum ad productum ab prunorum ipsoque minorum, sive investigare valo-

o . i
. R I T B T N T

rem sab. .
Sorurio. In schemate. supenore sumatur n,:b ut ﬁat na.-ab et quia series horizonlales continent

omnes numeros ad o primos ab 1 usque ad ab, quorum errro numerus est bra, Jam considerctur prima series

vérticalis, quae est*i, a1, -d‘—l—i b o= 1)a—l— quie quia‘’e; mthmeuca ejusque differentia @ est
prima ad b, numerus terminorum ad b primoruti = 7b. "'Hod‘"iderﬁivalet’ de reliquis seriebus verticalibus, qua-
rum quaehbet nb continet terminos ad' % primos. Quamobrem Tiumerus omnium” ferminorum simul ad @ et b
" primorum, ob numerum verticalium =ma, erit —7m 7h, “ita ut- sﬂ: nab__ym 7.

R

Hmc jam tabula pro omnibus numerls condi poterzt ' S - ;

=1, 71:5—-4 T w®=6 " a13=12

P Y1

wo B.._2 m0=k Smﬁe
S "3:3_2‘ =10 ~ #15=§
er 2 ! ars:?.i 'mze ' 7 etc. !

- |

T Lol b TN nttan

.. Hine por ‘o patet, si fuelmt a, b e, d numeri, mler..se primi, ‘Atum fore mzbcd—-mz b . e . wd. Hine
similifer, si proponatur numerus aabﬁc?’db N, erlt n’N =a* " 7a. bﬁ 1 b ¢ me. d—1 7d.

" ‘ P TR T

A, m. T. 1IL p. 182 — 184,
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Prosrema. Invenire
singula puncta homologa easdem inter e teneant, distantias.; - o ion oL -
Sowno Pro pI‘I()I‘l superﬁcxe sit (Fig, 61.) Z punclum CJHS quodcunque determmatum per tres coordmatas

P gt sy

I v

In altera’ vero superﬁme ldem punctum Z determmatum sxt por ternas coordmatas X —:w, XV__y,b

aounf b

Ef quia per naturam superﬁcwrum quaehbet coordmata debet esse functlo lnnarum var:ahlhum, sint r et’s hae
duae varlablles a se 1nv1cem non pendentes, harumque funcimnes sint nostrac coordlnatae Nunc consx
in ulraque superﬁcle duo puncla r, s, ipsi Z proxima, quorum illud » prodeat ex variatione sohus r, a teru

gt
vero s onatur ex varlatlone sola 1psms s, ac per condmonem problematls terna mterval]a mﬁmte parva Zr

utrmque debent esse aequaha. Pro puncto autem r in prlma ﬁgura iernae coordmatae erunt

S t—l—dr( ) u—-l—dr(r—),lv—p—dr( ) SR

b,

Simili modo pro puncto § in prlma figura’ {ernae “coordinitac erunt -

era(G)i (@) weRE) o

Hinc quadrata memoratorum intervallorum co]hguntur L Tharang T i :
das,® du
ze=ar () -+ ) )
at du ' -
2 ds? - . .
7 = ds (st) +( ) R T

rs~ = (flr (— s (—-)) B (Z

guod postremum quadratum reducltur ad hanc formam

rszu—vzf-”s -—2drds (( )(‘")4-("’") (d‘“) +'f(“)(d“)) o

dr dr

i Sty v ITIOTI RS . s

utrmqugqnte_r se debeant esse aequaha,vihabeb_l_mus:hag tres aequatlones-_v L e el e i

SOOI
(E + d“ ( """“"(%""‘* EE) e yiiif
L X)()(dﬂ’)()()()U()() +(5) G

in quibus fribus aequationibus contmetur so]utm _nostri prohlematxs Quemadmodum autem per methodos cogm- ‘

tas iis satisfieri oporieat, neutiquam patet, opusque masxime arduum videtur.
Hue autem superior analysis sequenti modo traduci poterit: Sint htterae J, G, H, item L, M N functlones

prioris tantum vauablhs r, et statiantar” nostrae coordmatae
priores ¢ =/ tr+-Js posteriores #=/Ldr—-Ls
u_-—_der—!—Gs nyMdr-;—Ms
V:fde‘—l—Hs "'"-——deT'-l—Ns
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sdF

an : o ‘ .
& © (aé):..f, sicque de reliquis. Unde tres aequationes, quibus sa-

. et d
mde differentialia eliciuntur (EDZJ 4

- tiglieri oporiet, erunt

sd\? sdG sd sdL saM sdn
L (J+§—Q +(G ) (7 B) (L ) (2 ) ( 422
I -G a-HP=L[*4+M*4 N
m 7 (J “‘”) + G (G ‘dG) 0 (H-»}— ’d”) =17 (L “’L) M (M+ "”") 4+ N (N 42
quae manifesto ad tres sequentes aequalitates reducuntur
L J2-G2 - H2=L24—M2+N2

I JdJ + GdG - HiH = LdL -~ MdM —+~ NaN
HI 4 dG? 4~ dH* = dL? 4 dM* 4~ dN?

7

quarum secunda jam in prima conlinetur; ila ut tantum duae.éondil'ioﬁes adimplendae supersint.
Quo hae formulac magis evolvantur, statvamus J%-+ G* -+ H* =pp, erit quoque L*—+ M*-+N*=pp.

Quocirca ponamus

J=psinmsinn,  G==pcosmsinn, H=pcosn

L—=psin pusinvy, M—p cos 1 sin ¥, N-—p Cos 7.

e Hocque modo alteri conditioni jam erit satisfactum. Pro altera autem habeblmus

(dpsinmsin a—4-pdm cos msin n--pdn smmcos n)%—4~{dpcos msm%pdm sinmsin n—i—pdn cosm cosa)2~-{dp cosn—pdnsinn)’—
(dpsin usiny—+pducos u siny—~pdy sinp cosy)®—(dpcos u siny — pd‘usm A snw-*—pd:f €06 4 c08Y)2 i~ (dp cosy — pdy sinv)*

_quae reducitur ad sequentem formam mulo simpliciorém '
dp* - p*dm® gin’n ~4- p*dn® == dp® 4 p*du® sin’y - prdv?

sive ad hanc dm?® sin®n - dn® ==du? sin® -1 dy*. Sumere igitur licet quatuor angulos m, n et w, ¥, utcunque
a variabili » pendentes, dummodo sit o
‘ dm?® sin®*n - dn® = dp* sin’*y - dv*

V(dm? sin®n + dn? — dy?)

sive iribus m, n et ¥ pro arbitrio assumtis, quarl:us ,u 1’ca definiatur, ut sit du = - Vel
P sin
o a5 — an? -
euam mtmducto novo ancrulo [ funcuone 1psxus r iantum capl potent dm._ I(Tﬁ’i—) t dy M
e . ERL S LI .. Sinw
ﬁ'luo facto ternae coordmatae plo*utraque superﬁcle quaesxta erunt T .—,“‘, A
" y <, EVEROF I DR 0. it e W R
pro prxorlz = ﬁ:dr sin m i n 4 ps sin m sin n; pro poslemom T = ﬁ)dr sin g sin v 4 ps sin p sin v
_ﬁsdrcosmsm n s cosmsinn; . ._.—fpd? COS i« 61N ¥ =~ ps €08 y sin ¥
V__/pdrcosn+pscosn, o \z = fpdr cos v -+ ps cos ».

gt b L . P ¢ et

‘ubi denuo pro p functionem quamcungue ipsius + capere llcet

Apnorario. Probe autem notari convenit hic alteram .superficiem: non pro. data assumi licere, saltem non
Patet quomodo functiones p, m et n -assumi deheant ut prmr superﬁcles datam obtineat figuram v. g. sphaeri-
‘c_am Cum enim in utrisque formulis’ binae varlalnles ret's in mﬁnﬂum augerl queant, facile patet ntramgue
superficiem necessario in infinitum: ‘profendi’, “néque - fané extenéionem” per “quaépiam lmanm.ma tolli ‘posse.
Quamobrem ﬁgura splmerma Jeque ulla aha ﬁgura in.spatio finito subs:siens in. lns formulis contenta esse

“ex notis Ilhs ﬁgurxs corporeis, quae -cm‘pora regulaua vocam solent mtelhgere hcet Unde quatenus superficies

SPhaerlca ost mtegra, nullam mufationem admiitit... Hine patet, eatenus hujusmodi figuras mutari posse, quate-
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¢
i nus non sunt integrae seu undique cLausae. Intemm patet hermsphaem ﬁguram cbrte es6e mutahﬂ_emd oy
¢ -autem mutationes recipere possit, problema videtur difficillimidm. v , _ e
AL T L piig g

- 1o, T b LSS
/ O LAY -
' o : SR B I I
Yo Y "-‘ 5, Y] S
. 98, . \
EI il

1 . (Lexa]] ) , ,l’l"'jh‘.
] : AT -1 ‘ J Lol

B b H : ‘ i 4= -
Prosrewa. Ex datis ahquot apphcatls ae’qne dlstannhus, aream mterceptam curvae proxime definire.

'-A'l'\’\(' " ,ui'v. l‘ll‘ - Jigeprs 5o ',, i

Aa—r—Bb)

,7}”,“!” 4 .

o (Fig. 62). L Area AaBb—aAB(

ST el T

IL yi 1 da - 4Bb =i Cc)

- 6 ;
; TN D 5
AD('Aa""SBbq—SCGh’-D) VioatEsrius nppeerge oo )

JioRid B N 3 1

. ' 111 R A“Ddr

P {imrma’ :1:;1"&;&1
7.da +-'32Bb 41200 +-32Dd ~=TEeN it il npal’
AE( i

I W AaEe —

et ita porro. Sit

area AaXm = AX ocAa —|— ﬁBb 4 yCc - 8Dd 4=

-
BosAV LU i i sap T g

erit e I a+ﬁ+g/+6+ Tete. =1

e ila el o

R PR TR RV P R R IEHESCH g Coe i i sredg g
A L ,8-!—-22;/+ 326+lp s
IV. B -+ 2%y + 330t BPe 4= Lt anisd
Tyl ﬂ+24y+ 3464 -7¢4e+ ,
- ST E Yirie Tuh anin
‘ it it et ‘sic porro. = b GRha ﬁf‘
-;A'f‘.l.n:c,:T'\ Lip i%#
o Yi -\ 4 - Tk "I e Tl
) £y she - et N . e 99 . N ) r
T IR S aeeoly fnet e H Wor iU L HEL S S Vo ,$6 qu

<t . - (J. A, EUIBT-) o '

\, P A

» In 10garlthmlca (I‘lg 63);

&ondien : Yegat it

, ab’ apphcata"AB -—1 Iongltudo curvaé in infinitum exe

i l”'\.

"CU]US subtangens AD =

sl Sl ! g shingiivn e animbl ool
sae BU superat axem AV etiam in infinitum productum quantxtate V2 iz IT/Q ;I— q° JNam i g cflssa b
et PM= ?J, erit ?}—‘0 =% hmc &= — e g et elementdm “areus ._di(i“ Al R
P Lo ty v ' 'Y B S
. b - CBM — AP = fix (V| 1+e—2x)_1) |
U IS FRSTRUY

quod integrale ab w—-O usque ad #=co extendi debet. . . i
Ponatur V(i +e¢7**) — 1=2z, fiet o—2% g, g et gl 2w BT GRS e S0 DY §
== Y21, et pro &= fitvz =10} hinc 'i'aiﬂ'é’l‘éntiaﬁd(‘):i i iy st o edotl aenurong A

LT {}fﬂ'}i.‘f"“p 9

ATy IIA I i-i‘mfz
'“2”) hl ne f

. ;dz i—i—z y ‘ 14 1 [
0(—) et formula nostra ﬁt _
ity e \‘{w‘ . LR Prriec et ~+zz ' oo o

quae mtegrau debet ab z_FVf’ —1 Asque ad. z_O vel nostra formula erit,,

ety ulinedg (‘l - —), ergo mtegrando - z+'l(2+z)+1/2 35 Ot l('l +V Jist

i i ket

' 0 et quantitas quaemta emt iy i

Cregr e fa e

ceonnin b Grniadn :;5:2‘9"- gt

Y TP S Y nrdera e o 1/'24—1 i »ﬂr('}ff

p.. 258
ll’iJf-‘v :
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200.

(J. A. Euler,)

Prosema. (Fig. 6k.) Pro hyperbola, cujus semiaxis AC == a, posilo AP =z, PM=y, sit ny=—V (2ax—-2x), %
el ex M ad asymtotam CN ducatur MN axi parallela, invenire éxcursum rectae CN supra curvam AM, quando

punctum M in infinitum promovetur.
i PM__ Y

1 .
. : 7. - Y— —_——_—
Posito a==00 fil nyy=a, hinc tang ACN—=- et sin ACN = VA o) — ON —CN

y ergo CN == yV(1 -+ nn),

Tum vero habemus anyy -+~ aa — (a - 2)*, ergo

. . - nnydy .
a==V (nnyy-+-aa) —a, unde dv= ¥V (vnyy - aa)’

" hinc arcus AM=fdyV (i - — ﬂ) Hinc

anyy -+ aa

CN — AM = fiy (V(om-}—- 1) — V(n-n ] o Tinaa )>

nnyYy - a0

nnea .
natur nunc ¢ =— nn—4-1) — nn -— ——) erit
Po V (nn - 1) V +1 nnyy 4+ ag, ’

— nae

gy aa < 2”-1/(“““4‘ 1) vy, sive

i W
20Y (mn + 1) — v aa
_a Vnn--ﬂv']’(nn-!—i)-—l—w
y"—;; 293/(nn+1)—vu o

Per logarithmos autem erit :
2y — 2la=1(nn — 2111/ 1) —l—vv) —2In — 1 (20} (i~ 1) — 9v)

dy — vV (1 =-nn)-vdy vV (- 1) 4~ odo
v mn— 2V (- WV (ma-1) —ew

hine autem vix quicquam concludi poterit.

Ineamus ergo aliam viam: Cum sit

CN— AM=YV am—l—iﬁh (1-— _ tmaa 4 )),

T ana-1 nnyy-+-oa

., nnaa 1 2 nnae
= rit 2y gmm ot hine oo .
it T A gy - ag Cos™R, & Yy.rd {An =1y cos%o"

& __ aY/(nn sin®p — cos%p)

cos -p';/ (nn—+1)

. . nn n . 1 1, _
ubi casu y==0 erit cos®p = o CO8 9= =Ty et sin = ) tang ¢ == > hinc @ == ACN, et

pro y=oo erit ¢ =290° Ergo integrari. dehet a p=ACN, vel tanggo..._ i, usque ad ¢=90°, vel tang p==oo.

_ aV (nn tang2p — 1)
) Est autem nYy— _—W

Ponatur fang ¢ =1 et mtegrandum a t:-ﬂi— mque ad 1=co; at qlnga =

Hine CN — AM =V (1-+-nn).

t
VA -th) m/ (nn “+1) ji‘/ (mm — 1) ( Y1+~ tt)) » el

nnttdi
n J V(1) (et — 1)

CN — AM = ; Vit — 1) —

-

: 1 —1 1 1 17 431 135 1

ESt aufem RGEETS (1-;-1@ T e e v T age v T ete. .

T . 1 o d _1.3 at . 1.3.5 qt . )_ . .
Frit CN— AM=na (_2‘ fl‘/(nntt-— 5~ o4 ovma =1 246 Jivmma—p— ) Ubl nolandum &

L, Euleri Op. posthuma T, [. 63
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at — dn el u o 1 . ., B
seribatur t.._ = fore Vot — 1) f Vo _m)__Arc. cos— = dre..cos > et facto t=co erit hoc integral

n . S50
= Demde :

[32]

f i f “— andu - ‘ oge f s utdn f f — b
t31/(mztt . 1) Vi — mn J 5V (et = 1) 7 - V(on — w)’ t"V(nntt — 1) V(o — mc) 1

. Ari-2 g —_ /% ‘ . . ' .

s — 1t e wrdi | A-1 o . T ALY

etc. I‘mgatur f _17(%“_—“17 Vi — ) —+ Bu “ V (o ‘ uu), ubi termihus algebraicus fit = ta
V (/‘f,Th—.i);ﬂn. . ©o h Co i ‘.5":;l>‘-f1¥

w=n quam si u:O ergo’ ob A= it

A9

/‘-— wh - 2dn (J. ~+ 1) nn f — wdu
. Vion —un) A2 V(’rm )

— i

75 erit B
'}/(nn-—uu) 57 ’ : Soneryisn

Cum nunc esset

—uude A f —widn 1.3 =, —ulde _1.35 =
Vion — )y 2 2 mt., Y@on—uw) 2.4 2 Y ./ V(nn — w) . 9.4.6 2 "
quamobrem habebimus .- - - e

71'3'5-5'3.'7#_'-1"3'5'7 1.3.5
2.4.6 9.4 5.4.6.8 3.4.6

etc.

1 i ] N ]
CN—-AM__ ( 24 T a1 A A etc.)-

Unde excessus in problema[e quaesit'us CN — AM pro infinito erit

na . 12885 e 1S T e et )
N (2 92 7” 9242 6 e g ot

<

quae si n fuerit unitate minus, valde convertnt. o S o

Sequenti antem modo hoc problema elegantius solvetur. Cum sit

CN—‘AM-—V lul-nn)fdjo 1— ‘npea o 4 - ))’

14-nn nnyJ -~ au

ponatur "M —m et — ==, eri't n—ny"_'_—m'"- l, hmcque Y= f— . M) atque
nn-+1 anyy + 0 ae . RO - ) i
a du
| A (E e el e RS
‘ubi pro y =10 habemus u_.i et pro y.._ 0, w==0. Unde fit" o
clu 1=V — mun))
2 _'AM"_' 'l/ m f et (1 — uw) .
) . di — 7 - uu) i ) | — dit . _ . L ' '1/(]_ By
ubi /; A T w Pro alte;o.vlflem?)%Q =) V({1 — mueuw)=V (1 — muv).d.
habebimus » _ L " ) /1 \
LTI [ —du _ ( — te) (1 ~— man fardee -, e g
‘ fum/('l — war) a4 (1 — o) = 1 f V(1 — muw) to
L PR : 1/(1 e uu) 1/(4 — ute) (1 -~ maene) mdu'l/(l — zm) e s
Lincque ON — A= — 7m (— u f Vil — ) ) -

AL si " evanesc1t ﬁt V(l — mgm) —1 __% . mm,(,, et pars mtegrata sponte evanesclt, ita ‘ut jam it
N i B t : I
HEROE . y c’(u"l/(i — mt) o ‘ T PRl Y

. CN_— AM:_- an Y- muu)

quod integrari debet a termino, u=1 usque ad »==0; sin autem integremus ab w=0 usque ad w=1 ha

bebimus V(1 — )
‘ : ,‘ CN AJ'[——(BV mlj - o i

cujus valor per recuﬁcahonem sectionis comcae assignari potest uti constat. Quemadmodum revera est dlﬁ'

rentia inter asymtotam et arcum hyperbolae vide Noy. Comm. T. V[II pag. 13% cas. IL et T



(N, Fuss.)

(3. A, Euler.)

Haee formula rdny (1 — )

Y (L — ma)

duplici modo in seriem evolvi potest.

' —
I. Moots. Com sit (1 —mun) *=1-+ ! W

Sut 2V (4 — ) = 4 WAV (1 — uu) —

1= -—(1-1— -l—41 334—
- 2.4 4.6

T . . w
ubi postremum membrum ab % =90 usque ad =1 sumtum evanescit; quare cum si SauV (1 —un) =

1 oz
_/"M«u.d'u-l/(i—Mu-):z--Z
1 1.3 =
SV (1 —u)= 3 r 5
6 [ 35‘
SudnV (1 — ) =
etc.

II. Mopus. Ponatur »=sin g, ita ut integrari oporteat a c;o—-() usque ad 9=

Fragmentorum ex Adversariis conlinualo. 499

' . am A . . N .
FBrit enim CN — AM = aCVm-—“m—,l (1— u"l/m) IT, ubi IT est arcus a verlice sumtus seclionis conicae,
n — '

cujus semiparamefor — 1 et semiaxis fransversus —a, pro lerminis integrationis supra stabililis.

\

1.3.5
3 Mais —l—i—?—’ mA® -~ —— miub <= ele. et

2.4.6

1
A4

8
z

w7 (] —uw) %,

i erit

INE

e mﬂ/m 11 1.4 332 1.4 3.8 5.5 5 ) . .
-consequenter fit CN — AM=— (i-—l— +2 27" 5.4° 16 g™ -}~ efe. Hic potandum si

fuerit m—=1, fore CN— AM= a'l/mfdu, ut fieri debeat CN-— AM=—a, unde sequitur fore

ete )

ideoque haec series == %- Alter casus, quo n =0 et m==0, manifesto prodit CN — AM =0.

-7—;"0 et ha]ae]nmus

—
Jam vero est (1--kecos2¢9) *=1— =

-

c0s*2¢p — é— +% cos b

coss2qo = :81 cos 29 —-— 56 cos 6p -+

ON — AM= o VL 1/dp (1-+ cos2g) (1 + cos2p] %,

3 1 08 2cp . lek 00822(;0 — 135

- 008 290) .

B dqj 0052¢h . ....._.v._a,‘l/m—- - d§° (1 —~ €08 QQ’J)
CN—AM= a,]/m f V(A —msintg) T V(4 — Qm -V (1 0
Sit nunc brevitatis gratia f_‘ =k= =5 _T,m et

ll—

6: K%cos*2¢ ~1- etc. Porro motetur esse

‘c08%2p = —i— €05 29 -1~ %—.cos 6
1 an s
cos42tp == é_z -+ »;— Cos &-tp -+~ % 05 850
54

g C08 109
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1.3.5

c0s®2p = 72 e - ele.
) o o ‘ ‘ . . ) e
- €05"2p = ‘.gizscos&u—&— ete. L ) _
c08%2¢ _; i g g —|— ete. ’

Deinde notetur esse /dp cos 2,199._ ! sin 2@, quod casu qo—90° fit = 0; unde patet in evolutione: omnes

minos sin 2A¢ continentes omitti posse, unde nostra formula summatoria erit

i

~ 1 1.3 1 1.3.5.7 1.3
S (1 -4k cos 2¢) 3‘:.fd$0,(1*‘2_4 .gkk 5568 24l ™

..n.

+ 1 ’ .
— 1 1 1.3.5 1.8 1.3.5.7.9
9 2 —_— — [f — . ;3— .
Jdp cos 20 (1 -4~k cos 2¢) fd@p( 7 5 —525 33" — 546810
consequenler CN—AM=
1 _i _ 4.3 __1353“13574-7771 L5.7:9- 5
"‘”’V "(’ T 44” 4487 44837 448812]

casu ergo, quo n==co, fit k=1, hic vero va]or fieri debet =—a, unde sequitur

_zﬁ (1 | 13 L85 4857
= i ias %.4.8.8 e)

Propomta autem vicissim hac .serie, ejus valor ita: 1nvest1gar1 potest. I"mt k=1zz et ponatur

R A3, 18057 0 .
s_I+44+4488z+ ele. et
L 1.055'1357910 '
=7 44sz+443812 o+ - ete.
ita ut s —1¢ praebeat nostlam seriem. . Hine emt
A L O 1357
1 _Z—T" + %48 & - ele.
d.zz__a.s”z;{_'i,&m O ote
ar T 4 7 4.4.8 T T ndz
. ds ; S i
hine zdt - tdx = Porro . -
doozr ., 4.3.5 , 13579 4
a Sl g AR B ele
d.toz ., 1.3.5 _ g8 F
= =1.z% -‘{-‘-“44z-—|— etc.‘__%dz

hine zzdt 4+ 21zdz_z4ds+sz3dz En ergo has duas aequatlones, ex quibus ehmmando ds reperxtur :

.1—z4)dc (2—z4)t

§ =

unde ’ ds:w—dt(—l—FS )+z(—--—-—2»>dz

zdz
p = ZEdl - 1zdz;
-t dt (—— — zz) ’ o

unde resultat haec aequatio
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= xddt {§ — 2% 4 sdadt (1 — 55*) — 1dz® (&~ 35%),
" unde si inventum fuerit 7, func erit se={ _;4) Gl LN
b7 54 2z
Illa aulem aequatio ad differentialem primi gradus reducitur ponendo = e/ d’ dum erit dr=¢/*% pdx
et ddi = e/' (dudz -1 vrds?), quibus substitulis reperitur
w2y (1 — 2% 1 zzovdz (1 — 2% 4~ vads (L — 55*) — dz (k- 32%) =0.
_q Lo dg  gds(l — 559
Statvatur ¢ = —7-="—g T erit clv._z T wd—aF’ quibus substitutis nanciscimur
qqd* dx (4-+82%) _ .
dg - = . =0.
‘ o [xmen— oy E—1 — b R
Lemms. Notetur haee reductio /™" 1dz (1 —z") 1_'m+lm Sem =g (1 — 2"y E 1, sl integretur
a =0 usque z=1.
ALIA METHODUS EANDEM SERIEM INVESTIGANDL Quaeratur separatim series
1.3 . . 4.3.5.7
s__lﬂ——fI»?. /48&}£+ etc.
1., 1.3.5 1.8.5.7.9 ,
o ) - N et 1-——" 448’ +m]»+ elc.
~ Pro prioré consideretur formula '
i
— 4 1 1.5 1.5.9
—kksY T 7.4, 10948 6,12 ,
(1 — kkz%) i+4khz »+_-4_8kz +4.8.12h" ~+ ele.
hinc erit .
Sidp(1—Thst) *= f dp +—- klefz*dp + Ic‘fzgdp -+ el
Nunc fiat ﬁ“dp-—-—-/dp, et [z dp=~f5"dp, et f"wdp-—-—f/. dp, erit
i
____fdp(l»—ldcz‘l) £ 1.3, 1.3.5.7,, = ) ,
s_.—————fdp —1+4.4Lk+4.4.8.8k + etc. P
23y m w14
Ex superiore Jemmate habemus f —y = ———:: unde fit
SN SN W S [ . 3.
(A — 5ty T = s :
A 26y x . 10gz o abds
dzsz__% zad. oy deinde zda_% st‘
(@ =7 4 — (R R (R
Unde patet sumi debere dp = - = 5 » consequenter erit
zxdz xzdz
= 7 ,1.=f X
(1 —gH* —ihat)? (1 — 29t
_ 1.3.5 .,  1.3.5.7.9 . -
Pro altera serie 1= k+ T8 R S WA RT k5 - etc. Consideretur
1 oo
— CQuy "1,
A—ieet) 42 g +3—§I3;z LA 1.5 -!u"'z‘°+ elc
Tez % 78 " TEBA

Fiat 1 z“dp = ﬁazd_p, fz“’dp—_-— [&%dp etc. Hmc dp _______...ﬁf,,?, unde sequitor
' A=t
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: . | :.» v S R
. pax ((‘l —Muz‘} 4=—1) p dz-
peam— i : A " g'l
7”‘“(1“‘24)‘* (A = a8 - B R

Hinc autem neuiiquam: patet quom()do-haec-.,senesw.ctammodius exprimi possit. = ¥

RPN

117 P

E (N Fuss.) -

Si trianguli latera fuerint R o o ant

a=rs(qq—-1), b= gl (rr -+ 35), e={gr-+sh(rt—gs) o r;j.,;.:_

e

s ey gt - . Lt I S L L 2 S

erit area ==qrst (qr - si) (rt — gs). ~

At si quadulater; circulo inscripti lalera fuerint

g=f—pgr, b= f—pst, ' 'c=f'—qsu,! d={f—rwu

1 :
p (gr - si) =~ g (gs =+ 1), hic sclhcet est { semisurnma Iaterum tum vero area quadmlaten erit

ARTEETEEE T N R R T T

o k=

existente f=

== pqrsiu.
| A, m T. L p. 326: :
ol 102, o -
r . _ (N. Fuss.)_ -

Kl

#*

locum obtineat:
AB®.CD* (AB* - CD*) — AB* . CD* (15'(72 “t BD* + AC* -+ AD*)+ BC? . BD*. CD*

-~ AC? . BD? (AC* -+~ BD*) — AC* . BD? (AB* =~ AD* 4~ BC? -4 CD?) - A(,‘?- AD> . CD~
- BC* . AD* (BC* + AD?) — BCz AD2 (Alif2 —+ AC? <~ BD? 4~ CD?) -+ AB* . AD* . BD* -
' ‘ ! o 4B, AC*. B> =0

v

(

columnis ratio compositionis est manifesta.

DrmonsTraTio. Sint latera AB=ga, BC=1b, CD=c, _AD=ad et diagonales AC=yp et BD=g¢. Con ‘
a+pp—bb g

siderentur anguli z et y, et ex trlangul_o fi_BG'- erit. cosy = % =ua, et ex iriangulo ACD erit

oo o CO8-@ = S S . e g ‘;_‘,“ sinll
' 2dp - i o : R

\ ‘ - .
At vero ex iriangulo ABD erit cos(z+y) = ?a——'_%—m =y;

dd —-pp =06
==f

1

hinc ergo erit

sm»—y_.]/iﬂ’ 5 eos = y—-'T/I—'- sin—;—mz’l/g';—ﬁ et
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unde fiet sin (“’ 'c')' y) — ]/(i - /3)4(1 ~+ d) -+ ]/{i — a)4(1 -+ f)
e (TN /U)o f) /U —a)—p)
et co.»( B ) = 1/ 7 ]/ y

At vero ex tertia aequatione féin (w ;_ y) == 1/1 ;ﬁ Y et cos m;_ y) = Vi : ?, unde nascuntur hae duae aequa-
tiones _
VAl —pf(laa)a-V (1 —a)(1+f=V2(1—p) e VI+a)la-fH—-V{I—a){l —fH=V2 {14y
Sumatur priovis quadratum et reperietur V (1 — ) (1 — Bf) = afi —y, hincque denuo sumtis quadratis:
1 — ox — fiff — yy - 2afy =0. Hic igitur tantum opus est, ut pro e, #, y valores substituantiur, scilicet

__a.a+pp—bb ﬁ_‘dd-—l—pp—-cc __aa--dd —qq
2ap — 2dp S 2ad ’

quo facto et per denominatorem kaddpp muitiplicando , 61 termini in ordinem rediganiur, erit
'( aace (aa - c¢) — aacc (bb -+ dd - pp - qq) -~ aabbpp
- bbdd {bb —1~ dd) — bbdd (aa =4~ ce -+ pp -+~ gg) ~1- ceddpp
. = ppaq (pp —- qq) — ppqq (aa ~- bb 3~ cc -+ dd) —+~ aaddqq
-+ bbeegg=0.

Multo brevius autem hoc negotium fieri potest, posifo @ -~y = z; erit cosz==cos & cosy —sin z &in y,
ergo sin g sin y = cos £ cosy — cos 5 et sumtis quadratis sin®z sin*y = cos®x cos>y — 2 cos & €05 Y COS & - €08°%

at est sin2z siny = 1 == cos*z — c0§%y ~- cos”x cos>y,
ideoque 1 — cos®x — €05y ~~ 2 €05 & €05 Y cos 5 — 08’5 =0, hoc est
§— a0 — ff —yy—+2afy=0;

reliqua manent, ut ante. Cum igitur sit

dd-+pp—cc _ X _aa;!-pp—bb_ ¥ _aa-di—qy Z
cosac_———-—dep dea cosy v 2ap = Sap et cosz_- o =g’
X YY zz .. - -X¥YZ

hincque fiet 1 — iaapp " Faapp  Faud o Foad dpp._O et per kaaddpp muliiplicando

haaddpp — auXX — ddYY — ppZZ 4+ XYZ—=0.
Sumto nunc (Fig. 66) in triangulo puncto quocungue, ex quo ad singulos trianguli angulos ducantur rectae #
%, ¥, %, erit axs (a0 - 2x) — agwe (bb - ce ~- yy - %%) -+ aabbee
- Dby (Db —-yy) — bbyy (@@ 1~ co -~ XX - £5) -+ aayyzz
- Cezs (6 wim 55) == 055 (0 - Db ~=w -1 yy) - bbaasz
—+ coxayy =0

quae ita disponi potest
o B o anx® — wxyy (ag - bb — ec) — aaxz (bb -1~ cc — 1)~ aabbee
- bby* — wwzz (aa —- co— bb) — bbyy {@a - cc — bb)

- ozt e yyzz (Bb i ¢ — aa) — ccz% (aa -~ bb — cc) = 0.

A. m. T. L p. 345. 346.

-
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gL, 103
[N I‘uss)

[P . PR

Pnonnnnu (Fig. 67.) Angulum ACB, sive arcum AB in n partes aequales proxime dlvxdere.
Sovvrro. In AC producta c.lpmtur Ca_éT— AC; demde in radio CB capiatar Ch = n—~CB tum pe

puncla @, b agatur recla arcum secans in O eritque BO. promme L 4B 1tasi angulus debeat trisecari, ob #.

erit Ca = ;«AC et: Cb = Z— CB.—~ .+ :
=3 . . 3
A.m T. I p.

104.
| . Fuss)

Trueonuma. (Fig. 68.) Si arcus ceruh qumcunque ab in fluohus punctls P et q utcunque secefur, semper er

sinn. a,g sum bp—=sinn . ap sinn . bg—;-sm n. ab sinn.pg

ubi pro » numerum guemcunqgue accipere- licet. -
Hinc si fuerit # numerus valde parvus, erit

aq . bp=ap . bg-+ab .pg.

TIL Ana1y51s.
TN des.
(Lesel)

~

Criterium pro dwnoscendls radicibus rationalibus aequahonum cubicarum.

Quum aequatmms cublcae {ernae radices ita exprlmantur' :

) o 1y = — . — — & 3 o 3,

1 ot Vg, Mpmp— =D, AV, III.x:p-—-(-i—%e—a)Vq—(i_'——;/—-i)Vr
. . P . ‘;- . . . 3 . b

hae tres formae rationales: esse nequeunt, nisl Vq.\_et ‘|/r sequenll_ modo “exhibere liceat : Ve=s+tY =

et ’}/r__s-—ﬂ/-3 {um enim fiet
[ & m_-p+25, II x--p—-s-—3i 1. a:—p——s~i~31

'tum autem ipsae litterae ¢ et r similes formas habebunt; erit scilicet g=u—+vy — 3 et re==

His praenotalis, consideremus aequationem cubicam:. a® = 3fx —-2g, cujus radicem constat esse

s =V (g+Vig— 1)+ Vig—Vig—1)

Ut ergo omnes fres radices sint rationales, ob g =7V (gg — =u=x=v)y —3,

3 __ reiy e it
ideoque v = V——M et f3 — 99 = 3w sive f 3 W _ g, ; unde concludmus, quotws ,

3.

evidens est esse debere

Vigg—f H=v 3,
f_g_Jq fuerit quadratum, eliam omnes tres radices fore rationales: ' R

ExmanM Sint radices 1. ar__?, II. z=1 et IIl . & =10, unde acquatio resultat z® — 79z ~+- 210 == 0"
364 -
sive @ —~79m — 210, ubi f*—— et g ==— 105, hinc f*= 49;239 el gg =11025, -ergo f>— g9 = —57 ~ 1927

- 36 L 4
cousequenter £ 3 Y= '1921 A et Vf % 4%2, unde fit V::q—g—2 el == — 105.
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Tloc idem auiem in genere ita ostenditur: Sint ternae radices w=—a, @ =10, 2= — a— >, ila ui aequatio

gt 2% = (a? 4~ ab-b*) @ — ab (a-+b). Hine fit

. a* a-ab4-b* —abra+b) - . a8 4~ 3aSh 4-6atl? a-7a%b? - Ga2b* 3l 1= 18
{: ) et g = —_— =
° = 97
@202 - 90088 - a2V 3 __ 2 4ab 4 19a5h — 3a1b? — 26a7b? — 3a?bt - 12ab® - o
3 et gg = 00 - @ oreo r [ — a a 3a Q‘:m Sa2bt - 12ab® - 40
4 i 3 B1.4
;. hine Vfi;yi _ 94® - 3a2b9—0 Bab® — W (o — By (Qa:; b) (- 20)

Opsenvarro 1. Quum [ —g* debeat esse triplum quadratum scilicet 3vv, sive 3= gg - 3vr, certum
est hoc fieri non posse, nisi ipse numerus f jam habeat formam similem mm—- 3nn, unde scquitur, si numerus
{ in suos faclores primos resolvatur, wnumquemque fore formae G —i- 1, cujusmodi numeri primi sunt 7, 13,
19, 31, 37, 43, 61, 67, 73, 79, 97; unde statim ac numerus { factores involverit vel 5, vel 11, vel 17 ele.
cerfum est aequalionis ormes radices mon esse rationales.

Onsenvario 1L Sit igitur f numerns hujus formae o —+ 348, el quum sii

(v —+ 348) (pp - 3q9) = (op == 34q)° -+ 3 (eg = Bp)%

it " (- 340)? = (ue 2= 3B+ 3 (B = o) = (oa — 366) + 3 (20p)?
‘"—— POETo (ax =4 3B = (* — 3eff =+ 6uffy? —+ 3 (2onf o onf == 3p%?
" ideoque vel (s 3BF) = (0 + 3aBp)> + B (aef 4+ 3F%

vel - (aa -+ 36P)F = (@® — 9upp)* +3 (30uf — 347

Rine quum sit f2=gg—- 3w, erit g=2== (a? — Qo) et v == == (3uef — 34%); quare si in aequalione
== 3fx 4-2g fuerit f=aa -+ 3ff atque insuper g====(a® — 9¢ff), lum omnes {res radices erunt ratio-

nales, et nisi simul fuerit f= co-+ 34§ atque g==(o® — /i), ‘omnes ires radices ralionales esse non

possunt. :
Opservario 1L Sin autem f et g tales habuerint formas, ut sit 2% =3 (oo 4+ 3pp) - 2a (ae. — 9ff),
radices cerle crunt rationales, quippe quae erunt =20, x=—o0a—3f, et £=—0— 3p. Hinc igitur ve-

ritas nostiri criterii jta est stabilita, ut non solum praesentia ecriterii (res radices rationales indicet, sed efiam

_rationalitas radicum ipsum hoc criterium involvat.
pomen®oe . (JBEERVATIO 1V, Videamus aulem -quogue.- quomod.o.hac,_,gxii@;jm_m] formam generalem aequationum

" cubicarum applicari debeat. Proposita igitur it forma generalis 28 - P5?® - Qz 4- R=0; primo ergo ad for-

) i . .
mam praccedeniem revocetur ponendo z== — 31’, el aequatio resultans erit

&t (Q— 5 Pz)w+%P3—%PQH—R:0,

¥
- ‘ s (3 p2 2 p, Y pp
sive * ._-(3P Q)‘D—g—ip 4+ 3 PQ—R,
* . unde pro criterio nostré.habel)imus f-—i Pz-—iQ et ___}_pﬁ_,_ipo_-i_]g unde fit .
o Unee I ' 51=" gL I="9 g T2 : -
P—gg 1 R P R YY) =1
=5 PP m gi PR+ PR e

. ergo per 32 multiplicando, criterium nostrum postulat, ut sit quadratum sequens forma

PAQ? — 53 — LP*R 4~ 18PQR — 2Q7TR*=0O.
: A. m. T. 1 p. 109. 110.

L. Euleri Op. posthoma T. 1. . 64
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Continuatio,

Sit cubica aéquatio 2® == fz + ¢ omnes radices habens raﬁopales, quae sint «, 8, y; quia earum ‘su
==0, crit y= — ¢ — $. Jam sint @,  radices hujus aequationis zz — px-1~g==0, ubi prepterea erit pp-—
"quadratum, haec ergo per z—-p, hoc est z— - mulliplicata, ipsam proposxtam producere débet, quae erg
fit 2% 4-(g—pp)z4+pg=0 sive z*=(pp — ¢) z — pg; quO(’Il’Cil erit f—=pp —q et g= —pg. Quum ,g]
sit pp — kg==0, quaeritur quomodo eadem haec conditio per f ety exprimatur, (nae est quaestio pecuham
naturae. Multiplicetur pp — %¢ per quadratum p* - 2oppg -+ cagg, ita ut etiam productum

| 2° (20 — ¥) p*q - (@0 — Bt) ppgg ~— hoag® =0 esse debeat ;
manifestum autem est similem formam nasci ex formula f2~i~fgg; prodit enim p® — 3p*g—4-(3 - 8 ppég;gi;‘u

. . . . \ . . -27 - . e
pro identitate igitur litterae oz, 8 sequenti modo definiuntur: ¢ == %, f=—, qui valores etiam postrems

membra identica reddunt, ex quo pro rationalitate trium radicum hoc eriterium requiritur, ut sit f3 — e gg::

De hoc autem criterio duo sunt notanda: 1° f8 —wgg debet “esse quadratum mtegrum 2° hUJusmodl aequa

tiones -+° = hfv 4~ 8¢ ad formam’ smphcmrem ponendo v ==2% debent 1‘educl w3——fm+g

A, m. T. I p. 113, 115,

-
196. f
(Kraflt.) .
Prosrema. Si habeatur haec series
11 1 1,1 .
T 1 1aa 1+2% 1+3a @ A+da ¢
ejus quadratum s* commode per seriem exprimere. Erit autem ) o
2 1 i 1
o8 fi+(1+a)2+(1+9a)2+(1+3a)2"‘ e
2 2 2 . .
i+a (+vad+2a A+rigdsiag ~ ot (F—24)
2 2 2 op
T+ T arad+s9 T Armaaia T oo =28
2 2 2 :
T30 @veladd ({+inasgy - oer-=—20
etc. ‘
Erit vero A=t 1 - = 1 ete
T 1+a 1+ (1429 (1+20)(i+3a)+ ’
sive A.”——t(i— LSRR R U LI etc)
T a\1 1aa 1aa 1%  1+2 13z ’
ergo A==+ . 1. Similiter :
171 1 1 1 1 i 1 , )
T 2%\T " 15% ivae i3 1% iwia Vvixsa—
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1 L 1 L 1 S 1 LS elc)
1 {3a T1+a 1a-da 12 13-5c 14-3c 1-+6a g
1 . .
- rro.
T 1_|_a-i i E!a) et ita porro. Quocirca fiet
T4 1 1
2 — _ - S 2
=14 (1 o (i-:—ga)z'* Togae T o
2 g2 (ha 6 P S 1, R
:.-E - 1—|—- 3a\ 1 1+4a {4-2a ’

cujus partis posterioris 'valor ita investigetur: Ponatur
2 2x* ;| 922 1 1 .
‘,_“'—'?.—I—?J;—(T m— '—"‘-*—‘(_ i — )—l— elc. )

a 2 14-¢a “+a 1-+2a
. 2 2@ 2w2 1
erif (a_—-——a—-1~1va— ('l—!_—i_’_a (1 i_'_ i+2u)+ ele.
[») Dp2
p —2Z.1 —l—i 1+ ) — cle.
dz a 14-a :
(I—-2)de __ 2 D 22
adeoque : a6 + (1+0) a(l--20) - ele,
Ponatur @ =y", ut habeatur
Ay 2 9y° 9y2¢
=iy @ Talwa) el
o (A-yas 9y Qe+l pel
_ sett ye—2dgy — 1 +1¥a 1% ete.
2.4 + ") dz
. Loy Ay 20 3a —2
- — = 2-+-2y 2% -2y ele. =y8
-y d — Oy=2dy r 4
ergo (Jﬂ—J:;J 2 T et ds =._IJ:yT-i' i_-:yy_“ , comsequenter
- fJ“"‘«"ﬂy
- 4 - 14 y

" Posito ergo y==1 erit quadratum quaesitum
' 1 i

(i+a)2+(i+2a)2+ ete. -+ &

5

=1

ch vero oceurrit casus memorabilis, quando a==2, ideoque

e b g -
S:i——g-—i-?—',z——!— etc. =%
om R — e ) = e
tum autem fit ./1 ol 14—_1 (Arc. tang ¥) 16’
. - s T 1,11 _
unde tandem oritur == (R R - e ete. 16
: 2
adeoque : 1 312-—1- %4-712—1— ete. = %.
Sin autem foerit a=1, ideoque '
s:—.."l-—%—z—-—;————}-l- ete, —log.2
: dy r dy dy log. (1 +-v) log. (1 -4~ y)
© tum peme— 2 -2
i . f(i—i—y) —|~y f y (-9 -

- et ponendum erit post integrationem y==1, eritque ,

1 1 1
7+§+ifi+ ete. Qf

_ 2. dylog. (14-9) -
= (log .2)* =1+ =)

A, m, T. L p. 162 — 164,

'
. . *
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107. o S
(N, Puss.)
Turonecma. Proposita serie potestatum quacunque

)

P=1-+a+xb 4o’ 2%+ ete

ita pendeblt ah aliquibus praecedenhum ut sit

—~- A -+ egte.

”[’?']——' (n—a) [W"_ “f — n*—ﬁ) ["’_'18] - n—?') =11 e

quae expressio eousque esl coniinuanda, quamdiu numeri # — @, #— 3, n =y, etc. non fiunt negativi,

Demonstnario. Ponalur PP =5, erit 15 = AP et ?:‘:Z—(Il,—l-)p hineque PdS= ASdP, quae acqualitas-

: .'z;dI’
repraesentetur P d = lS . Cum igitur sit P =129 4 2P ~+ o <~ ete. erit
»dP .
— = 0x® 4= Bof - ya? 4- 8% 4~ ete.

. . ' . ) 2 . . zdP ‘. V -
Jam in serie S occurrat terminus [n] 2% praeter quem considerentur eae potestates, quae per —- mullipli
. P , per — plica
producere possunt potestatem x”, qui {ermini ila repraesentenlur ’
S:.'...,]:n-].7:7"['11,—6{1af:"_“[n-—-——ﬂ]x"—f’3 ete.
Hine ergo erit ' B

A8 aﬂ = [n— a]a" 448 [n— Bla" -+ Ay [n —y] a" 4+ etc.

Deinde cum ex iisdem terminis sit

@ds ' ~ - .
Eé-_.az[n]x —;—-(n-—-a)[n-—a]m” “—I—n—ﬂ[n-—ﬁ]m" By ete. - o

quae in P ducla, pro poteslate x” praebet sequentés termmos
nnja’4-(n —a)[n—col a4 —pF) [n—pla"+ (0 —p) [p—9g] 2" 4 ete. "

Hi igitur termini & uatringque debent poni aequales, unde .erit
n ]~ — @ [n — el @n-—F)[n—fl-+@m—yn—y]+ ete. = . ;;n}}%ﬂ
Aw [ — a]-- A8 [0 — f] + 27 [n—y] + 28 [n—8]~+ ec. ‘ -

) R _»‘;:\_-xgli’}' i
unde conficilur

”I”]— <n—a)[“—“]—(n—m[”‘ﬁ] (n—y)[”‘?3+ 252 Q. E D.

non occurrunt, nisi quaram exponentes sunt simma A termmorum hu]us seriei 0, w, {)’ 7, 0, ete. unde si in:ha
serie S omnes plane polesiates ipsius @ occurrant, id erit indicio omnes plane numeros reduci posse ‘ad-s 5‘1»
mam A terminorum istius seriei 0, «, 8, v, 6, ete. At si quaepiam polestas 2™ non occurrat, tum e;us coeﬂ1

ciens [2] aequabitur nihilo. Manifestum autem est, nullim coéfficientem fieri posse negativam..: =~ .5k

b



Fragmentorum ex Adversaries continualio.

108.
(N. Fuss.)

1
Trorexa. Summa hu]us gerici S=1 — ~2—<1 — —) (’l — g+ r)— 7 (i —_—— —_ —[!—> —+ ete.

24 3
esl S::_’.IWQ.— ~~ —9_.- 12)"

Drmonsrrario. Colligantur primo ultimi termini cujusque membri, qui erunt:

1 1 i 1 ‘ _
Skl The sl iun ele. =

Deinde his terminis exclusis, colligantur .denuo fermini extremi cujusque membri:

, . 1 o 1.

1+1—|;L+L»£~ ele _—'i—(ﬂ«!-i
1.3 2.4 3.5 4.6 , T2 9
Simili modo ultimi sequentes erunt
1 1 1 1- 1 1 1
—TzT a5 56 qr T o ——3(1“‘“'9‘*“5)'

7

1 1 N . :
Eodem modo sequentium summa erit —1—~ Tg g e -4—) sicque porro. Quare si statuamus

1

2

Jam istam seriem postremam ita 1epraesentémﬂs:
z__.cc-——(i-r- )—!— (i-&- -4——)——(1 -+ = -5-4)—1— ele.

unde sumto # =1 nostra series ¢ prodit. Nunc autem fiet

a . £\ 1 1 NP U S Y
35—*.1—-”0(1"‘5)"53’ (1—1——2—+§)—w (1-1—2 + 3 +-4-)+ ete.

. k1214
erltS::T-z

_unde termini primi singulorum ierminorum juneti dant e

i
1 —g4-gr—a ele. = .
1=z
1
; i ' —3 %
8 Colligantur 1)0r1j0 sepulldl -5 (# — px'—4-2* — a* - elo) =t
L 1
Tertii dabunt - g — (B2 — &t -zt — 2% - ele) = .
! 3 {4 .
: 1
% x® —l—-‘-{:— 't ‘
Sequentes erunt ————> T etc. Quamobrem erit
1 1 1 4
@ _ 1~ é—mq--gmm 5 -+ efe.
dx iz
. ator — § . a2 .. . 1 1 .
fractio, cujus numerator 1(1 + ), sicque = (i—n-.:s)' Cum igitur sit A= = — 5 ber

partes erit
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dz dxo

_— e 1
cujus poslerioris membri integrale est — % (114 2))P=— < (12

Pro primo membro fd—: (1~ ), id erit

Az xz a3 2t 28
— (2 — = 5 — = = — elc

x 2 3 4 b
== o, @b ot ete, :
== — z -+ —9— 16 -+ - ‘ .
Unde facto z =1, erit haec pars : ' ‘ .
' 1 1 1 b2
1"—2'1"3—‘E+ Btc..—_l—g- -

“I
o]y

Consequenter habebimus 1=

1o =

(52) , ergo summa seriei proposuae

§="2 +%(12)2.

TueorrMa. Sequentis serfei

1 1 1. 1 1 i i 1 .
)5 (1-grg)—r(l-grg—q)+ e

summa erit S :3:”:- }
32
" DeEmonsTraTIO. Colligantur hic iternm termini postremi singalorum membrorum:
14— 1 ! ! “+ ete =z -
FORR R © T8

His delelis reliquorum ultimi termini colligantur;_ qui sunt

1 1 1 - i
ete. — g - 1.

~T3 55 57 =

i Itimi d Ul oo =1 (i-—l—-i) sequentes erunt
Sequentium ultimi dant ~+ 7~ 5 L= = )i seq

B ete. =— (1t ) A
T17 3.9 5. N S8 5/ ‘

i . nr ) 1 T 1 1/ 1 -1 o
et ita porro. Hinc erit S= 5 = t, existente 1= 3 | — (1 +§)+_6_ (1 + g ?) — etc. {»Stattvuatur

6
=.§.1_—<1+3>+w <1+ -1——)-— etc. fietque

a . »1) ] ( 11
= w(ﬂ»—hs 4 T i+3+5)—-etc. .
cujus seriei primi termini collecti dant & — 29 -+ 2° — 27 - etc. ZT—I_TH' Secundi termini: g
g +Fws 2 ete, =t
3 3 3 T T8 Taaw’
1 z® " . N .,
sequentes dabunt g’ Sicque erit K o
1 . 1 1
XL —— 7 m -—— 7
e 3 5 7 L4 ele. Arc, tang @
. dz 1+m.’n = 1+ax

:

© PSP § _— I
consequenter ¢== f oo fi_l_m, cujus integrale ¢ = ) (Arc. tang )%, Hinc sumto Jc_.._'l?‘(?,;'{t -

i'—i . consequente: -S—-”-——ﬂJ ax __3a=
=316 3%’ quenier o= 3= 32"




Fragmentorum ex Adversariis conlinuatio. 5it

Conorrianiom Inventa hac summa si ipsam seriem proposiiam ita {raclemus:

s=e=3 (- =F0- 4 1)-

ut fial f—.__i——mm(l———>+m (’1 +_>_

* fermini primi dant f—ax 4o — b4 ete. =

Tl
| z o z?
secundi: 5 Toae Ol oo 1deoque = —:—:cw)fi "
' 1
Est vero » ergo

w(iwi—wx):—; T 1o

e dx zdx
§= fl-—.ccac 1—1—:1:&?./‘1—003

. - N 1 1 1
Cum igitur sit f1 e e &* 4+ - @+ ele.
. - 3
" enit do 23 zb 27 N
e T g g b ete.
. Posito ergo x=1, erit
f —i+~1——|—1+i+ ete. ==
1 —ax -3 52T T8
Quare cum S= i it Srm _ xm i f d itur
TQ;, -—3‘:2“ — 8 i e i . , unde sequilul

1 -~ 20 1 e
.quem valorem non video gizomodo directe erui posset.
Proprema. Hane seriem, secundum numeros primos progredientem,

S_L_i_;_l_,_}__i_i.q_i—l-i ete
T8 5 7 1 13 A7 23 ) .

“ubi numeri primi formae 4n — 1 habent signum -, Teliqui formae %n -1 signum —, in seriem convergen-

tem converiere. ‘ o
' Sorurie. Hoc duplici modo fieri potest. Cum enim primo sit productum

43 5 7 11 13 BT

ubl denominatores sunt numeri primi, numeratores vero pariter pares, unitate vel majores vel minores, sequi-
.. tur fore

—y_T 1 ik @ 448
s=1 Z"‘a(i 3k 5 3 T i)”" (1 55 7% 11(1 5.5.7 4)”" ete.

Tiad . 2,6, 6 1014
. D LA . :
einde cum mt 23 F 7 i 13 etc. — 1, hine sequitur fore

_.:r 1 /» 1 2. 2.6 = | 266 7
s—-g—i*i(ﬁ_i)—"s‘(i'_s—'E) (35 9 ) 1:[ 357 2 i)

( 2 6.6.10 :t) ole.
i3 . 3.5.7.41

. k3 . ot o
Tuzonrua. Potito =g, si summae sequentim serierum ponantur:

. quae ambae series manifesto valde convé_rgunt.
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. i 1 1 i .
. 1_.37+_5____7_+?_ﬁ~{— -ele. .—-Ag'
1 1 1 1
T gyt o =28y
, 1 1 1 1
—_—— e e e — — =
i g5 ~F 51 — 55 - g3 s ete i+ Cq

coelficientes ifa a se invicem pendent, utf sit

2 2 4 Fixy D+ 2BC D
AB, D— 4C -+ , E_:QA —+ , F:9AE+QBB+CC’ ete.

A=1, B=1, C= y 5 5 10

unde colliguntur isti valores

A A _.“_5_.,,( _ﬁ,,@.- Y| S I, 2
2) D——— = F— G—ﬁé: H—ﬁg etc.,

A=1, B=1, T=

tinuavi, quos ergo cum potestatibus ipsius ¢ sequenti modo repraesento. Prior columna valet pro potestatibu

imparibus, posterior vero ‘pro paribus:

A = 1.q B;zz =1.2¢
O = o - bef | Dy =3 +8¢°
B =g 100 R =gy o

. Gq” :16(?;.“64(]7 Hp —:;‘)—:4‘5777'128 s ) .
I =i 286 - RO 5?7‘“2‘—’10'. I -
A ::25?59&21(.332.7 . 162[*9““ Mytt= o 256971 T 2048 ¢12 - o
etc. etc. | . . ?‘;"‘ :

fractiones 1 1 ! ete. | - :
z 6 90’ 945° 9450’ : o S R

Supra habuimus haec duo producta

4 4 8 12 10
385 "7 Ul

[o2]

z 6 10
4 1

‘ ._.; —_ 14» . ‘ o
¢ — . ) :

5
] 4 .8 12 12 16 20
horum prius per posterius divisum dat: 1 « R TR TR TR

etc. = 1. Hae fractiones ._iﬂVEffa(l?i!l
et sumantur logarithmi, eritque :

li-l—le—l—l —+~I + ete. = 0.
4 - 8
i
6 1+ o 11 - e e o
Cum igitur sit E"Z =1 i., lg:l T etc. evolutis logarithmis semissis dabit hanc aequationém
i“—? it . ' :



Fragmeniorum ex Adversariis continuatio. 513

4 I S | 1 i 40
R T R B i S L
1 1 1 1 1 1 1
T T 3 'y TR W T 7
° ele. =10.
N SRS U SUNUE SO SN SO ¥
11 ERETE 5448 7 117
’ a1 1 i 01 1.1
T R Tt A S A M T YA
Hinc ergo erit
b e
5T 7T T 13 77
1 74 1 1 1 1 _
“'""5(’5‘3“__73‘.—&?"'“?3_3"*“1?_ e“") =0
! ! ! i-—l—}—'-—l——i——-— etc)
+T(F"'F"’m 135 " 7s
e ele
Hinc porro
A 1.4_ ORI — 4 elc —--S—i
R R S TR T R T =c 73
R SO WO T SN SR
B R T TR TE R T A T 7 “)
_,_‘<L A1 1 1 fe
TF\G 75 I 138 s e)
B QT i —i- -1 i -+ fc
*_‘7(57 77 T I I g e)
etle

monT . oo L ,l . . . |
Unde sequitur noslram seriem S aliquantillo majorem esse quam 5

‘

Osservario. Per similes rationes mvem, 51 omnes numeri primi in duas partes dividantur unitate diffe-

enles ae pro numeris primis formae Ba—4-1 vel 8n+ 3 partes majores pro numeratoribus, minores vero pr

denommatouhus sumaniur, productum omnium harum fracuonum emt =1, hoc est

2,2,3,8,6 .9 10 oy
1'3'%'5'7 '8 "9 % =1
" . Conrorrarivm. Transformatio seriei S:—i--ii- — LI i—g— 4. _ -1—+ elc. etiam hoc modo referri
) 3° 5 7 11 43 17 :
S=+ 4 (P(i-;- ) (1—g) (1) (elo. =t 5 = b ctc.) )
) 3 33 5 7 : TR TR TE ‘
e 11 1
R (o (1+50) (1— — ) (%) (ete. — 1t g5 — o + = o))
, 1 1. 1 1t 1 ,
" o —l—?(R(i—l—?) (1 57)(’1-—!-,-7-7-) (ete.,' —-\1—!—57-- = m gtc.))

“ubi P=4Cg’, Q=16E¢, R=—6k Gg’, etc.
' A m. T. 1L p. 104 — 107.

L. Eoleri Op. postbuma. T. I. ’ 65
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Iv. Calculus 1ntegralls. i

i c- '». e.- o= “ 1.

RTPEREE

° ‘ ‘ 109. . . .
_ ; '>~;' s A.. Eu]er) iy _!‘: o B
. _ bpag (aa — bb) (pp — qu R E
Si ponatur y= P erit 1 — _1]J (ap - qu)z ideqque P R
¥ (aa — bb) (pp — qq) (M - bb) {pdg — !?dP)
5 g V(l - 'yJ) ot dz g
__(pdg — qip) V(e - bb)
I o H ; H
Hine fit 40 --—'yJ') {ap -+ Dq) ‘I/UJp 29) ? eI‘aG T ', i _,)‘. - T -
P f(pdg — q!?p} V(aa — bﬁ) Al‘ L;gg :
S ap+b0) Viop —g0) © oepEibg o
.o _ £ doV{aa —bb) ; A a@_ : L R o
L Sit p=1 et g—u, erit J(a-;—b:c)";/(i—w)_"Aw S SR s

I, Sit p=1-+4az et q_mV , erit pdq —gdp—(l — zx) dccVD et pp—gq—1 ~+ z*, unde ﬁet

f dz (i -—a:m) V2 (aa—- bb) — Arc. sin b(i—!—z.z-)—i—az‘/‘)
(a(l-f-xw)-l—ba:‘]/Z)';/(l-;«m*) a(1+mz)+bg:1/2. i

c T T LT
ST ) X

Speclmen melhod1 fﬂCllls _Analysm infinitorum indeterminatam tractandl
1. Sit propositum problema de inveniendis curvis.algebraicis, ‘quae sint rectificabiles.
Sint coordinatae hujusmodi curvarum z et Y, quae ergo quanmates alrre]ercae esse debent eritq

: b, i
curvae = /" V (dz® + dy*), qui etiam quanhlas a]gebralca esse debet quae it -—~s, atque habebitar

el it wn o iY(dEtie dy¥)==ds: sive— da® Adyti=dsi 4
. 2. Ponatur ergo ‘de==xdscos¢ et dy==ds sin @, @bi sinp et cosp 'ai'gé’hraib xpfidii debét:
T=5C0S P ~~p el y==3sin'p 47, 5a1"qné“nt‘hinc fiat dat— ds cn-s'rp et dy = ds §in'p; ‘noi Ghstant 'va
quantitatum p, ¢ et ¢, wecesse est ut 4it < sdpsin g dp==10"¢ét sdrp cos' ¢ -y =03 ind‘e’“ﬁmtebl

dp . —dgq .
hae qua a se invi . == = . quae posterio
quantitates a se invicem pendere debent ‘I-.labehunus. exgo §== @ iy T dp oos e vq“ . postert
d;
praebet dp co§ r,o == — [Zq sin qJ, hmcquc t:mrr r,a _— d—g o
Fioua

dp [
vel p functio ipsius ¢, erit etiam —q quanlltas a]aebralca capi ergo debet tang go = —-—EE, undq tam 81

i : - . , i

dp ' ‘__ —— dp
drp sin rp d.cos P

cos ¢ definitur, tum vero acclpl dt,])ﬁt §= ’ 1deoque euam ] erlt quanhlas aIgehralCﬂ

quiritur. e ' L S P T A

1

H

. (Lexeill.) 4 Cepias R

- 5. At sl curva desideretur algebraica, cujus rectificatio a data quadratura pendeat,

poterit:




6. Ilic ergo g non

1

at vero pro arcu habebi

problemati enim satisfiet

9. Si insuper baec

vel duos, vel tres, vel

tum enim sumfa pro V

dy in y = dr 08 ® siny,

. . . d .
non sit quantilas algebraica, ac pomatur q==_fPdp, unde lamen fiet E%::P’ hinc avtem fit n=yq

vt —lann):ﬁi—_ﬁ—)-

Fragmentorum ex Adversar 41s confinuatio, 515

Ponatur dz® - dy* = ds*, ila ut jam s mon debeal esse quantitas algebraica, ac slatuatur dy =ndz, erilque

ds == dz/ {1 - nn), integralia vero slatuantur y ==z —4-p el s = aV/(1 - nm) - g, alque habehimus xdn +-dp =0

nadn dp dg V(1 —-nn) . V(L a-nn) __dp . s
I Y, P [ A S inc o Sl b
el 7 o oy dg="0, unde fit L=— = i’ hincque porro — % ergo obtinebimus
= L S V (1 - nn) __ % . Quo valore ipsius 2 invenlo pro curva quacsita colligireus
' V(ap* — dg*) T Vapt —dg®) ' i
dp ' R pdn — ndp dpV (A —4-nn) -
gf=—— — p— g e = —— g
= an’ Yy=nx—4-p-= n - p= an el s= in q

debet esse quantitas algebraica, sed tamen cjusmodi, ut quaniias 4_1; fiat quanfitas al-

gebraica. Ad hoc pracstandum sit /" Pdp quadratura illa, a quoa rectificatio pendere debet, ita ut summa Pdp

I)
Ja = PP et

et nunc curva quaesita his formulis definilur

3
ap (1 — PPy2
ap

pap (1 — PP)
T ap —+-

9 Yy == —

P

quae sunt quantilates algebraicae; al vero arcus curvae prodit

o dp (1 — PP)

7. Haec solutio adbuc generalior reddi potest; sumia enim pro I' functione quacungque algebraica ipsius

dq

p, 6 capialur g=T—+ f Pdp, tum —- ac proplerea etiam n fiel quantifas algebraica, ac proinde efiam = et y,

dp
) . apV (A —4-nn) , .
r s=—=——g—"— + T 4 [ Pdp.

g. At solutio adhuc generalior reddi potest, si pro v accipiatur funclio quaecungue algebraica ipsius p;

tum vero ¥V ejusmodi ‘functionem algebraicam ipsius ¢ denotet, ut f Vdv quadraturam praescriptam involvat;

ponendo g= T~/ Tdv. '

conditio adjiciatur, ut non obstante, quod curva non sit rectificabilis, tamen unum,

quotcungque volueris habeat “arcus absolute rectificabiles. Hic scilicet {otum negotium

" hue vedit, ut in postrema solutione VAL certis casibus evanescat, seu exhiberi debet ejusmodi curva alge-
———fraica, cujus area in genere sit [ Vdv, quae (amen _certis_casibus. evanescat. ‘ ‘

‘ 40. OQuadratura proposiia est area cerlae abscissae re‘spbndens, ac pro abscissa = z designetur area per
I -z, ita ut sit Iz 5=/ Zdzs siquidem Z applicalam dengtet. Aream autem ita definiri ponamus, ut sit IT: 0=0.
Quodsi jam area desideretur, quae casibus p—= o, p=/, p==y cvanescat, tanium capiatur Z=(p—a) (p—p) (p—7)

quocirca in solutione superiori postrema sumatur p=(p — a)(p— f) (p—7! ele. vel generalius

p=(p —ap—p)p—7) cle P;

{ali functione ipsins ¥, ut-proposita quadratura obtineatur, ium curva ibi descripta ab-

* solute erit rectiicabilis icasibus p —a, p— f,p =7, €ie. .

His exposilis aggrediamur simili ratione problema nostrum principale, quo debet esse da®sin%y —- dy* = dr?®,
ubi lilterae. x, y et r suni arcus circulares, quorum- sinus cosinusve demum fiunt quantitates alhgehraicae. Nune
autem analysis nosira ordinem refrogradum teneat. Incipiamus igitur a positione dg sin y==dr sin © et dy=dr 0§ ©;

quia autem non y, &ed siny vel cosy debet esse quantitas algebraica, posteriorem aequationem ita referamuns:

et integrale debel esse algebraicum. Quod’ ut fieri possit statuamus

cos & sin y ==p cos r ~+- g sin 7T,
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ut git oo h © " dysiny =pdr cos r ~1-gdr sinr o Cse{

cujus integrale ponamus p sin r —— g cos r = — cos y, aut cosy == gcosr — psinr, esseque debeal

-3

‘ ’ . d .
sint.dp—cosr.dg==0 seun tangr.—:ﬁ- ' ey

Deinde ob cosy inventum'eliam siny innotescit, unde ex facta hypothesi cos @ sin y =p c0s r - ¢ sin» obtinemif |

PCOST 4 gsinT

€08 @ = + (Si haec cum superioribus comparentur, videmus esse g— cosf, p=— — 6in{ cosyy,

sin y
unde pulchre sequitur
' ¢o0s 6 sin r — sin 0 cos r cos ¥ . 3

COs 0 — "
siny

deinde etiam eleganter consentit valor ' ' -

dy__ dfsind

tang 7 : @ " d(sind cosy)

prorsus etiam ut supra.) -

Videamus nunc eliam quomodo pro altera parle dz rafiocinium prosequi debeat: Erat autem

drsin @

drsiny=—drsinw, unde it dr—=——; ‘
. RN siny 7 - B S T

at jam invenimus
P COS I~ g 8in r
siny

€08y == gcosr — psinr et siny ==V (14 2pgsinrcosr — qq cos®r — ppsin®) el cos 0 =

unde sin @ = w atque dx—=— S — (Consulamus iterum primam solutionem, ubi :erat
siny Yl —pp — g9) o . SAE
ag . .
d — gt N L A . _
% ==df +dp eritque do fang peind’ jam autem invenimus .
—— R, e _ “dg -
p= 51116?051;:, g..__cqsﬂ, sn?iI?'—V(l | gq;)? di = 70—’ - »
_» .o YV —pp—an) Y —pp —aa)
COBY == smum —— sNY— ————=, fang = — 7 I
4 i—w YT V- BY P ’ ‘
consequenter : . ’ '
. pdq
dp —
| T U—wVi—m—
quo valore substituto colligitar » » _ -
1 ‘pdg  dgddp 1 pdg® -+ pdp?dq — dgddp + gqdg. ddp
dg:dx—dQ): ( - 03 2>=/' ( - 2 2 )
V(1 —pp— gy \1 —qq dg® - dp Y —pp— q9) (1 — q7) (dg* -+ dp?)

quod novimus esse differentisle arcus & enjus cotangens est

dp
_@(1 — q9)+pg

VA= —a1)

Quarum formularum evolutio nimis est difficilis)

drsine . .
Avrrop TENTAMEN. Quum esse debeat dx=— sny ’ Dopamus dz ==d§ - dp, eritque
dE=d P dr sin @ do
=l —dp =g Ay

ubi £ el ¢ sunt etiam arcus, quare dividatur per sin®¢, ut habeatur

@  drsine dp
sin?f ~ sinysin?E  sinZé ’

quod ergo iniegrabile esse debet. In hunc finem statuatur
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sinw - o
i T o f—— Tion’
sin y 5in%§  sin®r

ubi # non involval r, simulque integrale fingatur — cotf=—u col ¥ -4-1; unde differentiando fit

& . ; G d

fébz ’,M — du colr 4-dl = fw —_ -,Jg—e,

ginZg sin*r Sla T Bin<E
. . d « " s 0 - — i -
sicque eril du coty—di= s—l;fz_ Ex quo colligitur dg == (dwcolr — di) sin®¢, quia cot 3 _—:“—cos—;;—#y » hine
in & sin ¢ msf___ w#cosr — tsin T
A 5= ’ 5= ¥ {sin?r + (u cos r — 1sin )? )

v (sin®r - (u cos T — T sin 7)2)

sin @ T
— = , ubi loco &in§ valorem substituendo
sin y sin2é sm%

Jam vero posueramus
5in @ (uu CO8™r — O sin r ¢os r — (1 -1-1) sin’*r)=wu siny

' 1/ i — -
al vero praecedens operatio prachuerat sin @ == _(-—5%—5’—@ qui valor subsututns dat-

(e cos®r — 21 ginr cos r ~ (1 - tf) sin®r) (1 — pp — qq) = wsin®y ="u (1 4+-2pg sin r cos r — pp sin®r — gq cos7)
ex qua aequalione relatio inter p, ¢ et ?, u debet definiri, ubi imprimis notasse juvabit, has quantilates p, ¢, %, %
angulum r non involvere debere; unde sequitur aequalionem illam- aeque subsislere, sive ponalur r=0, sive

#==90° At positio r==0 dat wV (1 —pp — gq)=u{l — qq) et u_—_l—/u—i"p;:g_?s: altera positio r=— 90°

praebet (1 -+ 1) Vit —pp—aq)=u(l — pp), quae in illam ducta dat
(40 (1 —pp— )= (1 — ) (1 — 90)

rq

unde . 1= — —————"
YA — pp — 99)

Sicque t et  definimus per p et ¢, atque jam omnibus conditionibus problematis est satisfactum, praeterquam

~ guod adbuc valor anguli ¢ debet delerminari. Verum supra invenimus

do = {du cotr — di) sin?E.

At cum sit .
- __ncosr—tsinr (1 —gq)cosr — pgsinr
‘ vot § = snr smr“l/(i—pp—-qq)
du =— pip (1 —.gg)=-glg(— 1+ Qpp—i—qq)w e,
(A —pp— qq)z
Pl L. (1 — qq) — pdg (A —7p)

(4 —pp — 91>

d . o
praeterca est siny=—= (dp“_ i et cot r—d—Z’ erxt ergo

i cob 1 — dl = pdp? (A — qq) — 2¢dpdg (3 — pp — qq} +1qu2 " - pp)

dg (1 — pp — mz)2

In superiori tentamine omnia manent usque ad valorem ipsius 7, qui cum 1nven1.us sil ex aequauone quadra-

»q ‘
V(1 ~pp — q2)
(pot?r (1 — qn) — ¢ cotr (1 — 2pp = 7) -4—9 cotr (1 — gq)-+p (1 — pp))

tica, sumi debet {—= — ., unde statim prodit

dy colr — dt—=dq.
' . . A — pp— a0
~ quae posito dp = dg cotr abil in

2 — d M ——
T du cot r — di == pdq (p cot?r (1 ~ gg) -+ 2pgeol 1P PP)).

. 3
(1 — pp —q9)2
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| (i - qq} cot"""‘?? (AL
ero cotE =ucolr—1— rll;— : ’
Cum ¥ § P (4 —pp— QQ) R HERRNTE ' :
gl slenitenlih gin2E on o (s o o B e P N N A YA "
“_ ‘H) (1 — pp—+2pg cotr-c—(l — q9) col"r) : _
unde denique fit L et '
’ . : 2D BN pdg S . | N
U . . g L Doy ey qJ (1_1@)]/(1 _PP""QQ) virin w'"; N ) L b .k-'-»m BIA

dp i) e LI Ve
am Irrllur -~ erit quantitas a]frebralca et vocetur s, at ue ex ae uatlone § = :
tur PP q g q q (i Z VA —pp—g3) ée{.
niifatem p; quia enim ’l —_—p — ) == ————— rlt f—p—pg—— T2
minemus quanil 7 q 'V( PP q9) : s'(l:-.,qq) € P—90= a— ).,’ “unde reper
potest p et sequens solutio complefa concluditur: S ey SE e sy
“ 7. 1. Constituta relatione'*'quatzlmque--fﬂgehraiea—'in'ter'.siﬂf@ietr'qs*pos-itoqw %f-:s;wquaerawr:qum
“ex Tac. aequatmue Y1 --—xpp )_’s(’l!iqq) T T R (LRI
e dig P SR R A A T3] 1711
2 Inventa hac quan’ntate p sumatur tantrr_dp, atque hmc pou‘o . :
T T 1—‘]'1 ., o P'l | i
4=t it i:"—' o e 8 Lo -. ; -7-‘__.:__‘:
YA —pp—ap) ——“—m — =10 8q (F—q1).

3. Deinde quaeratur arcus ¥, ut &t cos y == q'cos r —p sin .

k. Hinc porro angulus &, ut sit cot &:\-«cf‘cc}‘tr_ —1; quo angulo invento habebimus 2 =£—+ ¢, &

problema etpedxte est solutum

S Y IR Coprrlen Ty sprdiog meel twedn u By GG o i
NB Hic autem etiamnune c]es1deratur criteriom.,: ex. quo. pateat. in- formula a’rp-—(du cotr+—-df) sin?
{itatem cotr ex caleulo tolli; in hoc ipso enim:vis methodi, con51st1t ut r ex calculo excedat, propterea qu
tang 7 per dp et dq delerminatur. Ad hoe ergo crlterlum ol) o ) o iy’
sm~§,_ -1 - - '

19-1t - Qm col 7+~ 4, coL 2r :

L S B T T
. Vet it Do

requiritur, ut ostendatur ex espressione ° *

“ - du cobrie— dt
drp == .
un cot?r — 2t colr -1 -t

fe

v b

La-1t u(l -mn) (1+tt) (i —qq)

(1 +1) Vﬂ*ﬁfﬂ—qq)?ud(ljpp), ety e e 1_. .

‘ L u I v
T —pp—q1= L qq,fu+ ), l-f!f.it-w_(qq(l.—..l—it - ) == 1 —2gq -t~ ¢q*, unde pro determinando
haberetur haecﬂa‘equalio e e ¥‘3‘?’.";‘
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