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452 L. EULERI OPERA POSTHUMA.

XXII.
De comparatione arcumuim curvarum irrectificabilinm.

Sectioprima . -

- continens evolutionem: hujus aequétibnis;
0 =028 (x-ry)+y (xE-1-yYy)+-20Y.
I.

81 ex hac aequatione sigillatim utriusque variabilis « et y valor extrahatur, reperiétur

— B — 8z V(B — ay-+-2B(S—y) w--(80 — ?D)m")

y. —_ y <
e ~ﬁ—ay—V(ﬁﬁ—ay+9ﬁ(a—y)£:+(aa-a-y)w) o
Ponatur brevitatis gratia 88 —ay = Ap, GO —y)=Bp 35 — oy = Cp, entque

T

ﬁ+,,y+am_+1/(4+28w+0scw)p, |
B yx -0y = —V (4 4-2By + Cyy)p.

CI o
Litteris jam A, B, C pro lubitu assumtis, ex iis litterae «, 3, ; 0 et p sequeﬁﬁ ‘mod

. , B . . , Cp i
finientur: Primo ex aequalitate secunda fit 3—1/:?”, qui valor in tertia 3—:—;}:-8—_-_19—7 subst

dat 5—&—7:0—1}(3; ita ut sit

cp . Cg By
0= 23+2{3 & Y=g
Hine autem acqualitas prima abit in hanc
Caf B
Bl — 5z + app"_ Ap
es qua definietur 1;—%7 indeque porro
5 — B(ACH -~ BBE — BCa) ; ﬁ,B(AC —B3B)
= T BQR4p—Fa) © Y= 3pap—my

Sic ergo litterae o et @ arbitrio nostro relinquuntur, quarum altera quidem unitate exprimi pot
altera vero comstaniem arbitrariam, a coéfficientibus 4, B, C non pendeniem, exhibebit.
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| 11 |
. Differentictur nunc acquatio proposita, ac prodibit
' da (8 - yx - 0y) == dy (8 4+ yy =-0x) =0,
ande conficitur haec aequatio

dx - —ady
p-ry-6z _ B ]'a:-—{—t?y’

quae substitutis valoribus in articulo I inventis, abibit in hanc aequationem differentialem:

dx ay
V(A 2Bz —+ Czz)  V(Ad--2By--Cyy)

e 1V.

Proposita ergo vicissim hac aequatione differentiali

dx dy =0
V(A+2Bx—+Cax) V(4+2By-+Cyy)

¢jus integrale semper algebraice exhiberi poterit, quippe quod erit

f(4C— BB) (zz - Y2 92B8(4CH - BB — BCa) 21
0 =o—+ 28 (w—l—y)_._ﬁf( ) (@2~ Iyggze_ﬁ;@ﬁf i @y

t*quia hic continetur constans ab arbitrio nostro pendens, erit hoc integrale quoque completum
aequationis differentialis propositae. Erit ergo retentis litteris graecis

vel y=——Bf—82+V(4+2Bz+ Caz)p
"

vel @e— —ﬁ—ay—V(A;— 2By +Cyy)p

V.
Quemadmodum autem istarum formularum integralium differentia

r -z e e Y
J V(4 - 2Bz~ Cam) JV(4a-2By+ ny)’

st constans, siquidem inter @ et y ea relatio subsistat, ut sit
0 =c--28 (@ 4+y) -7 (x +yy) + 20y,

ajetiam eadem manente relatione, differentia hujusmodi formularum

a*dx f yrdy
JY (44 2Bz ~+ Cxx) V(43 2By - Cyy)

‘commode exprimi potest; quos valores indagasse operae pretium erit.
‘ - ‘ .
VI
Posito ergo exponente n==1, statuamus

zdz ' ydy '
7,

V{44 2Bz—+ Cax)  V(4-4-2By--Cyy)
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adaVp ydyV p — v
. B-yy-8ao ﬁ+)'w+6‘1 ] ?

(/.9+7y‘+533) (,0-1-7/33—1—33») = ,G,()’—!—,@('}/—Pa) (a:—l—y) + y3(mw+yy)+ (yy-i-ﬁﬁ)
/ VIL
Quo hane. formulam facilius expediamus, ponamus & -+-y =¢ ep' xy=u, erit
X ~+yy =1i1—2u et aa4-y3=1— 3tu, ‘

sicque aequatio abit in hane formam

B(xdx -~ ydy) + y(@xda +yy dy) + dzy (de + dy) = %(ﬁﬁ'—l—ﬂ (y -0Vt Ot <is (e

Ipsa autem aequatio assumta fit: 0= @ --28%+ yit+ 2(5—y)u, et penitus introductis htte
t et u habebimus S !

B (1di—du) + y (tedi—tdu—udi) -+ Suds = (88 — o8+ Bly—0) 1=+ (y y—0du),
seu di(Bt-+ yit— (;y—l-(i)u) — du(l+yt) z%(,@,@ — 00 4 0 (y—8) t = (=00} it).

VI

Ex aequatione autem assumta si differentietur, it di(S-+-yf) = (7—3)du, unde aequatlo
ultimae prius membrum transformatur in

M(—ﬂﬁ B ly=+0)t—ydtt — (y—0)u),

quod cum aequale esse debeat hmc formulae

(,8,@—1—18 y+5 t+';/5tt+(y——3) u),

. L av  —dt —1
eommode inde oritur Lgme=—— et P = Vp- : -
Yo~ y—8 y—96 o e

- IX.

Cum jam sit ¢ = -+ y, habebimus sequentem aequationem integratam

r zdx _r , ydy — Const _(m+J) Vp
SV (4-+-2Ba—+Cax)  JV(4+2By—+Cyy) - ) y—8

existente 0= -+ 28 w+y) —+y (zx ~+¥y) -~ 2day, siquidem relationes” supra exHhibitaef! )
litteras 4, B, C et «, £, ¥, 0 ac p locum habeant. Hinc ergo eadem manente determinati
variabilium @ et y erit generalius: a

r dz (A - Ba) ""f dy U+By) Const _éB(a:+y)'l/p. .
JV(d+-2Bz + Czx) V(44 2By —+Cyy) ) 7—48
Progrediamur porro, ac statuamus
zxdx 7 yyay —d7V
- 2

V(44 2Bz - Cza) V(4= 2By Cyy)
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erit posito Dbrevitatis ergo B8 - (y-+-0)t 4y 0t - (y—0)*u=T, si loco istarum formularum

surdarum valores ante reperti substituantur
: Td .
gxdz (8- ya -+ 0y) 4 yydy (8 +yy —+ ox) = Tpv’ existente ut ante t=a 4y et Uu=2ay.
XL
Cum nunc sit @ y*=t'— hdtu - 2uu, erit eliminalis variabilibus @ et y

£ (dt — tdu — udt) 4y (*dt — ttdu — 2tudt 4 udu) - Su(tdt — du) = TM >

sive dt (Btt— Bu— yti*— 2ytu -+ tw) — du (Bt 4~ ylt — yu - ou) = %}V
at(f--yt) . . —r '
Cum autem sit du=— — 5 erit hac {acta substitutione
' Ta4Y __ — Trdt
ﬁh(— Bt — B (y—-0) it = y 01— (y—0)*tu) ==
. . Ay__ —tdt s —tVp
| slcgue erit: Vo= 7=% et V= 68
XIL
Hinc ergo adipiscimur sequentem aequationem integratam
r vxdw __r yydy . .._. (@ —+~y)2Vp
SV @28z~ Caz) I V(d+2By—+ Cyy) = Const. — =525

atque in genere concludimus fore

?

f dz (A + Bz + Caz) __f dyA + By -+ Cyy) __ Const __Ble+ynVs_ Cle+y)Vr
Y(4+ 2Ba - Cax) V(4+2By-+Cyy) ) y—=6 2(y—9)

siquidem foerit 0 =028 (z~+y) -y (v2+ yy) =+ 20wy. Erit autem ex relationibus supra

assionati Ve =P e 1/; . V%A 3—Ba
assignatis ——5= 77, == PGB — )
: XIIL
Ponatur jam in genere
atdz . . .. yYdy . 7
y"dy —=d7,

Y({A-+2Ba—-Cza)  V(4+2By-+Cyy)

.'eritque ponendo T== BB~ £ (y—+0)l-- y it + (y—0)u,

z"de (8 4y 8y) 4y dy (8 + yy + 0w) = ﬁfp”:

: . t -V (1t — 41 —V (i — .,
at ob x—-y=1¢t et axy—u habebimus x —:L(Q——ﬂ et y= g—?—-m—ﬂ), ideoque
. i

28 - (y 4=8) t-+- (y—0) 14 (tt—41) ,

. ﬂ Ay - 0y = 5
B yy - 3w=Qﬁ"’(’"'a)‘“é”_a)‘/(“_‘4”) ~
' XIv.
Differentiando autem habebimus
do— atv(tt—4u)-tdt—2du ot dy = aeV(tt— Au) —tdt - 2du

2V (tt~ 4u) k 2V (tt = 43)
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at anté vidimus esse du'——idf(‘ﬂ_;a’t) quo valore substituto - prodlblt Vi
. . o —A ) 8 _ _ _ -
do =" dt( p+ O+ — “l/(tt 4«;))

P e - By 8) Vit t—2421) - T o
dt(2p + ( 7~*—3)t+(y-—8)1/(tt—4u))

dy = 2y —8 V(tt—4%) ,
I-IiSqué valoribus substitutis ’ T i
_ — At Aply + Ot - AyStt - Ay —~ 7 w): —Tdt ;
de (ﬁ+7m+5y)_ 4(y—8) V(tt —4u) M(y-—-é‘)‘/(tt—h;)’
~+-Tdt :

- et 'dy(ﬂ—l—g/y—l—Sm)Z-
XV.

Nostra ergo aequatione per T divisa habebimus

(G— )V (tt— 4u)

—dt(z—y") __d_V et V—- _']/p dt (@ —y™)
s (5—8) V (tt —4u)y ~—Vp =0/ 1/(1*#:74%)" T
. -V (¢t — —V(tt— ) ‘
existente & — H—ﬂé—ﬂ et y= ﬂ;‘ﬂ atque u=—= %t_';)m, unde
. ) _ a-+ 4t (y+8)tt
V(:ttm—lpu)_J/2 -
at— yn

Tai— g X sequente progressione colligi poterunt:
20— yO

Vt—4uy

gyl .y

Y(t—4u) ~ °

z*—y* — ¢ ,
Viet—duw) 7 PR

at—y® PR _ (y—2®)et—2ft—a
Viet—4u) — 2(y—9) ’
st—yt L =8P —4ftt—2at
T/’(st—/.u)"z 2.“"‘ 2(y —5) ?.
5 —y5 —(yy " 488) ¢ — 48 (29—38) 2 ‘ 8t t
B=Y  __p 3ttn e g = 1278 — 48— 4F (27—38) +(4Bf~4ay+6a )t-whcﬁ —*—M

V (¢t —4u) ' 4(y—8)* : :
ete. ete. T s
XVIL '

Nanciscemur. ergo formulas sequentes integratas

z3dzx r y3dy L . 2 g
fV/(A—a—QBa:—h Czz) JY(d+2By—+ CWJ)‘_*CO“SL 3)2(‘3 (7’ 25) (m»—{«y)a.——lg('p—l—y) w( J_

ztdz r yidy . i 8y _1_
Wioess+comy  Va—emy*comy Consl,.+ 9)2 (— (wt-y)*—+ “,(, (x—4y)°+ r»(f'/‘ .

quac scilicet locum habent, si variabiles @ ct y ita a se invicem pendent, ut sit

0 =0+ 28(@x~+y) 4y (x4 7Yy) + 202Y, &
atque hi coéfficientes paiiter alque p secundum praescriptas formulas ex datis 4, B, ¢ determin
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XVIL S » ’ oo

Hinc ergo infinitae formulae integrales exhiberi possunt, quae etsi ipsae non sint integrabiles,

‘earum tamen differentia vel sit constans, vel geometrice seu algebraice assignari queat. Quac com-
paratio cum in analysi insignem habeat usum, tum imprimis in arcubus curvarum irrectificabilium

inter se comparandis summam affert utilitatem, quam in aliquot exemplis ostendisse juvabit.

De ecomparatione arcaum Circuli.

. f. Sit radius circuli =1, in coque abscissa a cenitro sumta = z; erit arcus ei respondens
IEA1SR f dz .
= V(-2
exprlmant poni debet 4 =1, B=0, C=-—1; quo facto habebimus

» cujus propterea sinus est =z. Ut igitur nostrac formulae hujusmodi arcus circuli
BB—ay=p, B{@-—y)=0 et 00 —yy=—p;
~has enim determinationes ab ipsa origine peti oportet, quia ob B==0, valores inventi fiunt incongrui.

Jam  ex formula secunda sequitur vel §—y =0, vel £=10," quorum ille valor 0 =y formulae

_tertlae adversatur. Erit ergo 8 =10, § =V(yy—p) et a_:p- Ambae ergo quantitates con-

" stantes o et p arbitrio nostro relinquuntur,

2. Quo formulae nostrae fiant simplicibres, ponamus y =1 et p == ¢c, eritqﬁe
¢ =—cc, ,6’=0, y=1 et 6—_——-'-1/(i~—‘-cc)‘, |

‘ac nostra aequatio canonica, relatlonem variabilium z et y determmans, ﬁet

0=—cc +a‘m+yy——-2my1/(1 —cc),

£ qua CGlligitur y= os‘l/(i — cc) eV (1 — ).

3. Quodsi ergo iste valor ipsi y tribuatur, erit

’ ) r dz - r dy ’ —
. o Na=an. T W=y Const

_.‘De_notemus brevitatis gratia haec integralia ita

dz .

fV(’l—m)'—‘H'm et i = Iy
,‘dtilile II.z et II.y indicabunt arcus circuli, abscissis seu sinibus @ et y respondentes. Quocirea erit

I.x—1I.(xV(1—cc) +¢V(1—azx)) = Const.

%. Ad constantem determinandam ponatur =0, et ob II.0=0, fiet Const.== —Il.¢ sicque erit

Hoe+1.xc=1. (aﬂ/(i-—CC) 4 cV (1 —zx));

‘

-unde arcus assignari polerit aequalis summae duorum arcuum quorumcunque. .- Ac si @« capiatur
hegatwun. ob II.(—a)=—1I.z, erit

e H.c—I.xa=1I.(cV{l—zx)—xV(1—co),
qua arcus, differentiac duorum arcuum aequalis, definitur.

L. Fuleri Op, posthuma T. L . 58
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5. Si in formula priori pomatur & ==c¢, it eI c =1T.2¢V(1 —cc).  Ac si porro
T == 20]/ I—CB), ut Slt H,w—ZH G 1er1t«ob;1/ 1—&33‘) = 11—'7 200, booetinited (r;;j','uu F
Coadey Gagpeitenn e uﬂwgﬂ' e==ifFar (31}_.[1 63)-"?"=“’="”‘* T T TRt T

—ttinaty g e A S

Sy [ N N -
fern ol FEAESEE S P S boia T

Posito antem ultra = 36-—-1903 verit i’ FRNEECEEE S £ L

unde multlphcatlo arcuum mrcularlum est mamfesta.

e S reenison wappenhlohe e sty @R
. 2 Foptept 5 .,{‘,r., A Ve by

. . ])e comparauone areuum I’arabolae. o yia
. EREI i I T R T IS S £
G Exnstente (Fig. 55. j AB parabolae axe, sumentur ahsmssae /_IP in tangonte verticis A,
paramcter paral)olae ;—2 unde vocata abscxssa quacunque AP_z, ent apphcata Pp —u;f ¢

arcus A p=/dzV( 1-—!—Z"), quae expressm ut ad nostras formulas reducatur, in hanc abit f

Quare ﬁen onortet A:i B =0 ¢t C __1 unde ut ante habe])lmus

R -.mﬁ—o ¢_'=“7P” ot S==V ,,+P)

Si!%_,ﬁltg'o-.:f;"e';i et p =08, atque aequatio relationem inter ety exlnhalls 1 L

0=—ccH422+7YY — 2my1/(cc -+ 1), seu  y= V(1 -+ ¢c) __1_'(;1/_7(,17_*_:_-“,;@-__; ,

7. Deinde ob Vp-— ¢ et 7— 5— i + V 1 - cc), fgqtq Y=1, B=0¢ct E=1, gri
formula XII data : : » R

di (1 = sy dy(‘l—v—yy) ez =)
f1/(1+.'m:);v; f‘l/(i—i'JJ) COBSt o m e

At est m+y_az(i+1/1+cc))+c1/l+:cw) ergo )
(@ -1+-y)? —Qam:(l +cc—¢~]/(1+cc))+cc—i—_20m(1+1/1+cc))1/(1_—g—mm.

i hoa

Quare formularum istarum mtegralmm ﬂlﬂ’erentla erit

Const. — cccw]/ 1a-cc)— Cep Y L ) == Cons’t —_ c:ny-
8. Indicetur arcus ‘parabolae: abseissae cuicunque z respondens /dz/(1 +zz
nostra aequatio hanc induet formam: T o o | . e
O.z—1II.(xV(1-4-cc)+ cV/( 1+cca:)~— —_ IT ¢ — ¢ (aﬂ/ 1+cc +cV 1+ma;),
sive H.c+M.x=1. (sc]/ A -+c0) -|~c\]/ ’i—l xw)j —ca (m"l/ 1a-ce) 4+ ¢V i—:—maﬁ))
Datls ergo duobus, arcubus quibuscunque, tcrhus arcus assignari poest, qui a summa 1llorum
quantitate geometrnce assmnabill. Vel quo . mdoles hu_]us aequanonls clarms persplclatur erit”
H.c—i—ﬂ.m:II.y‘—-cwy'
anuxdem Faerit” o y.__“wV‘l'—l—'cé +o‘1/ ‘1’4—;:0”93)

et arcus f_q._H Y e II «; -hinc ergo babebimus .- *
Arc. de= Arc . fg —cxy, seu Arc.fg— Arc Ae = cxy:
existente y =V (1 -+ \cc) ¢Vl +axx). Ex his .igitar sequentia - problemata circa paraboi

resolvi poterunt. . ' S 4 R R
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w i1 10, Problema L. Dafo.arcn parabolae Ae, in vertice .4 Terminato.a:puncto gquovis f; alium
;;i)scindere afcum fg, ita ut differentia horum arcuum fg — de geometrice assignari queat.
Solutio. Ponatur arcus dati Ae abscissa 4K =e¢, .et abscissa, termino dato f arcus quaesiti
fg respondens, AF = {; abscissa vero alteri termino g arcus quaesiti respondens, AG= g, quae ita
‘aceipiatur, ut sit g = V(1 4ce)+eV(1 +f); eritque existente parabolae parametro —2, uii
constanter assumemus: Arc.fg — Arc . de=cfy. ‘ o

A puncto aulem { quoque retrorsum arcus abscindi potest fy, qui superet arcum e quantitate
algebraica: ob signum radicale V(1 4+ ff) enim ambiguum, capiatur |

AT =y =FV{ «4-ce)— V1 ) .

elltque Arc.fy — Arc \-A'e:cfy Q.E 1L

i3,

. ll Coroll. 1. Invcnhs ergo his duobus punchs gety, erit quoque arcuum fg et fy dif-
{'ermtla geometucc assngnablhs erit enim
Arc. fg—Arc fywef —y)

At;-est.g-.-y,.::%cV(l -+ ff); unde ¢= %%’@:Ji—m

g_;_—f_y; unde éliminanda e fit
1 :;;(g+y)” (g_?') . sen WP - ) = (.9-*-7’)2—-:- !lﬂ'
ar AT < ffgy.

Fit ergo :—g(1+2if‘ +2fV1+IT 1+_gg)

Tum vero habemus g+ y=2fV(1 --ce),

'§i§é ‘}/(1 G-ce) =

12. Coroll. 2. Dato ergo arcu quocunque fg, LXlstente AF fet 4G=g, a puncio [
retrorsum arcus [y abscindi potest ita ut arcuum fg et fy d:ﬂ’e:entla ﬁab geometrica. Capiatar
scilicet AT =y =-—g{1 -+2ff) - 2f V{1 + )1 4+ gg) eritque '

Arc. fg—Alc f;/_2f'(g"|/i—x—ﬁ’ ]"V’l—l—gg)2 (1 —+~1).

Horum ergo arcuum differentia evanescere nequit, IllSl sxt vel =0, quo casu fit y==—g, vel
g=1, quo casu uterque arcus {g et {y evanescit. ' :
—713. Coroll. 3. Ut igitar positis. AE =€, AF =F, 4G = g differentia arcuum fg et Ae fiat
geometrice assignabilis scilicet Arc. fg — Arc Ao = efg, oportet sit

' g= f'Vl+cc)+e‘Vl—:—ﬂ‘

U ex trmm quantltatum e, 1, g Inms datis tertia ita determinatur, ut sit

vel g= V{14 ¢e eV ),
vl f==g V{1 4-ece)— eV 4 gg),
vel e=g V{1 +ff)—F V{1 gg.
14. Coroil. 4. Cum 'sit.g =V -+ee) eV ), erit
. v +gg):ef+1/(1+ee}(1+ﬂ'),
unde colligitur g=- V(1 = gg) = (e 4 V(1 —~ce)) (- V(1 =+ ).
Ergo ut arcus fy supcu,l. arcum Ae quantitate a]gcbralca efyg, oportet ut sit -

g+ V(1 +gg)
V(A - 1f)

= e+ V(1 4+ ¢e).
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5 Goroll 5. Haee ultima formula“ideoriest “notatu - digna, quod in ea quantltatum

functiones ‘sint a*se mvicem: separatae. -Quod - sl ergo ¢ ponatur SRECEREIEIIE B wm

Bliomean noon B+1/1"-I—66)—‘—E“ f_l__.l/l_'_fr F g+1/(i+gg ___G

S LR AT SNNCHCUN PP s R -
LR e 1:13—1 Py J it : a6 1

ent . e —_——— . = . '
b i @B f 2r 09T e i s e dn

G )

Quare si caplatur F'—E erlt arcuym dlﬁ'erentla ' '
‘,J‘!"E’:'E.' L S $TE T [ thiens v e Rl it L Ly wey N et .
Gt e - (m:-i)(rF -1y (66 —'1)° LR
Arc fg Arc Ae_—ef’g_ — T §EIG | S

(FF—i)(GG-—i)(GG FFY  f9(GG — FF)

seu Arc. fg-—Arc Ade= ~smee = 0

[

mus (M) requiri, ut sit e _"' e

‘ ?%'://—&—"_':_% e+ Y1 +ee) - ef %_ﬁ_e-hj{(l + ee).
Ponamus brevitatis gratia .. L “
) f'+1/t+ﬂ"’) p+1/(1+pp R
' g+1/l~+gg—G q+'l/1+qq) - ) :

i ,‘u,[:l

atque ut problematl satxsfiat necesse : est sit .—F—,,: % . Porro autem. cum sit- ex- (15) -

g T

ify (66— FF) 5 (00— PE)-
~ Are. f'g Arc Ae en Tl s1m111terque ~Ave. pq—Arc Ae_—ﬁo_,f_,',

4
oor

erit arcuum determmatorum differentia

R E . Al O, — PP GG — FIf
[ G Arc-'PQ"-"ATC-fg=M(Q§I,Q )__fG(MG.)

-

ideoque geometrice assignabilis.” Q‘f E. 1.

et 00—-PP 66— ¥ .
17. . 1. m aute —_——= — B , -entia , ar
Coroll. 1. Cum autem sut - = Ot e == undedlffere& :

determinatorum prodit ‘ .

‘ ¥

R ' Arc. Pq_AI‘C fgn__(.?"l'—fjﬂ)l(_g(} -1‘1‘) . .

PF— 66 —1 pp—1 " 00— . 5 J
Est autem f= Fi; g= %1’ p:Ti,_ q:Q‘QQQ LY ideoque ob Q== erit

o GGPP — FF
: 1= "9rer _
18. Coroll. 2. Erit ergo _. ' e . o i
(P —1) (G6PP — FF) , r _‘(FF— 1) (66 — 1) " e
pg= AFGPP et fy= A5G ideoq

v



-
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R T ' n (PP — FF) (66 PP — 1)
L pe—fy= irGTP )

_Binc arcuum differentia prodit

(66 — FF) (PP — FF) (GGPP — 1)
8FFGG PP +

Arc.pg— Are.fg=

~ 19. Coroll. 3. Ut igitur arcus pq arcui fg adeo fiat acqualis, esse oportet vel GG—FF=0,
vel PP—FF—=0, vel GGPP—1=0. Primo autem casu arcus fg ideoque et pq evanescit;

altero casu punctum p in f, ideoque et gq in ¢ cadit, arcusque ergo pgq non prodit diversus ab

: . : 1 i
;,?tcu f9; tertmg autem casus dat P:_G_" seu p+V(1 —:—-})p):mm v —|—g_q — g,
'Exide fit p=—yg et g==-—F, ita ut pqg in alterum ramum parabolae cadat, arcuique fg similis

et ﬁequal:s prodeat
"7 20. Covoll 4. Hinc ergo sequitur, in parabola non exhiberi posse duos arcus dissimiles, qui
smt inter se anuales Interim propos:to quocunque arcu f_q, infinitis modis alius abscindi potest
Superabit scilicet, si fuerit P > F,
8t 4P > AF; deficiet autem, si P < r sea AP < AF. ' | |
_ 21. Problema 3. Dato parabolae arcu quocunque fg, a dato puncto p alium arcum abscin- -

“dere pr, qui duplum arcus fq supéret qu:intitate geometrice assiwnabili »

Solutio, Positis ut ante abscissis AF =f, 4G=yg, AP._—p, AQ=yq, sit AR==r deno-
‘tentque litterae majusculae F, G, P, Q, R istas functiones f——l—‘[/‘i—l—ﬂi y g+ (1 -+g9) ete. .

minuscularum cognominum. Primum igitur si statuatur _% == erit
' __ (pg—19)(66 — EF)
Arc.pg—Arc.fg = TG

e R 6 .

.S;mlh autem modo sn statuatur ?—_—?,'erlt .

(gr — fo) (66 — FF)
2FG

, Arc.q;‘-—-Arc.fg=

\ddantur ergo invicem hae duae aequationes, erit

Arc.pr—2Arc.fg = — (pg-rgr —210) (66 — FF) -

2 FG ‘
7“Ut jaui ex calculo eliminentur litterae q et Q, erit primo‘ R__6G. tum vero est g :m_"ff,
oy R o ' , ’ ' P FF’ ' 9 FGP
F(PR—1 » " PP—1 G4P% — It . .
U q—'_—"—("g‘—(;‘ﬁ"—‘")’ et ob P’:——,Q—i)—- et r—= ."?.Fz—Grz’ erit ’ .

(FF+ GG) (66PP  FF)
2FFGGP

p+r__ )

(FI‘+GG)(GGPP err)2 Q(I‘F—i)(GG—i)
43 G3PP ) et Qf_ 4FG

jﬂéoque pg-gqr==

Sumto ergo %—_:ig,, arcus pr superabit dup!um arcus fg quanutate algebraica. Q. E. L

22, Coroll. 1. Punctum igitur p lta assumi poterlt ut e;'cecsuc\ areus pr supra duplun
areum 2fg sit datae magnitudinis; deﬁmetur enim P per aequationem algehlalcam, ope e:xiractnoms

Tadicis quadratae tantum.



62 -L;EULERI: OPERA:POSTHUMA, . . 4

23. Covoll. 2. Fieri igituy- potent ut artiis’ pr'\praeclse sit duplus arcus dati. f’g,

evenit si P definiatur ex hac aequatione :

HLE PRI IS TRETC TS PRIV \
H

1 QEE— D (66 — 1) FFGGPP

L GGPP’"’ TRy = e T

( i m) FI‘-r—GG C _
oy Re g iv , :GGPP_. FFGG 1 1/1**— 6t—1 e e
unde elicitur CoT e e FF ok T’zr—(.-éa %)( ) i VT Ees)

Il L i oA N ‘ -
T S IY R G 1 PEERETY:

- Gé' 1/1 (rr+1)(ac;+1)+1/1 (FF—‘I)(GG—l)
? o V(FF+GG) " G" ;

mh e1§

. P& St inY
2k, Coroll. 3. lIaec autem determmatlo arcus dupll pr mamme fit 01)v1a, si arcus d};l
-a

7 OBtlna 3911

iin vertlcc A mclpxat “fuin ehim ‘b FEL YR () F," seu P——'—'-__‘Vi—l—gg)—g

ergo p=—g et R=G, |de0que r=g. Hoc .scilicet casu arcus pr in paral)ola cxrca ver icen
, : Cioews T )
utrmque acquahtu' extendetur, sxcque mamfesto ﬁt dUplus arcus proposntl.‘ "

e ,1 O AT A Dottt gt ':‘;' Hi greenr I R fl‘!‘.:. RPN 4

25 Corol]l. A Tle_ _r;quoque potest,ﬂ—ut--arcus- pr mqpso punctowgwtermm tu

habeh}r aequatio ; | 7.
L it F +F&Go L 2F4G6+I“)G8 H 211an+ Gib—-—o .. i I""*:“".':’
quae. per FF— GG dmsa praebet B o APTRPR

b s : B R T |

unde elicitur ~' ;' X
FF= 66 (6'— 1)+ GG V(6 — 'i'déiiqiie F=GV(E— 1+ V(=G v 1)

f.r,' T !
gt i V{G® == G44~1)—G4+1
R._—-" seu R= -

ideoque G > 1, prodg:at F> G, punctum fa Yﬁl“tlctz magis ‘el‘[lt remotum iqqug{&;unctgm

vero reperitur L ‘
_ RR—1_ — (66 —1) V(65— bt i) — 65 —G4a- 66 +-1
—_— - —3

2R T 263 - R
g fif
‘CUJus valor cum it négativas, punctum » in albertm parabolae ramum 1ncnd1t Arcus ergo ita €
% dispositi, ut habet figura 56, eritque = . R TRE P :

Arcus gr=2 Arc. ['g

217. Coroll. 6. Sit g valde parvnm erit G_— 1 —i—g—l— 299, hincque G*=1 25{—!-2.9

A »»m;ﬂ

GF=1-+3g-+ 2gg, Grh=1 —|—1|Jg+8gg ot GB—-"i +Sg+39gg, “inde

F=( —l-g—l—gqj) (1 —|—3J+mgg)_1+!|g+89g,

1 : L
*‘ergo f_%— —llg, porro. R_i u5g+wgy, uude r=—1g. ere (F:g 56) si

valde parvum, erit proxime AI’_—_L.AG et AR=754G, ita ub sit quoque,Gn_—_E.“.C].‘..“.xu..,,
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28. Scholion. Antequam ad ulteriorem arcuum parabolicornm multiplicationem progrediamur,
¢tiamsi ea ex formulis datis mon difficulter erni queat, tamen expediet differentiam algebraicam
~ arcuum parabolicorum commodius exprimere. Cum igitur (Fig. 55) positis abscissis AL =¢, AF=f,
AG==g invenerimus (13) Arc.4g— Arc.df—Arc.de=cfyg, existente e=gV (14-ff)—fV(1+-g9),
videndum est, num quantitas efg non possit transformari in ferna membra, quae sint singula func-
" tiones certac ipsarum e, f et g, ita ut sit ¢fg==funct.g—funct.f—funct.g; sic enim quae_Iibgt

: harum functionum cum arcu cogp.omineﬁ compgr_ari l)ossct. Cum aptcm sit
efg=1ggV(1 +f)—fgV{1 +gg9) et V({tce)=V{1+f)(1+g9)~Tg,
V(1--ee) = gV (1 +gg) 42 MgV (1 +g9) — V(1 +[[) —2{99 V{1 + ), - hincque
fagV(+ 1) — MgV (1 +g9) = efg =+ gV (1 -+-g9) — 5 FV (1 +1F) — Je V(1 +e0),

quae est expressio talis qualis desideratur. Quare si istas abscissarum ¢, f, g functiones brevitatis
: . 1 . 1, p 1 .
- gratia ponamus e V(i +ee)=6C, ZV(1+f)=8 et 59V (1+gg) =@, habebimus

Arc.Ag — Arc. Af — Arc. de =@ — F — € = Arc.fg — Arc. e.
S Tuiiorro hae functiones cum illis, quiBus ante usi sumus, comparemus, scilicel

e+‘1/(i+ec)-—~13 f+vV{1-+f)=F, g+“j/(i+gg) G»

124—1 ) T4-i y Gt —
8EE % ®—_see

erit (5—

et ex natura horum arcuum est + =E. Si jam simili modo pro arcu pg procedamus, et ex abscissis

- dP.=p et A4Q =g has formemus functiones

p+Y(+pp)=P FPV( )=

q+V(i+qq)=, ng(l—'—qq) Q,

‘“““'ent sxm[h modo Are. pq——Aw Ao =0 —P— (E ‘existente %—L’ Hinc si illa acquatio ab hac '

subuahatur, remanebit Arc pq--Arc fg=(0—P)— (B—F), si modo fuerit —Q—:%-

= 29, Problema 4. Dato arcu parabolae quocunque fg, abscindere arcum alium pz, qui ad
:‘arcum fg sit in data ratione n:1.

Solutio. Positis abscissis AF=F, 4G=yg, caplantur plures abscissae 4P—p, AQ =q, AR=r,
. 4.? =35 ¢t ultima 4Z==17z, ex quibus formentur geminae functiones, litteris majusculis cum latinis
- tum germanicis cognominibus denotandae, scilicet
f+—~v{i-+fH=F,. g~+~“l/(1.-l-gg)= G, p-V(l4-pp)=P ete.
1 1 1
Eﬁ/(i +ff) =g, —2_.9‘[/(1 ﬂ—gg):@, A EPVU +pp) =1 ele.

T : 6 .
Sitque primo %_:_, erit

7 .
Arc.pg— Arc.fg=(Q—P) — (6—F).
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u R Gz o
Deinde "sit: -6——-7';, seu an arit o

A RN UU R SO SR T IR E
< , L Arc qr—Arc fgl:

Glede cad s

qua aequatlone ad pnorem addlta fit

Are. pr-:QAI'c fg—(ﬂ? 513)—-2(@ %)

Sit"pt'jr'ro %= %’ seu’ ’—;?,"—;Gsa L e
Arc. rs—Arcf:q.__(@_gt)_(@ %) <
qua 1terum‘ ad praecedentem adJecta Obtmebltur Suo e _ T
3@— %?).'

W Ared ps—3Arc fq—(@—f{})
Simili modo si: ulterlus panatur ?‘7 %: ‘seu —T Fi’ erit ’ Lo

Arec. pt—karc fg=(T—P)— ¥ G— %E)

ot

Unde perspicitur, si z sit ultimum’ punctum arcus pz qui quaeritur, et posita 4Z=1z fit

Z =z V(14 2z). et 8‘:;%7.3&1 —-7Z),

. z _@"
poni debere —-==15) tumque fore

Arc.pz—nAre.fg=(8 = B)—n (G —F).

Nunc ut sit Arc.pz= n Arc fg, reddi ~oportet 3 SB =n(@—F). At est
7 —-1 -1 1
("v“;‘ TS H . P 8 >' BZZ : RN RS .- B .',‘: t %——q
gunpi_ i . e S
Quibus Valonbus:»sub'stltutls. sequens acquiretur @e

G"P
Verum I o =
rum ob Z = » erit 3= B 5

b g
" resolvenda, : 3
A ganpi pn” TP f (66— rm (i-l-FFGG)
PGP PP T e .
2y — an"_" Gr"”_2 (G2

0= G“(G”‘ F‘*’") P +F2"(G2” -
e : P62 — Iﬂ)(Fszd—l)Pz
seu | P‘ _:‘ — F2 & (Gzn__. an) v——

‘Fam o

" sive
G DI

sunper definiri potest P
G" P
» sicque obtmebll,ur arcus pz, ut snt pz~— n. f'y

.termir_lq z erit Z=—= =

30. .Coroll. X Si

62n

prodibitque :
: i nG2(G2— FZ) (F2G24-1) ZZ
2

(e
Z - 2G> (Gzn_ F:m) ;

ubi litterae F et G pariter uti P et Z sunt inter se commutatae.

31. Coroil. 2. Cum G**—

mulae inventae ita se habebunt

F?) (F* 2+ 1) PP,

) 1:.: 1-,_...

F** dividi queat per G*— F?, pro variis vdibrlbus_ ipsi



De comparatione arcuum curvarum irrectificabilium. 465

(G2 1)pr | R o 6P, . ~

be viiiigi ple== 1,  Pi= ~—~——T~—— —& . o ‘et 'Zf—— F's‘
inmt =F”:—— w 2=,
s5i n=3, Pi— ngf;(fi:;_?i:)—g et Z=mFP)
sin=*, | P =.Gz (c;rf-ﬁ:s I(f:;ff I:)GI‘::- Iv“'") - IET; et Z= %f’

ete. oo ete.

32. Coroll 3. Ex-solutione ceterum apparet pari modo pro arcu dato quocunque.fg inveniri

poss¢ alium pz, qui jllam arcum n vicibus sumtum data’ quantitate superet, vel ab eo deficiat; ut
enim sit Arc.pz — n Arc.fg=2D; resolvi opml,eblt hanc aequationem 8 — ﬂ}—n (G — 8)+D
" guae non habet plus - difficultatis, quam si esset D = 0.

33. Scholion. Hacc quidem, quae de circulo et parabola hic protuli, jam dudum satis sunt
cognita, et quia utriusque rectificatio quasi in potestate est, (quae enim vel a quadratura circuli vel .
a logarithmis pendent, in ordinem quantitatum algebraicarum propemodum recipiuntur) nulli omnino
difficultati sunt subjecta: ea tamen nihilominus ahquanto uberius hic exponere v:sum est, quod ex
methodo prorsus singulari consequuntur. Quod autem lmprlmis notatir dzgnum est, haec methodus
©ad comparationem aliarum quoqu_e“‘.cur}‘/é.mum ‘manuducit, :gu_'c_l__rum, rectificatio per calculum solitum
~nullo modo expediri potest; ita ut ex. eodem quasi fonte plurimae eximiae affectiones tam cognitae quam
incoguitae hauriri queant, ex quo Analysi non contemnenda incrementa accedere censeri debebunt.

Seetio secunda
contmens evolu‘uonem hlJJuS aequai.loms
:“+7’(m+3’17').+25my‘+§mmyy,

Extrahatur ex hac aequduone sigillatim xadrx utrmsque quantitatis variabilis 2 et y, ac reperletur

— 8% 4V (80 2w — (a4 yam) (y4-taw))
¥ faw

Y =

8y — V(884 — (a--yyy) 0 +-Lyi)
7 -ty

* Ponatur brevitatis gratia — ey = Ap, 00— yy — ol = Cp et — y{ = Ep, criique

&

Py - O i~ Laxy =V(4 4 G - Ex% p
7T =0y =+ Layy = — V(4 + Cyy + Ey*) p. '
3 | MR

Si igitur coéfficientes 4, C, E fuerint datn, ex iis litterarum graecarum valores facile defi-
.Dluntur. Erit enim ; Lo : S _

(2=,—_—;1-’— :"TEP et 5=V(7/'}/+Cp+%)

L. Euleti Op. postbuma T. I. . 59
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be chel g, Cphi (I"’G";;l)PB ‘ ;‘i et ?:’.Z:g:’ -
e . e B -
si n=3, Pi— G;:f;(f—ﬂi:;;ﬁ;:)_g et Z:%{)’
S I N AN

ete. i . ete.

32. Coroll. 3. Ex solutione ceterum apparet pari modo pro arcu dato quocunque . fg inveniri
posse alium pz, qui illum arcum n vicibus sumtum data’quantitate superei, vel ab eo deficiat; ut
enim sit Arc.pz — n Arc.fg= D resolvi 0p01teblt ‘hanc aequatlonem B— SB—n (®— i‘f)-l—-D
guae non habet plus -difficultatis, quam si esset D = 0.

33. Seholion. Hacc quidem, quae de circulo et parabola bic protuli, jam dudum satis sunt
_ cognita, et quia ufrinsque rectificatio quasi in potestate est, (quae enim vel a quadratura circuli vel .
_a logarithmis pendent, in ordinem quantitatum algebraicarum propemodum recipiuntur) nulli omnino
iflicultati sunt subjecta: ea tamen mihilominus allquanto uberius hic exponere v1sum est, quod ex
methodo prorsus singulari consequuntur. Quod autem Im])!‘l[l]ls notatu dignim est, haec methodus
~ ad comparationem aliarum quoque, cur_varum ‘manuducit, gugrumyv rectificatio per calculum solitum
~nullo modo expediri potest; ita ut ex codem quasi!fonte plurimae eximiae affectiones tam cognitae quam
incognitae hauriri queant, ex quo_Analysi non contemnenda incrementa accedere censeri debebunt.

Sectio secunda

continens evolutionem hujus aequatloms
0~w+y(ww+yy)+25wy+§mmyy
v __,_I.____ .. .

thrahatur ex hac ae.qudtlone sigillatim radix utriusque quantitatis variabilis @ et y, ac repenetur

— 81 -V (88 ap — (a—+yoz) (ya-twz))
¥ = L

Yy =

o= 8y — V(8B yy — (a-~yyy) (1 +-Eyi))
Y-y

=

Ponatur brevitatis gratia — oy — Ap, 00— yy — ol = Cp et — y{ = Ep, eriique
¥y -+ 0k - Laay =V (4 + Cax + Ex*) p
YT~ 0y ~ Liryy = — V(4 = Cyy -+~ Ey*) p.

3 | R
Si igitur coéfficientes 4, C, E fuerint datn. ex iis htterarum Qraecarum valores facile defi-
muntur Erit enim Lo ‘

a:——_:p, =17Ei’. et ()'—'l/('y}’-i-Cp—-l-App

L. Euleri Op. postburaa T. L. . 59




. 466 santdky BN LERE-OPER:

Valores ergo y et p al‘])ltI'IO\QIIOStJ;O relmquuntur,“}atquek (@l runi)gcgldem sine ully r
lubitum determinare licet. Ponatur ergo yg/..—A et p=cc, ﬁetque

Rk g g b ) YR G
o —-E I C O
-001/?4 Eyd, S =74 Gl ‘L’c"f et £= oot i 13
et aequatio canonica hanc induct fqrmam SRS YTRE £ iy
g . “' I o SRR - 85)EY tTT ’
0= Acc -+ A (.'m: ~+ yy) —+ meV(A ~+ Ccc —+ Ec‘) A Eccxxyy.
L ¥ — o == R

e -111’.
Antequam autem his litteris majusculis utamur, differentiemus ipsam aequationem propositaui

.
“armi

PRSI PRSI

Prop051ta ergo Iiac :aequatwne dxﬁ"erenhah

vt Xt B S

Lo,

RN ,}(’uiﬂ\'} 4

NG

géjﬁgraéqﬁffm? iriteigralis it i
:_ .E. ‘.-_-“3 . N 134
redadeh e ZEigee 50 (ggag q..yy-)’" e wa"l/(xf

T A il u.,f).

“) 7 Eccm:nyy,

Inde autem oritur shamsse olivsed
. _ - a:1/(A-|-Ccc—l—Ec"*),A—'—c‘/(A-—n—Cam:—i—Ew‘*)A
. .A":.‘YI'ETT:‘, hE Thy et 4 Sitpear TR ST Rt
ubi quidem signa radicalium pro -lubite mutareHlicet. ¢ v 7ot =0
i leria {4t )b . TR u.-;ﬁi SE AT ehade B THen SISTEL ANiE RSN e L:'.if.“,‘fi.\fi‘ill‘h}'-i,-""
- Cum igitur posita nostra aequatlone canomca sit;, i
dyr

f V(4 ~:~CM+ Lzt) '—[ 14.,(,4:*— Oyt Ey‘) — Cmm

e

ponamus ad alias integrationes eruendas % ¢

‘-n%;ihe‘s ,1‘:,5'# 7 T o xf:““ i “z:xr- . 'm—j—a‘-’({f‘\ '('.,;5;‘ ‘V' ) e G ld TN
V (4t Caz —+ Hat) JV(A Oy +. Ey“)
o\
erit ergo loco radicalium Valo,res praeeedenteg rgsj,ltuundo rem B
prdr yydy __av
7y~ 0@ - Lazy }-Ez;—l—b‘y—c—gwyy—}_ Vp
hincque; Hmrro,,,.,,,, ity arinidil al o sk dveal WD e nesiass

acmdm (g/m ~+- 0y =+ Lxyy) +yydy (yy-i— 350-4— xay) =
%(9’5 wcc-iﬂﬁﬂ +(7y+35 ) gy == 55 x? ya—i—ygmy {x -&-y‘y""“¥ 5§$~$3@)‘)-_

. D ainasEen Wbt
Tty .
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rt..Ponamus: ad_ hane aequahonem (’,011011111101 em reddendam 2w —+ yy.=,it et Ty = 4Ly, Ut it
me+ytt+25u+§uu, cro e sty aidelidons shan
et acquatio nostra dlﬂ'erenl,lalls er 1t - o h

. y(m3dm..|_ 3dy)—l—3u (mda&—i—ydg)-;—guu(mqu-ydy)
1/ Cyb‘tt—i- (9/71—1—33 u+7§ttu+2§§uu+§§u3)

At est ' zde =i- ydy ==tdt, et ob" w‘-l—y‘—’t‘
. aequatio canonica differentiata dat .

£ . . \ v
VoL . i ; o - . - -

7 tdt -+ Bdu ot § udu =0, 1deoque Wt == — o g

Ruu, erit 2 dx -y dy = Bdt<idu. Piio

—

-unde fit md:z:—-r—ydy:—u du-——T uclu et - wadaz +y3cly_.—-%ltdu—- —-ttudu-—-udu.

Mo Dow T T Rl fe vt

W 'V[I . a3 Sty cho T s 0
e . - .o T B ST FIS LTI T N
His igitur valoribus substitutis obtinebimus ‘ ‘ :

‘‘‘‘‘‘

88 . (PR N
du(—Btt—ﬁttu— 7“"‘7” __%uu . ua)

7 NS
(Q/Bti-i—’(gi'y'-i— 88) u—+- Lty 23§ uti §§ u3),
‘f'-s*"]\ o :1 Lo ‘d . m,pf'w ! -‘”.‘ﬂ/;’ : i L
quae sponte abit m_y—-: 72’ ita ut sit F= ;7 seu V — Facto ergo p.._cc, erif
S P e R : :

xzdo r yydy

= ooy
ST SR Jl/(A+ Cow -+ Ext) /';/(A+ny+12y4) ConSt— ]_/A . S
- s1qu|dem fuerit 0 =— Acc -+~ 4 (xx -+ yy) 4 22y V(4 =+ Cec + Ec*) 4 — Eccaayy, -seu
: - c7/(A+Cm.n—|-Em4)A—an/(A-n-Ccc-x-Ec“)A
A — Ecom
Co T T T L s e ey sl
Quo nunc rem generalius complectamur, ponamus — =TT e
N ,‘,/‘ a"dr o y*dy V
\ KRS ]/(A—i—Cma:—l-Em‘) f'l/(Az—i— ny—i—-]:y*) :

S TN ndm‘('}’w_" 3y—j—§myy)-—l—y"dy (yy+3a:+§azmy) Gedtherinn ot i
(yb‘it—l— yg/-i—BB)u—+-7/§ttu+25§uu+§§u3), N s 1

: pnsnto ut, aite mmq-yy'._tt et, .ccy'—— U 'Erlt _ergo Tx — yy' 'V(t‘—h yn), unde o et

R

. : \
fiii oy

-l/tt+'l/(t*-—~4uu) -’/tt--'lf(t‘l—4uu) o

—_ Y TR AR T SO I I PGS 108

“seu T=- 'l/(u -~ 2n) + V(zz . 2u)
Quare dtﬂ’erentxando habebltur

Vit e

et y———']/(tt+ 2u)——'|/(tt—2u)

TRESIEY.

IO
ar T

; FEE A E RS DY S L st EgiGie ek 4L
da: e wd = — gu) iy 24e 8 4= T o
T2 o (a=2u) T V@A 2n) 2V — 24)
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’ ' X
Porro vero est ym—+-3y+’§¢yy--( y+5)+ gu)V tz+2u -l-(—(y I —-—-gu)Vtt-Q
unde colhgltur dz (ya - Oy 4~ Layy) =" G Y s | ‘
& -0+ L) (y—d—Luw) -+ (y— 8 —Lu) (9,_3";_’_’@) ii:i;‘ e

ttt- Qu

(y—&—-—-f,‘u) '-(Xg/'+‘3+§u)——(y+3+§u) (y-i-t?—i-g‘u) e

seu e (ym 4. 3y+§myy) m (y0tt 4= yEu -, (j/'}"-i— 55) U= 23§uu~|—§§ua),
Gonsaioeridiie arinnges

et quia dy (yy + oz + § :chy) = d (gza: -+ 3y‘ -+ Layy), erit

dV —du(:z —-y") (,t V:—; —Vp f(.'n —-J"’)d'u

1/_ PV (2 — o) ‘l/(t.‘4 4un)
' X. e
Ut haec formula evadat integrabilis, oportet pro n scribi numerum parem, ut etiam usus hu]us
formae plerumque exigit. Quare RS TO T S L AU WS
si n=0, er1tac-—3r-—0.... s e e e e e v as V=>Const
n=2 V(t"—l:auu). V::u’”/p
n==: oh— —tt‘[/(t*--lmu) e V_.fvpfttdu
S Rt ‘\_» st o o ,E ‘ "
n==6 —-—y —(t‘—au)V(t‘—— lpuu) AN & fo(t‘
=38 -—y = (tﬁ—-—Qttuu) 'V(t‘-;flyuu) AN "V';—_-%@f(t“—ﬂﬂuu)'d
nete., ete:. e L) D e A e R !
Lofet _l_';t') :,._!",“,"»’ - " ‘-’:‘a'. . -"“;w; A o ’ » ‘ B
;., ! i : g .. . “XI. 1‘ e
, —a—u—pum .
Cum vero sit tt=-—-“27———”—mo erit. ‘
fﬁdu__,"_;u‘_%_c_ua f HH aih}
v Y y 8y . .
Loy ot 581 ...‘_‘ o ‘ 5
[t —uw)ds == u. 2D g OB ) B By
77 ” 3 77 577

Ex his introductis litteris “majusculis 4, €, Eupa‘chm constanti arhxtrarm & aequatio in ﬁne art.

4 -
ST S AT

data satisfaciet huic aeqaationi-intégrali

fdft(91+@ww+@m-‘) /dy(ﬂl—'—(iyy—r@v) - Const. “m (Ec,:éy @my (cc

¥ (4-+ Cxz + Ext) V(d—+ ch -+ EJ*)
i n' — — I3 ,-»nn\ IR ‘\ N
Unde sequentes curvarum comparatmnes zrthp}sclmur. T
. L . ‘

v N
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Ti .;7) ACE quadrans ellipticus, cujus alter semiaxis C4 ==1, alter CB=1F. Eritque posita
it
smssa quacunque CP —1z, arcus ei respondens Bp== fdz 1/1_(1—_——’{’”)2“ Sit brevitatis gratia

1—zzx
“{ —kk=n, ita ut ‘Vn denotet distantiam foci a centro C, hincque fiet Arc.Bp— f %ﬁ

" 2, Reddatur {formulae hujus numerator rationalis, ut prodeat

dz (1 —nzz)
YA —(n-+-1)2z+ nz'l-)’

Arc.Bp:f

% a4 quam formam ut formulae superiores reducantur, poni oportet /=1, (=—n—1, E=mn,
=1, €=-—n, E=0; quo facto habebimus pro differentia duorum arcuum ellipticorum

{ —nxs | —nyy
fdmv,i—m "fdyvi_w = Const. 4~ ncay

b
siquidem abscissa y ex abscissa « ita determinetur, ut sit

_¢ Y —.m:) (A —nzz) —a V(1 —ct) (1 -—ncc)

1 — necax

sive 0= — c¢—+ @@ +yy 4+ 22 V(1 — ¢e) (1 —nee) — necaxyy.

-3.,, Denotet IT.z arcum ellipsis abscissae z respondentem, ac nostra aequatio inventa hane

mduet formam )
II.x—II.y= Const. 4+ nczxy,

pos:to autem ¢ =0, fit y =¢, unde Const. = — IT.c. Ergo
. O.c1I. m-———I}' y—ncmy.
Sm autem sumto V(1 — cc) (1 — nce) negativo, ut sit

cV(i-—m (i—nm)—!—sr:‘}/(‘l—cc) (i—ncc_)
1 —nccxr

Y=

k. Ternae autem quantltates C, @, ¥ ita a se invicem pendeut ‘ut hahlta sxgnorum ratione inter

s¢ permutari possint; si enim ad abbreviandum ponatur

V(1 — ¢ce) (1 — nee) =G, “V(i ——-:cac) (1— nwm):X, Y —y)( —nyy)=17Y,

eX -2l yC—c¥ YyX ¥
y‘ —_———— @= 3 C—=——>
1 —nccax 1 —nceyy i —nozyy

yjf_w:p:c(yxrb;nY) e X +y Y= (nccay +C)(y XY},
yy — cc=2 (yC—4c¥) - ¢C —axX=(ncxyy —Y) (xC—cX),
zx—cc=y (xC—cX) 0 eCayY = (ncxxy 4+ X) (yC--cY)

2y C = @&~ Yy — €€ — RCCLLYY
2ch= cC —-YY —XTL— NCCATYY
— 2cxY = c¢c 4+ xw——yy — neczxyy.
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3t

Al guf 'H"{"" - n” . . e 3’}

Problema l. at? aricu e]lnpuco Be inVeftics B termmato, abscmdere a quogqs ‘p_

i:o f‘a]mm aréim fg, ut._eorum differentia fg= ""'l?e? g"éon’netrlce ssigmait queat“’"“““
( W b

-89 uitlo. Sint . abscissde :dataci CE:==¢;+CF = f' et,.xquaemtang'——fg, Jerit: Axc .xBa*__q.
Are. fg_IIg—- ILf; ut igitur, avcunm, fg  eb,
Die—(ll.g—II.7)= quantlta’u aloebralcae IIoc autem ut v1d1mus, evemt si

Nt

K 1/(1 ﬁ) d=npys f1/({l —ee) (‘l—'nee)

cirkmneed Hudenes anfy,

— Ty e 1Y e ¥
;{ \f . = -

CA—~—1 et CB_k atquc n—i—kk Q. E I

,tt ok, ;14!',‘},—-«

“\\ o !

6. Coroll. 1. Poterit etiam a puncto dato f' versus B accedendo e;;usmodx arcus fy absc

ut differentia Be— fy fiat algebraica. Posita”eniti “ibséissn CT.._y caplatur ’

{ it D3ty B Y L ARTRRY S S WU (R -
e V(1 ) (1 — ) — eV (1 e
i—-—neeﬁ"
eritque Arc. Be =476 7:—‘;‘3{%75/:‘ Sl ml e e e e e ==l ek

@i iiith ;,,“ Y iy v T
o ) asmgnabxhs, haha,
bltur enim Arc fg/ — Are. fg = ncf(g — y) - : : . FERES "‘"’f
' 231/(1—;7‘) (i—n,r) o
("g 5 7/ Toi 5 piefpt. oL men H =y S
sive cum sit 2fg V(1 e (L nee)"‘“ Figg—ee — neeffgg et

+2Ffy V(1 — ee) (i -—'nee) =D P05 22 g 'neéﬂ’y?‘“ . }éﬁit€3?ffi7ff.a e
(T (SR = 79) (1 — nffvg)
atque Chn Arc.fy ATy f‘g:—_- 2nf (F=79) Vi1 =) (1“*11)?’ )" b g

i PSRRI Y ST v :é‘i S 1P
_¢ 1/(1 — M) ;‘,ﬁ#)g#ﬁ:{z;,(;13,—-..3{3),-(1;-—5;1(49)” -
. J= * i— nea/f 3
Gl 513 (oo 0o Tl:/(l )(1 I /f) i f"/ )(1 /f) e
i ‘ —ee —f)—e -—-nce —_n
erit VU —gg)w: e e
gt - - i )\t‘ i !

f(i —nee) a ——nff) - nef‘;/(i -ee) (’1 --ﬂ')

Pl ey

et V(1 —ngg)=

“r LS
.

hincque ,( I P Ay I gl xt.[; e"t/({l —w) ('l’—'n/f)--l'-f'I/(i

{4 -v vy a Gengg). s 1/(1 ige) (Ai—nted) (1 — ) (1 — n,”,“) —+ (lﬂ—n) efc
1’({—-_]9) 1—ee— ff—-neeff

i
gV —ngg)  e(t— ‘Jn/}‘—l— 'nf4) 1/(1— ee) (1 — net) - [ Loz 2nee - ne) V(1 — 1) A —nff)
V(l—gg) — (d—ef.—ﬂ‘—i—nce/]') (1—-neeﬁ‘

Y Taa VMY

i gy e

: l e — ._‘. -neeff)) -~ (b _ 1— —_ l-‘"ff
) )= e a0
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CUNRES

». ,J{gusmedl autem ‘formnlae inyeniuntur, si simpliciores in:verso:uoque ezprlmantun LSIC. erib + ot
1 Y —ee) (i—nce)-—-ﬂf(i—[f)(i.—n/]‘) ey fareonornalrall g dn
g R ﬂ"—ﬂe —r ]
.-_}w . e et 1. V(i—cc)(l—/]‘)—i—-cf]/(i--ﬂea)(i—n/]‘) e e Sl Tl g S
T ' ’ V(i—gg) L —ce—ff4-neeff ; A
1 Y —nue) (1 — ) eV (A —ee) (1— ) woe
ceny i i V=g s Cd—neemnffe e e e BilnlD g z

9. Coroll. 4. Has formulas ideo evolvere visum est, ut si fieri"'posset; ex.iis-ejusmodi re-
latio inter e, f, g~ determinaretur;. .ut- functio. quaepiamy ipsius g Afieret ‘aequ‘alis producto ex functio-
pibus similibus ipsarum e et""f’ " Vérum hujusmodi cvpressio qualis pro parahola est reperta, hic
”pro Tellipsi non:tam facilesrui posse videtur.” Sxmphmores autém Kartiin formilarum combmatlones dant

“ L V(—gg) - of V(T —ngg) =V —ee) (1 —fr) T T
(w0 T (1 mgg) S ne V(1 gg) =Y/ (1 —Hue) (1 — nff):

'(‘” 0" coroll, 5. Ut lgltur it Avc.Bé— Arc. f’g_uefg, rélatio intor absmssas e, f', g ith

bt '5, Jit

Fie
H

debel esse comparata, utb sit
Jalne— o R Gy Tt FAAE Sl e {
';/(i—/f) (1—n[7')—|—f1/(1-—ee) (‘.l—nee) .
vel .
. 1—neef .
—ul - meno JoN __‘!v'ﬁ— ._' 1 R e R D
vl  f gV (1 = ee) (1 —mnee) — eV (A gg) (1
e T R TR i 1_"“"’9“7 s e 2LLO tThoae Ty T
/ — / — . !
vel e=9Yd-— //”)(1 nﬂ’) LY ~g): (ir:nyg) B AP R
1—niny
o .1 Coroll. 6. 51 punctum g statuatur in vel tlce A erlt y_i et f' —Vi mea qul est

“a Com. T agnam datus. Nunc zgltur hoc problema de duohus arcu])us elllpseos, quorum
dlﬁ’erentna sit geometrice assignabilis, ‘multo’ generahus ‘st Solutiim; 5¢um  diito arcii* "Be;altér fere

mmus arcus quaesm...;ubl,‘:hbuen,-t_;, .,,lapplpi_:queat.; i

12.v.00r 10, 7.;,Efﬁc1 autem Ommno neqlnt ut horumu arcunm_ daﬂ’erentxa ﬂvanescat_,_, dta .ut

i
ut enim  hoe- cvemret vel e, vel I

el“’g evanescere deberet unde vel arcus evanescentes vel sumles prodlturl essent

£ BB L Lo it Gins au b o : in TR R Y A A
Problema 2. D@to ellipsis; arca. quocunque f g, a puncio quoyis; dato p,.alium. arcum ;pg
ab'cmdvre, ifa, ut, horum duorum -areunm . dlﬁ’erentxa sit geometrice assignabilis, . . .. . .

W Soluuo. Posms ,absclssns (pro-areu. dato CF=f, CG.=g, et pro.quaesito CP,_ p et C0=g,
quarnm quldem altera, vel p vel g, pro; lubita -assumi poterit. In subsidium nunc .vocetur. arcus. B¢
abscissae CE == ¢ respondens, qui per pr;)blema 1 ita sit comparatus, ut fiat "
Arc.Be — Arc. fq_nefg*et Are.Be— Arc. Pq == nepy.

34 -

ﬁoc autem ut eveniat, necesse est it sit R = R k.

'l/(i—-ﬁ") (1—nﬁ) — 74— gg) ¢ —ﬂyg)
- o A—nfey
. —grd —1313) (i — mﬂp) —pV (A=) (4 — ﬂaq) , )
pariterque , e T et mne s nweitep e el

. < d=appeg
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Are.fy—Are: Pq—m(Pq—:y)
Sicque dlﬁ'erentla arcuum fg et: g est gcometr: ,3""
nostro pendet. Q. E. L.

et quia abscissa e est cogmta,.ent Foty e BT e B e 15

‘:A,.V\‘ . ;-,, @ —— ;. e Tt e 2',;"1...._\_*, I { }

ex hac aequatlone debet definiri ©n - o oo ot LD 0L e a0t et

gV =D D — fV(l—gy)(i—”J!I) - VA= pp) (1 —mpp) —p V(4 i) (1 —ngg). .
i i—n/fgy e Pt T e TIRPIL

ool ;._.fv R O I S TR Lt RS S A AL T S Ve v_.1! . “ Juj

vel quxa haec formula non parum est comphcata quantltas ¢:ex hujusmodi- aequatlombus §

r:]Jus eliminari poterit

(1-—-—03) —f_q'l/(i —nee) 1/(1-—--#’) (1 —gg) et 1/(1 -—ee)—-—pq}/(l—nee) —V(i—pp) (1

unde elwntur

V({1 —f) (1—g9) -—qu(i—nff) (i--nyy)

‘vel etiam
V(1—aff) (1—ngg) —npg V(1 —fF) (1 —yy) V(i—npp) (1—nqq) — nfy < —PP) (t

15. Coroll. 2. Ut ambo hi arcus fg et 'pq fant mterA se aequales, oportet sit pg =
Ponatur pp -+ qq =1, et ambae postremaar acquatnones dablmf; R

‘dxscrepent quantltatnbus geomctnce ass:gnabxhbus " Erit ergo e

1" 'e; yV(i—m(i—~n/D fT’(i gg)(iwnyg)

P N A y _

L e= qV(l——pp)(i—npp)—pV(i—m) Amnag) . ers 3ol
’ 1 —nppgg ‘ B

Ii[ | ;-—-"V(i'_'ﬂ) (1~ nggy = g VT i) Uee arr)
T - A — nggrr

Hine si primum definiatur abscissa ¢, ex eaque porro abscissae ¢ et r, efit™”
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' Are.fg — Arc.pg =ne (pg — fg)
 Ave.fg — Arc.qr = ne (gr — fg),
quibus aequationibus additis habebitur

2 Are.fg — Arc.pgr =ne (pg+qr—2f¢). Q. E. L

17. Coroll. 1. Quoniam dato arcu fg etiam arcus Be datur, spectemus e tanquam quan-

titatem cognitam, eritque _
_ gV —ee) (1 —nio) — eV (1 —gq) (1 —ngq)

1—neeqq
v —er) (1 — nee) +- ¢V (1—qq) (1 —ngq)
- 1—neeqq '
) _ 2¢V(1 —ee) (1 — nes)
unde fit p+r= e

18. Coroll. 2. Differentia ergo arcuum 2fg et Py hoc modo determinatorum erit

2 Are.fy — Are.pgr = 2ne (L4000 _ g

Ut ergo arcus pgr exacte acqualis fiat duplo arcus fy, oportct esse

fg
neefg - V(i — ee) (1 — nee)

T . qqV' (1 — eg) (1 —mee)
fg : 1 —neegq ?

unde definitur gg =
hineque porro inveniuntur p et r.
19. Coroll. 3. Relatio autem abscissarum e, f, g hac aequatione exprimitur

1+ 99 = ee -+ neeffgg 4+ 29V (1 — ee) (1 — nee);
unde facillime duo arcus in ellipsi, .qu_ot'um “alter alterius sit duplus, hoc modo determinabuntur:
Sumta pro lubitu abscissa e, capiatur quoque pro lubitu valor producti fg, ex hinc reperietur summa
quadratorum ff—+-gg, unde utraque abscissa f et g seorsim reperietur. Inde vero porro colligitur

abscissa g, ex eaque demque abscissae p et r, ut arcus pgr fiat duplus arcus fg

- 20. Coroll, 4. Nihilo tamen mious arcus fg pro arbitrio assumi potest, nec non alter fer-
-minus- arcus quaesiti vel p.vel r, ex quo._deinceps definiri poterit_ alter terminus, ut arcus pgr fat
dup]o major quam arcus fg. Sed haec operatio multo fit molestior, et calculum requirit prolixiorem.
21. Coroll. 5. Si pnore operatione utamur, qua quantitatibus ¢ et fg arbitrarios valores
: tnbu:mus, cavendum est, ne inde valor ipsius g prodeat unitate major, sen CQ > CA, sic enim

1—ee — .
:c; at si caplatur

pervenuetur ad imaginaria. Ut autem prodeat g <1, capi debet I[' g'<V
fo = =%, it g=1, f=Vi==

nee
"Hoc ergo casu arcus fy in 4 terminatur, et arcus pqr utrinque circa 4 aequaliter protenditur, uti

i—se

et g=1; hincque p-+r= 1/1_60 etp-—r-—l/

nee

,mee

lest ‘obvium.

22, Exemplum. Ponamus n—i et c6—-— ut semiaxis conjugatus ellipsis prodeat CB= V —,

: 2

i . 2%
altero existente C4 = 1. Quia punc esse debet fg < V2 < statuatur fgz?l/% .6, ac repe-
T 1 4V'3 . 272 N - 673 V10
l'{etur = i;:/—,;—: tum veio q/:: =3~ porro autem elicitur p—4-r =—- et r—p=-4>

: 3~7v10 6V3 - i . . .

unde {it pzﬂ—"u“—”— et 1'-—:—1_211-() . Hic casus Fig. 58 repraesentatur, ubi arcus fg termious =

L. Fuleri Op. posthoma T. 1. 60
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g fere in verticem A cadit, punctum verosultra.f.versus B repe’ritur,
ellipsis parte inferiori; ita, ut arcus- pngr -alferum arcum /¢ g,zquus
complectatur. : - . el e s

lmphcentur €asUs prodlbnnt s:mp]nmssnm ponendo f =e,, unde prodlt o

9= \1,_71843/(1 —ee) i—nee)

. Qee
tum vero reperitur gq — y—_——

» ita, ut esse oportgqt 2ee <1 -+ne*, seu ec™> L"—TCEQ—_—M>

loca p, g, r fuerint imaginaria. Hinc itague-pro terminis arcus quaesiti pgr elicitur

r-r-p Z_E—GWVQ'(i —ce) (1 — nec) (1 =+ ne*)

r——p —% V. ——266—!— ne‘) (l —Q.nee—i—ne‘)

eritque ut desideratur Arc.pgr = 2Arc.fg.' Si ponamus semiaxem conjugatum

2 (1—eé) . __ _ —3dee
CB =k= m: ut. sit n=1 —_— kk —,(i -—28—2)2
pleraeque irrationalitates evanescunt, fiet enim
. L 2e{1—2¢¢) _ 2ee(d—2¢ee)?
f=c¢ J= i-—dee-l—:ie‘* q' T —ee-et -4

ﬂe't/(ﬂ ~8ee—+ 264+ 8ef)
- 368-!—-4&"

atque 255 A R iy +P""'

Qe(i —ce) va —16e4)

TP A —8ee4- 4ot

Debet ergo sumi %ee <1, ne loca p et r fiant imaginaria. Tmprimis autem notari mcretu
.quem in problemate sequenLe evolvam. v '

“@rcus quadrantls BfgA.

Solutio. Cum arcus fg duplum esse debeat ipse quadrans BA, quémtitates prbbielﬁayls,

1-—-q et 6-_]/1_% < i_w, sea l-—263+ne"— 0, ideoque ce = 1= V(i_n) Cum autem
—ngq 1—mnee _ .y
o _ . . s __“1'—1:_ 1 . . e 1
posito CB=1F sit n=—=1—kk, erit te=i—5 =1 Sicque habebimus ¢=gq =it

vero quia esse.oportet 2{g — pq —+ qr,. erit

Qf_qi:“e :Wli:ﬁ?)’ atque’ ﬁ"+ 99 = ec —|~»i—ne"—t— eV (1 —ee) (1 —nee), i

sives ﬁ”+gg.._ i : -ergo. ob Qﬁ;v_hw fiet -
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’ (Frgy= Ak et (g—f)= ;_Mk(

:| ergo

ge= /5 8k~ 1/(9+‘14k+971c)

V5+ 3k — V(9 ~- 14k~ k)
84~8%

il = 8- 8k - ot

Sieque puneta f et g determinantur, ut arcus fg sit semissis quadrantis 4B. Q. E. L

- 25. Coroll 1. Quo hac formulae simpliciores evadant, ponatur semiaxis conjugatus

1—4m 1—=%
CB —--IC fs m} seu himn Hmc
Y 1 : / (i 1
.eritque f: CF:V‘l—l m—V (mm =4 3) el g= CG:-‘/1+¢n+1 (mm 2).

9 2

: . .. - . . . . /(2 - 1‘
26. Coroll. 2. Vel in subsidium vocetur angulus quidem ¢, cujus sinus sit — Y@m )

m -1
. 47/(14—7;) +3k 54-3k
sen sin ¢ == —————=5 eritque CF = f'—sngol/ et CG = gwcoszqﬂ/;_._“-
27. Coroll. 3. Si sit k=1, quo casu ellipsis abit in circulum, erit sinp =74, ideoque

: 5 4 8k . . o .
p="45° et ob ]/;:—_—E%:: 1, erit CF—={==5in22%" ¢t CG =g =—1co0s224%=sin 6747, ita ut
arcus fg prodeat &5° -qui utique est semissis quadrantis.

.+ 28. Coroll. 4. Si ellipsis semiaxis conjugatus CB =k evanescat, prae .C4=1, fiet f=1
et g—1; sin autem CB=1Fk sit qu351 infinitus respectu C4 =1, erit f=0et g=72, unde
appllcatae Ff=Fk et Gg= tk; ita ut hi duo casus eodem rccndant ‘uiroque enim ellipsis confun-

LR

ditdr cum linea recta.
29, Coroll, 5. Si fuerit =25, prodit f=",1% et g=7VI. At si generalius ponatur

. Q01 4-u—1 f—u i+':2u i i .
a0 b sit k_m, fiet f=V 5 et 9= 1/ » Jam ut utraql‘le expressio
fiat  rationalis, sit u=1— 2ff, ﬁetque

.(,\E'.':".'E :

. _ . . s et e ) IS |
L — 1 5{f—l-4f et g=1(3 1017'-—!*—8]'4). | )

Ty . : B="3p—r 2(1—-2/n
5o F 11,5'*debet“dete1mmarl;‘_‘ljﬂ; “3=10ff=8f 4‘ﬁat—quadratum’ ,“quod o eveiiat “casu f =
_‘polnatur f ::i—’_H » eritque e

S ‘ 1 —2024- 862z — 2058 422 et

3—10ff+8fi= (s

ujus pumerator ergo quadratum effici debet, ita famen ut prodeat £< 1, seu z affirmativam et

10

unitate .ninus.  Statim quldcm apparet quadratum prodire posito z = ——-=; quia vero hic valor est

y—3, eritque numerator 1lle

S y—
negativas, ponalur z=—= 10

Y —212y3+10454yy 77108,]-1-391 3H

1—20z-—i—862z——20z -zt

10000 °
i o, St Yy —106y-+-391 t; 1446 L 273 - :_E}i3_7_ S yy— 106y —+ 391
Posita ujus radice ="—e——"> Gt y=-5; ot 2= g F=gn 49 =mepasos
.54(:;;-5‘7 ceelpai e . h__w_ryy.'.— 106y —+-391 1007z — 1000z 482 :. . 647 . f-
u : 9= 900 (6x—1—z) . 2006z —1—2m) 5986




totius quadrantis 4B. G

5"776 SR ':"-'EU‘LER‘-I:-*OPERA\'*’.POSTHUMA.&= )

Sicque casus, exhlben potest’ 111 quo_tam: semiaxes. .ellipsis quam:_ ambae: absczssao £ et ,y'num
EERS kLo

tionalibus exprlmuntur
bt i \

v ot

P i ;'.1"". o \"\«.I‘ P

subsndlum vocando arcum Be, euJus -abscissa ‘Ce = e,‘ ul. sit

V=M (1 —nf) — Y —g9) —ng),

,‘ v ShLod “ A =inffgy
ex dat’t absclssa P sequentes ita determinentur
) gins . p7/(1 = ee) (1 == nee) e V(1 — pp) (4 —npp) AR A L 2
1= 5 AN 1—7"981’1’ . PR T
91/(1 - ee) [ "—me)+ ﬂ/(i -9 — "99) S e
: Arneeqq I T
r'l/(i-—ee)(i—nee)—«—e';/(l——rr)(i—m-r) SRS |

1 Zneerr

o . . . . [P P TUN INP,
oethios b o oot : Lo far i LHIY g

etc.
donec pervematur ad ultxmam z, quae ap “pumerando’ locum tenet indice 1 notatum:: Quo f

‘ m. Arc f'g—Arc pz--ne (pq——i— g+ 4 r.s*—|— . -l—yz-—mf'g)

erit Arc pz—-m Arc. fg Dato ergo e]l:p51s arcu quocunque. fy, allus asmgnarl poter:tr
illum datam teneat rationem, puta ms 1. Qum etwm m potent esse numerus fractus, sea ista
ut numerus ad numerum g :v; nam quaeratur prlmo arcus pz; ut sit pr=gp. fg, tum” qt
alius @@, ut, sit 7o=v,fg, eritque pzimo =y, - Yerum . quo longius bic. progrediam

formulae continuo magis fiunt comphcatae ut calewlum in genere expedire non hceat ey
5 oo | o
31. Problema 5. In dato- ellipseos quadrante AB arcum abscmdere fg, qu1 sit tertia

"'Solutio.” Cum“in ‘genere ‘foerit detérminatus’ aréus pgrs, “qui sit “triplus arcus
afus tanquam ‘éognitus est spectatus, ‘nune ‘vicissim- caleulus ita-instruatury ut punctum:pitin®

punctum s in 4 incidat, seu ut sit p—=0 et s=1. Formulae: ergo modo ’exhibitae.‘ abibqnli;?

2 7/(1 — ). (1 — nee) et -1 — 1/(1 — ee) (1 — nee) 4~ V(A — 1) (1 - nrr)‘

€ h r:::
9 ’ 1 --;ne? 1 — neerr

L af = L <s1/(i — o) (1 — nee) — e Y{d -—-ss)(i — nss)
seu 1 “yl'—ma"" ob r= T —ww y

unde fit 2¢(1 — nee) =Ji

ity

seu 1-—2¢-1-2ned—net=0," existente sémiaxe €4 =1, CB-': ket n—=1~—Fkk Primum
. i

ex hac aequatione blquadratlca definiri* debet valor ipsius ¢, quac resolutio commode ita 50
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Sit"¢==—" ut habeatur @*-=2a°-+-2nz—n=0; ‘ac" ponatur’ ad secundum terminum tollendum

“ ] .

yh -———;)y—l—(2n—l)y—£zo,

w1y 3, prodibit

S P RIS
. ﬂ+y::om—?; /}(.——.ﬁEzﬂna ol ﬁy:—'f—g
unde elicimus ' 7

B+ y)*— (g/;—ﬁ)2.—_- 0l 3 ® - 2 (Qna_.ﬁ_i)z ___1,1@ j,

, ideoque a“-—-3w4—t—3a2:(2n—-1)"’;
subtrahatur utrinque 1, ut cubus fiat completus -

l(a—l)._!mn—luz, ergo. oaa_i—|—1/l|n(n——l)_“1—-1/!|nkk et oa—~‘|/(1-——1/lmkk)"

lnvento ergo o erit
© 3 @ty 1 3 (@n—1)
o y=gee— gt
—aaV(8aa—at3=2(2n—1) a)
2a

. 1 3 1 9n—1
ndequ;z y = —-ggci"l/(_g__Taai( "’;a )) —

. 2
uide obtinetur ¢= Sya1’ Porro debet esse 3fg= pq “-gr-rs, seu

bd-ee

: 3f'g ee, ideoque fy _f“(i -+ ¢) Vi_me,
ex:quo oblinemus o B
R T+ gg =_.ee.+—i—uee(l ~+- 3)2 . ;::e (i “+e) (1 — ee) )

Cogmtls igitur valoribus fg et ff-+-gg, seorsim abscissae CT-—f et CG=g reperientur, quae
aTéum’ déterminabunt fg praecise subtrlplum totius quadrantis A4B. Q. E-L = - ..

t

%mpﬁlzﬁtiq arcuum, _llx'perbolae-

32.. (Fig. 59). Sit € c.en!ﬁrum___,hypQiflggl_ég;;;'-cujus semiaxis tra_x_févers_u_s c4 -_.— k, et semiaxis con-

jugatus = 1. Hinc sumta super ake-conjugato a centro 'C -abscissa ‘quacunque CZ ==z, erit appli-
cata Zz =k V(1 ~zz), unde .
il -arcus 4z = [dﬂ

/1+(4+Id)zz f dz (1 =+ (1 - I} 2z)
' 1

1 -z /(1+(2+1,k)zz+ (1+kx %)

' v e u

33. Ponatur l)rewtahs gratra 1—1— kk=n, ita ut n snt numerus afﬁrmatlvus umtate major

*IL,

eritque arcus hyperbo]ae quicunque V

dz (1 + nzz)
YA - (1) 2z - nsd)

Az —

‘Pom igitur in § XI oportet /=1, C_.n—-l-i E=n, A=1, G=n et €=0. Unde si fuerit

;- cV(d +mw) (A 4~ naz) — ¥ (1 -~ oc) (1 + noe)
: - X ' 1 —necxr o
“hl'l I . I L A I

habebimus . fd i"'”m; f 1/“_“?_.. Const -——nc:cy )

1—1— kit

Rl
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b3l Denotet. I1. @+ arcum “abscissae @ respondentem; . et II.y arcum abscissae y,respondent

Quia facto ¢==0 fit y=c¢, erit H.w—lf.y:—ﬂ.c—nc:ny,:seu e s
'--ﬂf = I —1T o= nexy. : -
35. Ob (1 =+ ¢¢) (1 -+ nec) émbiguum':, poni‘(iub'c'lu'e‘ poteift doeety ) s

e7(1 -i—a:w) (l—i—m:w) . m'/(‘l -+ cc) (1 -+ nee) ..‘
= 1 —~nccax :

eritque IT.y — II.@ — II.¢c =ncxy, secundum' ea, quae de ‘ellipsi § 3 sunt exposita';""lléi“'t‘ciﬁe

sequens problema solvi poterit.

. 1|

EE

statuatur porro O SO S —
Lo e7/(1+/[')(1+n;?‘)+f]/(1+ee) (1+nee)
) _ s 1—mneef .
eritqrue' n.g— o.f— e :‘-;-ne'fg.‘ At est ‘
I.g—II.f= Arc fg et 'ﬂ.ezAr"c.;{té unde Are.fg— Arc. A’e__nefg

Puncto ergo ¢ hoc modo deﬁmto erit arcuum f\ g et Ac differentia geometrice assngnabllls.'

37. Covell. 1. Si ergo f ita cap'latur ut sit' 1 == neeff=0, “seu f: : n, abscissa CG
ﬁt inﬁnita ldeoque et arcus f' J ent mﬁmtus qm etlam arcum Ae excedere reperltur quaf

1
necesse est ut caplatur f<.e1/n T SR .

38. Coroll. =,

unde si fuerit

e'l/(i—!—ﬂ")(i—l—nﬂ')-i—ﬁ/(i-n-ee)(l-!—nee)
| 9= T meef—1, . ey

hibebimis - eI f+II g=nefg = Ac—l—Af—l—Ag I

Tres ergo arcus exhiberi possunt Ac, Af et dg, quorum summa geouietrice assngnarhqueat. o

eo magls est notatu dxo'nus quod sumlls casus in. elllp31 locum non habet; ibi enim term arcus

Hy—-—II e—ﬂm-*'—- nexy (3) nunquam eJusdeul signi fieri possunt propterea quod nccm u

tate semper minus existit.

40. Coroll. 4. Horum ternorum areuum duo inter se feri possunt aequales; sit enim

TR ' 2eV(1 + ee) (1~ nee P Al it
f=rk, erit g = =" )

- Si igntﬁm

unde prodﬂ: 2.~ 11 g__ neeg, seu 2Are. Ae+ Arc. Ag = quantltau geometncae.

ﬁcablhs, qui casus cum sit maxime memoralnhs, eum in sequente problemate data opera eVOl
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. B1. Problema 7. In hyperbola a veriice 4 arcum abscindere e, cujus longitudo geometrice
" assignari queat,

Solutio. Posito.hyperbolae . semiaxe transverso C4 ==k, et conjugato =1, ita ui posita ab-
scissa CE=¢, sit applicala Ke ==%3/(1 < ¢ec); -brevitatis gratia autem sit n=1-~kk. Sit ergo
CE=c¢ abscissa arcus e quaesiti, cujus rectificatio desideratur; quem in finem statuatwr in

,

§ pracc. g=e, ut sit

o o Sev(1 -+ ee) (1 =+ nec)

net—1

T 1
critque  3I1.¢ = ne®, sen Arc. de = ne®

¥ ideoque reclificabilis. Abscissa ergo ¢hujus arcus CE==¢ determinari debet ex hae aequatione
“ne—1=2V(1 ~¢c) (1 + nec), quae abit in hanc
nnet—Gne*— 4 (n+-1) ee — 3 =0.

. Ad quam resolvendam faciamus ec — %, ut prodeat
I : @' — Gnax—bn (n—-1)z— 3nn =0,

cujus factores fingantur (@x -+ ex 4~ B) (2 — ez —+ y) = 0; unde comparatione instituta orietur

c—4n(n--1)

Y-8 —=ax—Bn, 7——-/8: et By =—3nn.

Quare cum sit (y —+ B8P — (y— B2 = 4By —=—12nn, fiet

46nn (n--1)2
' a

a

@— 12ne0 +-36nn — S 12nn,
sive - o®—12not+ i8nnee = 16nn (n 4~ 1)2
Subtrahatur utrinque 6kn3, ut fiat

(ee—bn)*=16n* (n—1)?, seu oo=1lhn-- 13/167”; (n—1)2,

ergo” o=V (n-- '13/161m {n—1)%).

Invento nunc valore ipsius e, erit porro

_ 1 2n (n—+ 1) 1 n(n~4-1)
ﬁ_—é-aw——?)n-l—,.—}— et 7_—2-05&—371,——-—“-——
et quatuor radices ipsius @ erunt
1 1 _2n(n--1), . !
r="tgaet VY (@3n— et ——)=ne,

Séu cum valor ipsius @ tam affirmative quam negative accipi queat, erit

o 3 aa 2 (n+-1)
o=V (g V(S — 20Dy,

Hic igitur valor si tribuatur abscissac CE = e, erit areus hyperbolae

i,

1 .

de=gne® QE L

~ 42, Coroll, 1. Si loco unitatis semiaxis conjugatus ponatur =&, ut abscissae cuicunque
' oz

CP ==z respondeat applicata:Pp==kV41 ) et
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RIS 4

foobtunnl winn 7 i (BB e
SR E ! il U!, ,__J}i/(!l-bb (bb £ kk) -]a/i‘iﬁblk .

tumque sumta abscissa

Gaoprem o 3 opee b o kg Ry g BE SE
b Lt oy’ A by (be—l—kk)' i pARAS
a e e CP x "—b V(Q(bb—l«kk) 1/<bb+ kk+rﬂ (Bp-RE) . s 4(bb —!-l.]c)“))

“efﬁif B "‘arcué Ap ="

43. Coroll ,2. Si hyperbola fuerit aeqmlatera, seu k._blmi pom dehet n——2 ﬁetqu"

«=2V3 et arcus rectificabilis /Ie ‘abscissa prodlt A fo

-l/1/3—|—1/3—s—21/3) PR H A
z .2. e : s f

. v 1 r
NprpeloanteItees et g dngian |-rr ljir R

"""" TOE == ¢ =
et ipsa hujus arcus lengitudo reperi itur
1/3 - 1/(3 +m/3) 1/1/34—1/(3 —+ 273)

, : e
%h. Coroll. 3. Si ponatur- hn (n— 1) =83y ut-sit n—-—iﬂg_‘_——i—) » signa radicalia cubi
ex. calculo ; evanescent; prodit. enim.,, T AR C PR TER IR R
‘ ”o&—-V(2—|—ss+21/s —i—-l)—“V‘lv—S—l-SS -1—-1/1-1«.9),

unde fit

T N EE S o

LT e ST . - .

(i -!—T/('l—l—s ))

-;—'l/(l -+8) +~%1/(1L—- S—l—é‘S) i‘l{(1— "1—_'33-4—1/'(1 +33)+(1-—-— 1 s)V(_l _—+—s)+(i—|—% SV (1—s+

. ¥ (A=-5) V(1 — s-45s)- ]/(4—~ss+41/('1+s9) 4= 2(2i=8) K(15-5) - 2.(2+9) ‘V(‘_l-—s—r—s.s))
Sive €6 ==
1 +Y(1 8

45. Coroll. 4. Pro hyperhola aequilatera, ubi n =2, si radlcaha per fractxones demmal
evolvantur, reperitur CE == ¢'= 1,EG1935% et do=1; lp2!|8368e, sen Arc. Ae=2,0830194;-se

transverso existente C4==1, quos numeros. ideo; adjeci, :quo veritas . hu_]us rectificationis fac

perspici queat. . P L e
6. Coroll.; 5. ..Casu_s_ e‘tijam »satis sj;ppléx Prpd_lt; §i §=— 1" et n __1—21/""_1 —+ kk, ita ut
k :]/1/22—1’ hine coim fit " | | | |
‘88:1_1/2—”1—14—1/(94‘61/2)_1_'__‘/3 -

{472

Ergo sumta abscissa Ck— =1/ (1. +V3), .erit..arcus de= (i_H/Q) (1+;/3)1/(1+1/3) j[l-ﬁj‘ﬂ(}tiéﬂilli‘lﬁ

decimalibus fit & ==0,45509, e__i 65289 et Arc Ae._ 1 81701

¥7. Coroll. 6. Si sit 5= 0 quo casu fit n=1 et k__O hyperbola autem abit m lined
rectam CI, eril ce=3 et 0:1/3-(’13' arcusque Ae evadit =V/'3=CE, uti natura'rel p tulat.

48. Problema S. Inveniré alios arcuswhyperbdlicos rectificabiles. i

Solutio. Sumla abscissa .CE==¢, capiantur aliae duae abscissae CP=p et CQ—-—q, ut s

tﬂ/(i ) (1 + npp)—-p V(i +eg) (1 -l—nee) : L ik e
4 — neepp '
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cerit T.g—1.p—I.e=nepq.” Quia ergo II.¢—IT.p = Arc. pq et II.e=Arc.de, ecrit
Arc. Pq = nepg - Arc. Ae.

Quodsi igitur abscissac ¢ is tribuatur valor, qui in problemate praccedente est deﬁmtus ita ut arcus

Ae sit rcct:ﬁca]nhs, hunc scnhcet in finem pos:to

o= }/(Im -+ VIGnn n— 1)?)

capiatur o=V Vet

. k1
eritque arcus Afc.:—3~1w3. Hinc sumta abscissa p pro Iubitu, ex superiori formula ita definietur

abscissa q, ut prodeat arcus rectificabilis

Arc.pg = nepq + %nes‘.

Verumiamen p ita accipi debet, ut sit neepp < 1, sen p < ovns cum igitur sit ne* > 1, capienda

est abscissa p minor quam e, et quidem oportet sit
1 A 1 2n (n—+1)
" > V(@“”&'V@” 7&&—.!—:7)}. -

Dummodo ergo punctum p non capiatar ultra hune terminum, semper ab eo abscindi potest arcus
Py, cujus longitudo geometrice assign_ari queat. Q \E. L

¥9. Coroll. 2. Quodsi capiatur p_%, ob 1 —neepp =0, fiet abscissae ¢ valor mF nitus,
ideoque ipse arcus rectificabilis pq erit mﬁmtus.

‘ /
50. Coroll. 2, In hyperbola ergo aequllatera, ubi n=2 et e-—'l/w prlor

1" .
V(7/3+'T/(o—1—91/3)) sew p < 0,483678%.

Sumta igiter hac abscissa: tam parva, semper alterum punctum g assignari poterit, ut arcus pg sit

abscissa CP==p tam parva. acmpl debet, ut 'sit P <-

B I T i T

rectificabilis. o
51. Scholion. Insigni hac hyperbolae proprietate, qua reliquis sectionibus conicis antecellit,
contentus, non immoror investigationi ejusmodi arcuum, quorum differentia sit algeblalca, vel qui
inter se datam tebeant rationem, cujusmodi quaestiones pro ellipsi evolvi; cum enim talia problemata
pro hyperbola simili modo resolvi queant, ea ne lecton sim .molestus, data opera praetermitto.
Hanc igitur dissertationem finiam comparatlone arcuum parabolae cubicalis primariae, cujus rectifi-

c;;\t_mnem constat pariter fines analyseos transgredi.
RSN . :

.....

Comparatio arcuum Parabolae cubicalis primariae.

52. (Fig. 60). Sit Aefy pargbola cubicalis primaria, 4 ejus vertex et 4EFG ejus tangens in

£P
X3

(1.5 " pdx (1 2%)
= fa (12 = LD,

L, Euleri bp. posthuma. T. I, 61
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53. Quo. igitur formulas nostras huc accommodemus, poni oportet =1, C=0, E

eV (1 ~+ o) - zV (1 4ot

N=1,C=0cet =1, ita ut sit. y =- : quo facto erit

1 —ccxx

fdi(l ~+a) _fdﬂ/(i +y) = - Const. — G-’B.Y (CC —+ me(i —+ cl) ~:-—ccmﬁj’f‘ Hie

sumto tam V4 quam ¢ negativo in formaulis N° VII et XI exposms.

i

. Quodsi ergo tres capiamus abscissas AL'_.e, AF={f et AG_g, ita ut sit

e'l/(i-l—f“)-l-f'l/(l +e4)
. . . . 1—33# i . " ..
erit Arc. Af' Arc. Ag =— Arc Ae — efg (e fg V 1 - ¢f) %ceﬁ’gg) ,- Seu

Are.fg — Are. do— éfg (e -+ fg V(1 -+ e*) + %eeﬁgg).

ferentxa sit rectlﬁcabllls.

55. Si capiantur arcus.¢ et f* negativi, ita- ut. sit eeff >:1 et

. 9"/(1+f4)+f"/(1+e4)
R o : eeff—1

F\::

et arcus abscissis ¢, f, g respondentes denotentur per e, ILf, IL.g, erit

S He+Hf+Hg_efg(ee—fg1/(l+e‘)—|——ee)‘fgg)

. . - eV 15 +f1/(1 + e4)
Sn} autgm sit oL 9= T i—ef Ve | o
erit Hg-—-—II f——II e—efg (ee-l-—fg 1/(1 +e‘)+——eeﬁ'gg) ___.._'_‘_‘.;

56. Cum sit hoc posteriori.. casu. )‘f—i— 99 = e~ 2fg.‘l./(t.-.-|—e") ~+-eeffqy, erit quoquel
: ;l .
g — I.f—I.c = 5efyg (ce + g9 — %eeﬁgg).

Casu autem altero pro samma arcuum, quo

o o Vil VO et)
9= eeff—1 : ' :
erit ’ I.¢ -+ 1.+ I.g = g efy (e + -+ 99—+ eelfgg).

57. Problema 9. Dato arcu e parabolae cubicalis primariae, in ejus vertice 4 ter
ab alio quocunque puncto f abscindere in eadem parabola arcum fg, ita ut horum arcuum d1ﬁ'e
fg — Ae sit rectificabilis. ‘

eV(1a- f4) -+ f?f(i Ny 4)

T wf » eritque horum arcuum dlﬂ'erentla g ST

ita accipiatur, ut sit g =

Arc.fg— Arc. de = ;i efg (ee = ffr-gg — % eeffgg)
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Yerum cum data sit abscissa ¢, altera abscissa fita accipi debet, ut sit eeff < 1, seu f< %a ne
abscissa 4G = g prodeat negativa. Sin autem detur punctum g, inde reperilur

fe g‘l/(l—x—e‘i)—e‘l/({-—hyi)
o 1—eegy

, . . 1 .
unde si g tam fuerit magna, ut sit ecgg > 1, seu ¢ > —> erit

f eV - gt — g V(A +a‘)
cegg — 1

simulque necesse ;zsL, ut sit g > e, ne f fial negalivum. A dato ergo puncto f siquidem sit £ <—t,
- arcus quacsitus fg in consequentia vergit; a puncto autem g, si sit g > ~:~ et simul g > e, arcus
quaesitus fg retro accipietur. Q. E. L. ‘

58. Coroll. ¥, Cum sit applicata Ee:% %, seu AE*=3 Ke, erit parameter hujus parabolae

;3, ideoque unitas nostra est triens parametri.

9. Coroll. 2. Si ergo sit e=1, abscissa. data { seu g vel dehet esse minor quam 1, vel
~—ma‘]0r quam 13 dummodo ergo punctum datum non in ¢ cadat, ab eo semper vel prorsum vel retror-
sum arcus quaesito satisfaciens abscindi poterit: prorsum scilicet, si abscissa data minor sit quam e,
retrorsum vero, si major. At 51 abscissa 'data esset = 1, altera '\In_:l infinita vel — 0 prodiret.

60. cCoroll. 3. Si sit > 1, ideoque ¢> —:-7 altera abscissarum f vel g, quae datur, wvel
‘minor esse debet quam ei, vel major quam ¢; alioq?in arcus problemali satisfaciens abscindi nequit,

quod ergo usu venit, si abscissa data inter limites ¢ et ~ countineatur,

6{. Coroil. 4. Sin autem sit ¢ < 1, ideoque 1 > e, alteram abscissam datam vel minorem

1 i 1
esse oportet quam 7’ vel maJorem quam ) dum ergo non sit aequalis ipsi 72 Juo casu arcus

quae51tus vel ﬁeret infinitus, vel 1psa arcul Ae similis et aequahs ‘reperletur semper arcus proble-

mati— satisfaciens.

62. Coroll. 5. Hoc autem casu, quo ¢ <1, fieri potest, ut a dato puncto f in utramque
. partem arcus problemati satisfaciens abscindi queat;' boc scilicet evenit, si abscissa data intra limites
¢ et — contineatur: tum enim ea tam loco f quam loco ¢ scribi poterit.

63. Covoll, 8. Si arcus fg debeat esse contignus arcui e, seu si sit f= ¢, reperictur

__2eV(1+eh),
T d—et )
‘hoc ergo fieri nequit nisi sit e<C1. Hoc ergo casu erit arcuum diﬁ'erentia

.~

. ) 265 (9 — %c4+es)1/(i+e4)
Arb.fg—Alcde_ TS a—e"

- 64, Problema 10, Dato in parabola cubicali arcu quocunque fg, alium invenire arcum pg,

-

10
qui illum _superet quantitate geometnce assignabili.
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Solutlo., Sint abscissae datae AF=F, 4G=g, .quaesitae AP=p et 4Q=gq, .et.i .
sxdzum vocetur arcus Ae cujus abscnssa AE = anue

eVl 4= V(L a-p) o eV(i+p4)+p1/(i 4+ g%
g= 1 —eeff o q - A —eepp
erit : Arc.fg—Arc.Ae:%efg (ee-q—/f-lﬂggf%egﬁ'gg)‘:ﬂlv o w i nf

et Arc.pg-— Arc.Ae :—;— epy (‘ce+’pp —-qq— %eepp qq9)=N,

ergo Are. pq—Arc 19 —N—M :

. o T e e R BTttt
Ehmmemus autem utlmque e, reperIeLurque S S '
| I/ PO+ ) gV p) gV g

€=
1— /g9 1—~ppgq .

unde si f, ¢ et p dentur,' obtinebitur ¢’ hoc ‘modo ;

9=[g1( (1 —fFgg -+ fFpp — ygpp)V(l +1)(1=+p —f(i—ﬂ"gg+yypp ﬂ}JP)V(i +9‘)(i ok
P (1 —fTop —ggpp +ﬂ’99)‘/(1 44 (1 +y Y —2fgp (if~l— 99—+ pp +ﬂ’99PP)]
[ —fryg— fipp — ggpp)*— v figgpp (F+ .99+PP)] |

sia

qui valor quoties  non fit negatwus,, praeheblt a2 dato” puncto p ‘arcum pq, “ab arcu propop
~ geometrice dxscrepantem QE I ‘

v

'65. - Coroll.-Xv:’ Ambo- abscissarum -paria ita:pendent .ab e, -ut sit - o T eme

fF+ g5 = ee (1 = fggi~iL 2Fg V(1 ~0t).
g e (g 2peY (2 ),

Tt

unde re pernetur

pé(}?’+9J)—f9(pp+q9) RN (pp+qq)(l+17”oq)—(ﬁ”+Jg)(i-i-ppqq)
g;__“; (rg—f9) (4 —fgpa), - et V(1+6) L 2(pg— fg)(i—fgpq) RS

et hinc penitus eliminando ¢ habebitur L LnRGR

x r\(r‘_} )

B 1 —ffgg) (pp+q0) + (1= ppa) (F-+99)" = u( (A —Fypg* ((pg— f‘y = () (g,

vel ((t —1fgg) (pp+99) — (l—quq ﬂ"+99) —ﬁpq—fg ? (1 —fypg+ + (ff--g9), 'Pp -99)-
- 66. Coroll. 2. Hinc ergo dato quocunque arcu 1 9 infinitis modis alii determinari possu'
arcus pq, quorum “différentia ab illo fg sit geometnce assignabilis. ~Erit autem haec dilterentia
Arc-pq—Al'c-fsr:—e(ee(Pq—fw { —rpp'qiz—— +1909—+1T99)+-pq (Pp+q9) fq ﬂ"+99

. __t@e—19) (- g9 + pp-aq— S pg (pg—-275) (/f—i—gg) — 419 (fg—+-2pg) (pp + qq))
. 21 —fgpg)

¥/

67 Coroll. 3. Cqsus hic duo peculiares consnderandl occurrunt, alter quo pq—-fg, alti‘" ‘I“
fopg="1. Priori casu fit pp - qq = ff4- 99, 1deoque p --"f‘ et q _g, | |ta ut‘ arcus thf?f‘l;piim
arcum fy muldut corumque differentia fiat — 0. ‘Altero veio dast fit =

B TERSEt
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(1 — figg) (pp - 99) + (1 —752) (T -+-99) =0, sen pp—+gq= T

' . 1 . ;
unde colligitar P=v et g::if, qui est casus a Celeb. Joh, Bernoullio b. m. primum in Actis

Lipsicnsibus A. 1698 expositus.

68. Coroll. 4. Hoc ergo casu Bernoulliano, quo p:%, q:}f 5 ac proinde pq=;ﬂ, ot
g

+
ggg> erit arcuum differentia

PP"“I‘I—”

1—7
Arc.pq—_—Arc.fg_e(ﬁfafr”)(S g 99 ( ) (1+-1Tgg) —ce{ (t —1fg9)%);

at est ¢ (1 —flgg9) =gV (1 ") — V(1 =2-g"), unde colligimus
ee (1 — flgg)*= (T -+ g9) (t=199) — 29 V(1 +1*) (1 +-g"),
quibus valoribus substitutis erit

' /-9 — V(1 gt - - |
Are.pq — Arc. fy = LU EEED (s gg) (1 4+ fgg) -+ Fg Vi 14 1+ 9)%),

quae abit in hanc formam

A1) Y+ M d-+g9vd +g%)
3f3 3g3

Arc.pg— Arc.fg=

"quae est ipsa horum arcuum differentia. & .Cel: Bernoullio exhibita.

~ 69. Schotion. Simili modo dato guocunque arcu parabolae cubicalis fg, alii arcus inveniri
 poterunt, qui a duplo vel triplo vel quovié imuItiplox arcus fg discrepent quantitate algebraica: quin
“etiam hi arcus ita determinari poterunt, ut differentia evanescat. Hinc ergo proposito arcu quo-
cunque fg, alius in eadem parabola assignari poterit, qui arcus istius sit duplus vel triplus, vel alius

quicunque multiplus. Ex quo vicissim pro lubitu infinitis modis ejusmodi arcus assignare licebit,
qui inter se datam teneant rationem. Ut autem duo arcus sint inter se in ratione aequahtatls alii
assignari nequeunt, nisi qui sint intel‘ se simi]es et aequales. Quod quo. clal fus- appaleat sit
fg-—-’" PI=H, ﬁ”—'—.‘]g_‘" et PP"“'H""’

© erit primo n=ce (i -+—mm)+2mY(1+¢'),

“tum vero C v=ee({ A= pp) 20V (1 =),

TUnde ut arcus pg ¢t fg inter se fiant acquales, oportel esse

ee(p—m)(1——+ ,u,u —-i muy — b mm) - v —mn = 0.

. At pro n et ¥ illis valoribus substitutis fit

{y— mn==ee (,u —m) (1 = g 4~ mpe —-mm) 42 (g -—m) (=4~ m) V(1 +e*)
"anie debet esse, postquam per w——m fuerit divisum,

1 1 i .
ee (1 ~- 5 pept =5 mpu +-§mm) +2(p+mV({t +e)=0,

quae quantitates cum sint omnes affirmativae, solus prior factor ,u—m—_~0 dabit solotionem;
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eritque f==p et g=gq. Ad mnlto illustriora, autem progredior ostensurus in hac curva et
arcus rectificabiles assignari posse. B " o ‘
‘70. Problema 11 In patabola’cubicali primatid a vertice 4. arcim” exliibere! e \

HEER EU RN

gitudo geometrice assignari queat. .

! LT . . Y . . '
Solutio. Assumtis tribns abscissis: AE = ¢, . dF=f et- 4G =g, supra vidimns, si sif

P T e NEEEI R vy

esff—1 ? - gt

g ATV VA

fore H_.e+I[.ff H.g:iefg.(ee-.+ -+ g9 — s ceflgg)-
Statuantur nunc hi tres arcus inter se ":ie'qua]és,z seu e={= 9, eritque- : PR LY

e—ﬁgtzc—‘), seu ef—Bef—3=0 o

i

. hineque  ¢=3+2V3.
Sumta ergo abscissa AE—¢= 1“/(3 +2V3), erit |

o 1 i . i

»
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