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Enodatio insignis cyusdam paradoxt circa “mullipheationem angulorum. 299

’ XIV.

odatio imsignis cujusdam paradexi circa multiplicationem
‘ anguloriom observati.

&%

. Sipgularis est proprietas formularum, quibus cosinus angulorum multiplorum per cosinum -
i simpli exprimuntur. Si enim anguli simpli ¢ cosinus ponatur =, ‘angulorum multiplorum
Sms ita se habent:
2 cos Op =1
coslp=uw
€03 Qq/ == 2w — 1
o cos 3¢ = ha®— 3
€08 hep = Bub— Bxx 4+ 1.
| €08 Sop = 16x° — 20a® - Sz
. cos 6 = 32x° — h8a* -4 18xx —ui
o c0s 7p = Gha” — 1122° + 562° — T
cos 8 = 1282° — 256a°+ 160z — 32wz 4~ 1

‘ ete. 3
e cbnf:l_uditur fore i genéi'e 0 "
‘3”""’1 n—3 n;'g ‘2(;-——5 n(ﬂ ) n-—l. —_— J’l—-"ﬂ('n'—"@ (n—a) .
GOSH[I).— —2 2T e  ,2 g 25 &8 - ete.

__ P N n{n—3) _,.__n(n-—'4)(n-_—5) —g n(n—-s)(n_e)(n__';r) —g
np =2 'T’(i "Z® g © Tigaz T 4.8.12.16 & " —elc,

ke cauteia ohscwetur, in erlorem aelablmur qum cham casu n=— O cxpressm genprahs ve-

.
! adversatm- ;prodit enim 2" _—_—57 ‘¢um tamén’ sit cos Ogo._i quod certe insigne’ ést

~ N HEEE Y] kT
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3. Quo clarius etiam in reliquis casibus falsitas formae generalis perspiciatur, ponamus. n =

et haec forma evadet

(i 1,72 1.2 =4 034 —b 4,456 ot 43678 i Aetc)
» 87 T as1e® Tisaeas 4.8:12.16.20

ciuae cum sit <@, cum veritate certe consmterc nequit. Ut autem hujus seriei valor verus explo
retur, ea ad hane formam reducta:

(1 il A TEL 148 1.4.3.5 —8  1.1.3.5.7 L etc)-- .
( “-m' TAAY T ae Y T i s " 4.4.6.8.10 " '
ita exhiberi potest: : T
1 1 —2 1.1 —+ 1.1.3 —6 1.1.3.5 —8
m—;m(ug—w -—!«-ﬁa: +0!Gm ‘—[—0468&;‘ -+ ete,
Cumh jam sit .
. —2.7 t =2 41 =4 1413 —6  1.{.35 —s

nostra series hac finita forma continetur: ' _ i
1 , N 1 1 1 1 .
a:——g—a:(l-—(l—-m 2)2):§m~l—§m'l/(i-—-m—m)::§w.—|——§‘l/(scm—l},

: ' . T . 2~V (oo — 1 . -
Ita ut easu n==1, seriei nostrae generalis summa futura sit ,—_——(2—2, -cum tamen sit cos 1=

Quin etiam, cum sit-x < 1, patet seriei in inﬁnitum continuatae. summam adeo fore imaginariam

h. Idem etiam de quolibet alio valore Jpsms n ostendl potest, unde eo magis mlraudum
expressionem postram generalem, si _]usta llmltatlone adhnbeatnr, ut omnes termini exponentes 1 :
tivos ipsins x habttun reycmntnr ventm esse consentaneam et valorem ipsius cos neg praeher
cum tamen ombi estensione sumta et in infinitum’ continuats longe aliam atque adeo imagi
summam  sortiatur: cujusmodi singulare phaenomenon nescio an in aliis analyseos parttbus
observalum. Praeterea vero etiam, quod haud minus est mirandum, notari convenit, limitat
quoque’ illa adhibita, wui potestates negativae ipsius @ reficiantur, veritatem non obtineri | “nisi 7
Dumerus posilivus infeger; si enim n essct numerus negativus, ob omines potestates ll)SIIlS @
deuntes negativas, error foret manifestissimus, cum sit €0s (— ng) = cos nep.

9. Sin autem pro n accipiatur numerus positivus quidem seu fractus, nillo modo’ Ind@

1
tatem elicere licet. Sit epim n=-> el expressio nostra generalis hanc mduel; formam:;-.

—‘”(i—H —* 1-550;“ 1.7.9 —¢ 1.9.-11.13{-8
8.16 8.16.94 8.16.24.32 °

— etc.)

sunde etiamsi termini negativas potestates lpsrus @ complexuri, omnes scilicet, praeter primuth

t tamen neuti de oh ro- 1_‘,_53;—,‘ u: eyt
pungan ur, u lquam inde obtinetur cos—rp, qmppe CcuIm sn; €0s —9—99 — g
autem rehqurs terminis admissis veritati consuhhm dum series prod;t formulae 1/—— mmlmeu eq 4

-

6. Hine igitur abunde liquet, quid de forma illa canonica
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on—14n (1 _ —2 4 nin—3) w-"_ﬂ(n—zi)(u—ﬁ) m;ﬁ+n(n—5) (h—G)(n—1)

—f
%8 7.8.12 7.5.12.16 ® —"em‘>

ﬂﬁl .ijllll]‘i[!]()s auctores mirifice laudata, sit judicandum. Ea scilicét veritati nunquam est consen-
pisi hae restrictiones adhibeantur: prime, ut n sit numerus integer positivas, ubi quidem
m cyphra est excladenda; deinde,'ut termini, in quibus exponens potestatis a fit negativus,
epitus extinguantur.  Qui huic formulae plus tribuunt, camque adeo ad -casus, quibus 7 est nu-
prus negativus vel fractus, extendere volunt, maxime decipiuntur et in gravissimos errores illa-
mtur.  Quae cum sint adeo manilesta, mirandum, videtur, quod istac tam necessariae cautelae,

quantum equidem memini, a nemine sini animadversae.

7. Haec consideratio occasionem mihi prachet duplicem investigationem suseipiendi. Primo
ilicet i1 veram summam nostrac expressionis generalis, siquidem in infinitun continuetur, sum in-
‘uiSiturus, ul pateat, quantum ea quovis casu a valore cos np discrepet. Deinde similem expressio-
pem generalem in-vestiga‘bo, quae revera valorem cos ng exhibeat, et nulla restrictione adhibita veros
psinus angulorum multiplorum ipsius ‘@ praebeat, ita vt singulis casibus, quibus n est numerus
nteger; formulae initio allatae prodeant, simulque veritas; quando n est numerus fractus vel nega-

ivus, obtineatur. - '

8. Quo utrique instituto facilius satisfaciam, considero hanc formulam

- s =4 (&~ Viex — 1))*

1 1.1 1 1.4 o
V(acm—l)_m-———-—m—etc., 013 s—A(Qw—————m—m—-—etC.).,
bservo terminum  primum futurom esse == 2" 4x"; in sequentibus autem exponentes potestatis

ontinno binario decrescere, ita ut series hujusmodi habitura sit formam

§ = w4 B 4y T - 02" O - e - ete,

bi quidem est & =2"4. . E ;
9. Ad hanc antem seriem commodissime eruendam, observo aequationem assumtam per diffe-
entiationem in aliam, converti oporlere, in qua tam potestas indelinita quam omnis irrationalitas
absit, simulque quantitas s ubique plus una dimensione non sit habitura; hujusmodi enim aequatio

facﬂhme per seriem certa lege procedentem resolvitur., Hune in finem primo -logarithmis sumendis

Is = 14 4 nl (.:c—|—1/(am— 1));-

= Viaz—1) (.m: — i)
H1d""su“1tis quadratis erit -
- ds? __ rndz?

= » sen (wx-—1)ds’= nnssdx?,
s zx—1 v

Tuae aequatio denuo differentiata, sumto elemento dz’ constante, et per 2ds divisa dat - —-
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(we — 1) dds mdmds = nnsdm“

quae jam formam habet desideratam, ita ut quantltas s nusqu'\m plus una d.llIlGllSlOIle ]Jal)ea

quantitas ah omni :rr’at:onalltate s:t 1mmums,

10. Quia- hic quantitas @ in aliis terminis duas, in uno vero nullam tenet dimensionem, P
hujusmodi distinctione, ut sit '

xxdds + xwdreds — nnsdx? — d&’s =10

124 e 1 e m—z'-——-2_+;etc

o £ J A el A

ponamus § = wx™ -+ S

(1§ — B

et facta substitutione, potestas « talem '10t:|plet cotfficientem

v ((n——i—2) (m—-z—3)—1—1}1—-—-;-—2—-nn)-—-,u (n—0 (m—i—1),

qui cum evanescere debeat, quantitas » ex g ita definitur, ut sit

_ {m—=)m—i—1)

T m—i—2)*— nn

Statvatur jam pro initio i==-—2, ut fiat ¥ =w et w =0, proditque o = (m—lgl(m—_'"_)o

may — wh
littera ut maneat indefinita, esse oportet mm = nn, ideoque vel m==n, vel m— — n.

11. Nostro aulem casu est, ut supra vidimus, m=n, atque'wzg",d, quare posit_d

o Jom— y—

-+ ete.

nfu Tlimem 4

§ = x4 BT g yx" T L o pa™ T e

. e p—i—1 | fr—(m—1—1 |
Y= e T i) @i

unde sequentes prodeunt coéfficientium determinationes:

_—np—=1) " n

P=TeD = 7% .
r—2(n—3) -+ n(n—23)

Y= "gpoy A= o
Je= ZB—H{O =8  —nn—4)(n-5)

T 123 T 4.8.12

e — =B =Ty n(n—5)(r—6) (a—7)
e Ty 0 == 4.8.12.16 ®

etc,

titas s exprimitur:

—a - — 5y —6 i
§ == 97 f o (1 ., nin 3) __alr—&@—bh a{n—Nn—0Mn—"7) tc)
7% T s TR ® T ggamag % — oo,

% (;U—I— V(wx — 1E)>n ?
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P

o ratio aberrationis a valore cos nge est’ manifesta, atque punc quidem evidens est, cur sumlo
(), prodeat summa nosirae seriei =5 reliquis vero casibus summa fiat imaginaria, si quidem
i < 1. Al si sumatur z= 1, quicunque numerns pro n accipiatur, summa semper est = 5

tge proplerea

IS Y __. »{n—3) u(u——-ﬂ)(ﬂ—fi) cn{n—5) (n—=6) (n—7) )
1= 2(1 R 4842 4.8.12.16 _etc‘)’

celLe est theorema non mLIeﬂaus

"1_'.3; “Alio modo concinnius valor ipsius & exprimi potest; cum enim sib
e £=cos¢, it V(iza —1)=71—1.sing,

ex potis sinwurn proprictatibus '

(LOS @ = — 1.sin )" = cos ngr —1—1/-- 1. sin nep.

. —2 n—3) =i —4) (n— 5y —6
osngp—l—-V—--—i sin ng = 2" x (i——m —:—uw -—-?M——f—)aﬂ -+—etc.);
4.8 - s 4.842
_ :p‘lbet summam hujus seriei in 1nﬁmtum contmuatae esse imaginariam, nisi sit =1, seu

0. Realis quidem semper erit dum sit 2> 1] sed his casibus non amplius ad sinus et cosinus

rri potest. Veluti-si ax =2, oh S_A (1 Y2y erit

L1} : -n n (n—3) n(n—-d} (n—ﬁ) — nin—3)(n—6)(n—"T)
2 n = : —_ .
(V2+1)'=22 (1 "3 T 816 §16.24 © 5.16.25.82 etc‘)

yy-+1
2y

. vy n{n—3) ¥yt n(n—:i)(n-—.)) QG |
Luya—) = (yya—nf*' 2 et L2s enr O

» unde obtinetur sequens summatio non contemnenda:

At si ponamus fc—l—V(mm-—i):y, fit & =

quac cum etiam vera sit su_mLo n negativo, erit . ~. ' ' -

i

gy 1\" Sy nn3)  ytnle®) By
T— = —., — . — > . etc.
( uy ) 1+ 1 (yy-n—i)z_l. 1.2yt 1.2.3 (yy—-1)° e
Sit porra y%:i:z, et habebitur

R z”:.i-;:i rz-_1_| n (n-i-3) (’z‘—1)2+n(n+'4f) (“"_5).(":6”3+etc.

1.-'-=zz BT 1.2.3

1 PI‘O 7t OMNes NulLcros assumere licet.

i — i

\_\1. Fire :‘- (hf:-';i LR S T v o 5 . - . il
llv Hinc etiam alteri Tequisito satisfacere "poterimus, quo ejusmodi expressio infinita de31de—
alur, quantitatem cosng sine ulla restrictione exh:bcns Sumatur enim exponens n negatwe et

m it cos (— ng) = GOs N et sit (— ngo) =-—"5in ngo, érit ex supériori forma

o, —2 _g) =4 a
o cosrz,go—V—Li.sinja.gg. (i—l— z ”(,:-—"g—?gm +’Wm —|—etc)

ddendis his formulis pars imaginaria tollitur, et summae Semissis dabit
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m-'g , nn—=3) m—"",‘# n (n— 4} (n —5)

. Ty —_ —6 N
cos ng = -~ 2" 1" (1 —_—— - = _Fetc:)\‘w

. “ N o fed : - v

1 —2 n(n—l—{l) n (n+4) (n+5) ’

- gt (1-—!—-4{1’: ,i'::'!:—f:f:.‘f;-.:s vl '—I . . 4.8.42 w _I ,em)

ST AN

idque sine ulla restrictione, ita ut pro n omnes numeros tam negativos quam positives, tam in
quam fractos assumere’ liceat. " Ubi quidem per se est perspicuum, sive ipsi n tribuatur valor

tivus quicunque, sive idem positives, easdem binas series ordine mutato resultare.

15. Jam binae hae series con]unctae pro quovis numero integro n eosdem cosmus R

mulas finitas exhlbenl, quos  initio rcccnsm. Pro casu quidem n=0 res est manifesta, cux

1
fiat cos bp=3 —1— = 1. Reliquos igitur casus simpliciores evolvamus :

-~

I. Sit n=1 eritque .

cos ¢ —"m(i 4 = 19 =i 4.3.4 =6  1.45.6 -~ etc)
P == 4 i 48,12 — %.8.12.16

1 1-—2 1, 4m—-’c-+ 1.5.6 S8, 1.6.7.8 ‘m—-S_!_et'c» )

iz i %8B %.8.12 4.8.12.16 ' J?

—i {2 3 1.3,4 -3 1.4,5.6 —7

: 1
CSP=2—ZF T —%3 isr”® Trsinp® e
1 —1 1.1 -3 1.4.4 —5 1.1.5.6 7 :
. ""Tm —l—=4—!;:13 N mﬂe — mw -+~ete, - e

ita ut sit cos p = .

Il Sit n==2 eritque

— 91 i 8.4.3 —8  9.3.4.5 —8

2 — RPN L L1 S L L L P .4
cos £p 25”‘”(1 7% TIs® Tier® Tismaes U
3 —2 9.5 —& 9,67 =6  2.7.8.9 —8
- 1=z +-Zx -+ ; A

2z ) a8® ° 7.8.2° ViiI1e

quae binae series fta ordinate exhibeantur :

'

. 2.4 -2 9.2.3 == 2.3.4.5 —8 = n
= fpr—1—2. 2 —2, 20 2, T g el
005 2 == 2pr —1 — 2. 752 2-751” 2. sasst T
- -z 1.2 T4 S 1.2.5 w+ﬁ+étcy |
g * - g2 * T 8.4.8 e

ubi potestates negativae omnes tollontur, ita ut prodeat cos2¢ = 2xz — 1.

ML Sit n=3 eritque

. /Y 3 -2 ---{Ji‘ a2y, —8 i o 5 —
cosSgo;h-ma(lm;mA — 0z _312 3.2.3.4 —-—etc.)

. 38127 F§.i2.16°%
S 3 =2 3.4 —4 -3.7.8 —& . 3.8.9.10 —8 ) .
e il o —I— —+ - e 4 _|—e|;c ;
162® (;l i -4,.8m 4":8.1‘2‘m T 48 ‘I2.i'6'm Q f
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: - : o 3.4.2 = 3.2.5.4 —5
c0s 3p=hat—3x -0 — 4. -2 _—, SrEeved ot
? ig® PRt Tk ete.
§ —3 | 3 —t
) P - all "
16 — 7% el

que €08 3¢p == ha®— 3.

' 16 His autem exemplis casu evenire videlur, ul potestates negativae se mutuo tollant, neque
i
d pro ferminis u]L(,l‘IOI‘IhUS anLt Qu.dmohr(,m, ne ollum dubium relinquatur, firma demonstralione

et nfq B T a(B—m) = n(4—n}(5—n) 41{5—13)(6—11) {7T—n)
CHE (1 4 78 4.8.12 N Ex et etc')

¢grminus generalis colligitur fore:

__gn—ign—2a n((t—|-1—n)((£+27-—7"ﬂ‘)‘((¢+3——ﬂ,)...-(2.‘1—1--11)
) 4.8.12.16 ........ 4o

a, nt polestatis " 2% cotlficiens sit N o

n—q nle4-1—n)(a-2—n) (2-+-3—m).... (2 —1 —n)

an—1, .

Gl . : 4.8:.,:12.‘16.!.-'......405

ijando ergo haec potestas est pegaliva, seu 2¢ > n, patet hunc terminum evanescere his casibus:
=n4+1, 20=n—+2, 26=n-—+3, usque ad 2¢=2n-—2, si quidem « fuerit numerus
teger. Unde in priori seric omnium potestatum negativarum coéfficientes sponte evanescunt, isi

1/2¢ > 2n — 2, seu &> n— 1, quocirca docendum restat, si fuerit «>>n— 1, istas potestates

:l n =z 3:.t3+n) —4 n(zi‘_r—n}(.’i—l—n}‘ —6 o (5a-n) (B--n) (To4-n) —F .
( 7% vy T s Tt Gsaads "‘”‘)

rminus generalis colligitur

a——A—2f gy 12 f4-2--n) (f-34-n) . ., (2 —1-n)
g T . A.B.12.16 . . . . 4B

de polestatis negativae @—"—2F coslficiens est

g—n—1, #{f-t-n) (B24-0) (B-3-0). ... (2 —1 -e—n-)_.
' 4.8.12,16 . .. . 48

Sfatuatur jam haee potestas praccedenti "¢ aequalis, sen n—2e—=—n—28, filque s=n-+48;

. . . . B - . - f - a
anescunt.  Ostendi ergo opertel, harum p‘ot.estatum coifficientes ex utraque serie ortos inter se

aequales et se mutio destruere,' ~ubi’ qu1dem Jam sponte* paLet alteram esse positivam, alterum

8- Cum sit e==n--0, erit n=10— @&, ideoque demonsm‘andum esl fore.
~ L Euleri Op. posthuma, T. I ' 39
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gi—f—t  REHDE+D (S, .. (a—f-ﬁ—l) e 9zt R {at1) (e 9) (a+8)---(ﬂ+ﬁ—-i)
"~ 4.8142.16...4a 4.8.12.16... 48

seu utrinque per 24771 multiplicando

e RN ELDED) B gap n@+D(E+ (o). arpml)
4.8.12.16. _ 4.8.12.46... 48 .

Cnm jam in priori forma factorum deneminatoris numerus sit = e, singulique per quaternari

divisibiles, hos factores ita repraesentare licet
_ 1.2.3....a=22%.1.2.3...¢
simili modo denominator alterius formae ita exprimi poterit

wF.1.2.3....80=22.1.2.3....8

unde haee aequalitas ostendenda superest

h(B+1) (B4-2) (3+3) ... (a+B—1) __ n(as-1)(a+9) (a+3).. (e —1)
1.2.3.4. . a — 1.2.3.4...8 '

quae per crucem multiplicata manifesto utrinque praebet idem productum

n.1.2.3.h....(c+8—1) -

19. Paradoxon ergo initio propositum satis distincte explicatum videtur, simulque rafio pat
cur haec aequatio:

T‘2+n(n—3)w ﬂ(ﬂ—4)(ﬂ— y —6

cosngp:?”“*az"(l-——— 5 Tei0 © -—!—etc.)

tum demum sit veritati consentanea, quando n denotat numerum integrum positivum, . sim
omnes potestates ipsius « exponentes negativos habiturae expungantur, et cur his restricti
non observatis, haec expressio in errorem praccipitet.

20. Nunc autem pro casibus, quibus n est numerus fractus, veras series exhibere possu

; . . N 1
quae cosinus angulorum submuliiplorum exprimant. Quod ut ostendam, sit primo n= 5 exit

vos Lo — Ve (1 A 7 45 =4 478 76 1.9.11.43 a:_a——etc>
COS59P= 7 8 §.16 8.16.24 §.16.24.39 :
(1 -+-—i—w— LT oh, 181 w—6+1.11.13.15 m—8+etc)
01/2 8.16 5.16.94 8.16.24.32 *)?
QUae in ordinem secundum poteshates ‘redacta dat
Y 14 1 1.5 . 1.7 1.7.9 1.9.11 —ele
@ 1/2( 5 G T .16 T 9.8.1605  8.16.242% T 2.8.16.242"

ubi, si quilibet coéfficiens per praecedentem dividatur, haec resultat series:

1 1 1 5 7 9 11
37’ _._.._‘_1_7 —— ._._g, —E, _E, _ﬁ, ete.
1 Va 1 — 1.1 -2 143 % 1.4.3.5 —4
1t 08 —f — ——| | - — 4 — juliahiat —
unde fit oS o (l—l 5% —|—2_4‘Gm 5 A68" —I—ELG)

ideoque manifesto habebitur ~ cos —99 7 ({ ) =%, uli constat.
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- . .
21.. Evolvamus etiam casum n=—, ac reperimus

5
1 'f"a: i -2 1.8 =4 1.11.44 —6 1.14.17.20 —¢
Cos 5 ¢ = T (‘ T2 TRa® TEus® T Eousn? “*‘3""')
—I~-:— 1+im_2+£9 w“‘*+ 1.13.16 a:‘—ﬁ—-i— 1.16.19.99 m—'ﬂ_l_ etc.);
, 9V 12 12.24 12.24. 36 12.24.36.4'8

A L 5 -z 11 13
3 i — 1 —F 3

' | 1 . ] 1 - 1.8 —F 1.10 -7
€OS g =7~ & A5 —— T 34———5—.1: P — el
Y4 V16 1294 12716 12.247v4 12.924v16

a 1 3 .
am ad irrationalitatem tollendam statwator «¥=yVh, seu z = ky?, ac prodibit

sty d L 18 140 1.11.14 "
O Y Y T R T Ry T BnaT T By T e 3045, o

it porro y = = erit
L ees L —r 4t 18 110 1.41.14 14346
. 3 T T T e T e T a3.6a0 T 53.0% 3 3.60,7 T 556 9,08 °lC
g 1 1 1 1.8 £.10 1.11.14 1.13.16
- 2cos -5 TR TS T T §e T et — 56907 ¢ sggne — ol

22. In genere autem casus m:—%; unde fit ¢ = 60°, sen g:’._'—_—.é—n, denotante 7 semicir-

cumferentiam circuli, cujus radius — 1, omni attentione dignus videtur. Nam ob 2z =1, fit
\1‘.- - R .

n i n nin—=3 nar—HH—5 nhr—5HE—6) =7 __
€83 E_E(i T8 T Tes ¢ 1.9.3.4 etc')
A 7 n{n+3)  nina-4) (5 n{na-5) (na-G)(n+7) ‘
+?(1+ 1 12 T 1.2.3 1.2.3.4 +etc‘)’

ubi motari convenit utriusque seriei summam seorsim sumtam esse imaginariam, et quia utraque est

divergens, minime licet eas pro lubitu combinare. Veluti si termini ordinate conjungerentur, prodiret.

nTE—l o onn 9nn nn (nn—- 107)
gt =l e 1053

~+ etc.

unde sequeretur fore cos §m> 1, quod tamen est absurdum. Interim tamen binarum illarom

_ . i . 1 n s on
Prioris summa  est %(cos % oY —1, sm—g— :n:); posterioris vero o (cos 37— V- 1.sino ﬂf)’

. ) i . o, . . f . w _ ]

itque nullum est dubium, quin ambae conjunctim praebeant cos 3, eliam si non pateat, quemad-
Modum hic valor ex conjunctione facta elici possit. Hinc ergo denuo insigne paradoxon resultat,
jjus explicatio haud parum ardua videtur; sine dubio autem ex serierum divergentia est petenda,

&t series signis alternantibus ita scribenda, terminorum numero neque parj ‘neque impari reputato:

n ._ B n{3—n) n{3+n) ‘n{4—n)(l—n) _aih(4—f—n)(5+n)_
2e0sga=2— g4y ——5—+ 1.2 123 173.3

B ut sit - o ' o B i '

efe.
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n .
BRI p_ w3 ((=m)BEw) (e Gan) G E—nTon .
PO T R TR O 1.2.3 1.2.5.4 :

.

Incommoda autem effugere non licet, nisi quantitas indefinita relinguatur, ac seriei termini ge
dum ejus potestates disponantur.

93, Verum etiam hoc modo haud leves difficultaies relinquuntur; si enim numerum n suman

=] )
infinite parvum, ut sit cosn —1— Y pnoep, ob
parvum, ut sit cos ngp = 5 PP,

9V — 1 4 pl2x - % nn (12x)* et §Him—n: 1 — nl2zx - %n‘n (12x)?

habebimus, in singulis terminis potestates ipsius a quadrato altiores negligendo,

_ : 1 g n Sn—-nn 20n—-9nn 210n—-107nn
2 —nnge = —l—,(l ~+ Rl 2% - 5 (12x) ) (1 — e T A A8 48121688 ete

+(1 190 4L un (1222} (1 oo 7 o Soomn  noOm | AOnA0Twn
— nl 22 - nn (12x) (_"Ii";v?,"’"4.sm4+4.s.19m“’+4--8-12-‘165°8 e

destruunt, reliquae vero per nn divisae praebent

- —2£2w(i—|— 8 - 20 - 20 —:—etc)
PP = iz T iBar T 484220 T 4.8.12.162° ’

1 9 107 i 2 )
—2 (4:35& + 1. —+ —|—‘etc.> — (12x) o

1228 4.8.12.162°

existente @ = ¢os . Ad legem hujus progressionis clarius percipiendam, ponamus Q2 =y, ut

y:IQCOS.gJ et' %:A:%, ',4-% 7 :w:%
Herot s(iel)  —emied
g%: (’——-%?: C(%——I—%—I—-%—) | —:y:%:ﬂ-—l—%
I R et
‘ etc. | ete. E:D—J—-AC—P—J%{B.._
eritque ‘ q)cp.—.;gly'(y—l?}—l—?i— yiﬁ %—l—-;—‘uqm etc.) .
-

o B b & a
*—2@/—4 +y_“+? +JIE —-I—CtC)-—-(l:)”) N

ubi si brevitatis gratia statuamus

1 4 - B c
P=— 4 (- — et
vy v y y

fit  pp=2Ply — PP—(ly)’, seu @ =— {y — P,

quod est absurdam.
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,a' ~Omuino autem notatu dlgna est relatlo quam hic inter numerorum A B, C, D, elc. et

@ - Bz 4 y2* 1~ 028 a4 ete. = 3 (1 b= Az - B2 - Cz% - Dz - elc.)?,

ujus demonstratio hand parum ardua videtur. Operae igilur pretium est indolem horum nume-

:::-%—“——%1 | a.:zs(-%:%.iz

Py e ()i

e 0Ty y=C (-t g)=1.B+5 44

:g_gi_gzs__gg - d‘:D(-%—{_%4—§4——)_1 € AB

.:79?3?4?5];:31—{?5::511) ‘EHF<& %" ;4“1,1_0.4_%):1.'1)—;—,46—1—%123
otc. : ‘ etc. | o

pessiones :
{ 2— 1 .
A=3 =9
B=5h.5 B~93(— -5_) .
§=5.6.7 ;__(5(_ % __‘_)
H=6.7.8.9 - b:@(%q_%_h%_g_%)
: : 1 1 1 11
G=17.8.9.10.11 e':(§’<7+i+§“*‘m"‘ﬁ>
. 1 1
& —8.9.10.11.12.13 fu—:g(,;—-—;-gﬁ_i%ﬂ_iiﬁ_:g_._ﬁ
elc. ' ete.

rltque uf seqmtur

L 3_391 e 1B -6 =56~ 1093, e_:633+1satcs+zo%§,

f._7cs,+219193+ 3580,

. 7.6.5 7. 6 b.4 G 5.4.8 7.6.5.4.3.2
Ntk Qf'"7 1@3"""—9{5} 12,300 a3 1935480 1554 DU+ S
nde‘ Tex progressionis est manifesta. Vel erit’
ke 1 bz czz b z? — ( i Baz ¢z Dzt 0)2_
T r s raitasas e =g U T e e 2345"“"t
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26. Pro- insigni autem hac proprletate sequentem inveni demonsbrahonem qua srmul
1
hu_]usmodl formularum penitius perspicietur. - Ponamus brevitatis gratia Qm_.-!}—: uk sit cos

atque ex superioribus habebimus

L]

eos ngp — Y —1.sin np = " (1 <+ %y“ 42 (;;3) ¥ n(n—-i-g (g+5)y5+ ete. )

Evolvatur haee series secundum potestates indicis n, fingaturque
-cosngp — V—1.sin np = y*({ 4 nP =4 nnQ - n® B 4 n* § 4 ote. ),

quae forma quo facilius intelligi possit, novo signandi modo utamur scilicet propositis quotcuﬂ
numeris «, &, ¥, 0, etc.
haec scriptié } denotat _
(@ 3, y,'5, ete.) " summam singulorum &4 8-ty 4-J —-cic, -
(@, 8, 7, 0, ete.)®  summam productornm ex binis
(e, B, 7, 0, etc.)® summam productorum ex ternis

(@ B, 7, 0, ete.)'®  summam productorum ex quaternis :
~ ete. '

!

ubi observo si index suffixus aequalis sit multitudini numerorum, hac scriptione omnium prod

exprimi, tum vero semper esse (v, &, 7, 0, etc.)®=1. Hoc autem scribendj modo adhihit

P—'—_—%-y2+(3)(1)y‘+(4'5)(2)y5 (5.6.7¢) . (6.7.8.9)0

10
3 2.3 2.3.4 0 T a3.45 ¥ Hetc
_ @0 o gpn (567)(2) s, (6.7.8.908)
Q=5 r'+ 5yt yty 9.3.4.5 7 el
’ _ 65O o Ge L (6.7.8.9)2)
R="5r+=035 2.3.4.5 1 el

__ .60 o 6.7.8.90
S= s Y gy ete .

p_6-7.8.90

9.3.4.5 - ete.

ete.
27. Nunc autem observo fore simili modo
€0s Ang — V'—1 . sin Angp =y (1 4= AnP - 2020 - A3n3 B - etc.)
Cum autem sit, uti constat
cos Angp — ' — 1 . sin Ang = (cos np — V' — 1. sin ng)t,
erit quoqne cos Mgo — V—1.sinAngp ==y (1 4= nP 4 p? Q +- n* R -1~ ete. )’I
ideoque 14 20P +2A2n2 () -4+ A3n® R+ ete. — (1 4+nP 4+ n2Q R -+~ etc. )

quae aequalitas subsistere nequit, nisi sit , .

e 1 52 1 4 el N ' ok,
Q—QP? R= .3P S—a..HPd T“2;3.4.5P5’ ete.

Atque hine porro colligere licet, cum sit
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.-.-ﬂpjf_ 1

cosng —V —1 .sinngp=-¢
nc' autem invenerimus

n nP n P o
- cos ngp — Y — 1 .sin ngo—y =P

sre — @V —1 =PIy, ideoque pp=— (P~ ly)?, quod cum videatur absurdum, ita resolvi
ortet, quod P semper sit quantitas imaginaria; sicque explicatur paradoxon supra § 22 allatum.

-y

- 28, Verum ut ad propositum revertar, rcﬁm sit Q:%PP, si brevitatis gratia valores § 2k
plicatos introducamus, erit )

=yy =+ Ay* 4+ By® + Cy®+ Dy'® - ete.
¢ Q= ay LBy 4+ yy® - 0y"* 4 ete,

nde valoribus @ et EPP aequalis nanciscimur supra observatas relationes, scilicet

-

a:g: p=4d, y=B+£AA 0= C- 4B, 5=D+AC—|—ABB

mnem coronidis loco subjungam.

29. Problema. Hanc formulam @ (1 —4-)/(1 —a))” in seriem. infinitam resolvere secundum
otestates ipsins @ progredientem.

Solutio, Statuatur z=a (1 - V(1—x))" et posita serie, quae quaeritur,

‘2= 4 + Bz + Crx + Dz’ 4+ Ex' -4 etc.

videns est fore 4 = 2"a, unde sequentes cosfficientes simili modo ut supra definire licebit. Sumtis
ogarithmis, habemus Iz =la + nl (1 - /| 1~—sc)) » ¢t differentiando

' dx
—=— 01/(1 5 (i——r-'l/l—w))
ultiplicetur numerator ac denominator per 1.— /(1 —z) prodibitque :
de _ mda(1—V(—a) _ nds adz
T V(—x) 2% 2V(i—o)
b.irrationalitatem to}lendo .
' l ndz  deN®_ nondx?
‘ WH’?) T 4xm (1 —a) ‘
. N . dz  dv  ndm av? " ande®
atur z == v, ub sit. —=_+-—, fletque =fma—a’ U

.

22 (1 wm ) do® = nnoodac®, quae aequat:o differentiata et per 2dy dmsa praebet . ;

hax (,I — @) ddp - 22 (2 — 3x) dede — navde®= 0.

dv ndx ., ,
m nunc sit — ==y et differentiando

div dv? ddr’  de* | omazt -
= —— g —— at
v I ey z -4 Qoo
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do? dz* ndxds  nndz?

oo mz | a@m Jaw €rgo
ddv  ddz  ndodz  n(n-+2ds? ‘ . i
s g '
¢ z wz 4o

unde facta substitutione:
b (1 —a) ng—— hnaz (1 —mx) d'—?i—lw n(n-+2) (1 —a) de?
-+ 2z (2— 3x) (—h;—df-— n (2 — 3x) do’ =0, sen
— nndax? L

b (1 — ) ddz — b (n— 1) dwdz +- 2 (2n — 3) xdadz —n (n— 1) zde®=0.

a-baddz — b (n— 1) dedz
— haxddz + 2 (2n ~— 3) wdedz — n (n— 1) zda’ =0

statnamus s—=A+ Bx—+ Cox—+ D*4+ . . .. + Mt Nw"’"’ -1 ete. S
et potestatis ' coéfficiens erit
-+ N (b i-+-1) — b (n—1) (i 1) =M (— b (i—1) -2 (2n—3} { —n (n—i))f,

qui cum evanescere debeat, habebitur

N:(Qi—n)(Qi—n+1) M.

4N (E—n+1)

vimus esse 4 =—2"a, quare sequenies coéfficientes erunt R

Nunc autem no

. nin—1) , "n
B=—fo-pd="71

_ ('n.—Q)(n—S) L n(n—3)
C=—"Fu—g B=+"3s5 4

B ot N ke B R B L k)
b= 12 (n — 3) €= 4.8.12 A

elc.

Sumatar @ = 2", ut fiat 4 =1, eritque

1oV (1= 2\ n nin—3}) nn—A)(n—5) 5  np—=5)n—=0{n—-T) , .
—_y ko2 e A —ebly
( P ) | —gad—gg ™ 7 I U R A -3 T TR ety

quae est series quaesita.

30. Coroll. 3. Sumto ® negative, sequentis seriei

" n(n—3) nin—4) {n—75) 1 an—15) (n—G6) (n—T) )
e A R I B R W N T F R CRTIAR

) 1+ {1+an\" . . . s . P
summa erit =(———g—— ) * X cuus combinatione cum praccedente, alternis tantum

sumendis, sumia assignari polerit.

'



31. Coroll, 2., Si éxponens’n negative capiatur, binae sequentes series ad summam revocabuntor
cd K o | - .
7 n(n--3) n{na-4} (n-8) 5 ama-b) (na-6) (n+T7) X

19— i 7S cm;—|—;-= R PR ~4.8.13.46 &' = elc.,

.. 1 _.l/;l_l_." —n Y _'. n -
hujus serici summa est :(Ji—]-(g——ai)) = 2" (Ll%_i)> « Tum

B H

R N 1t DO 1 ) ) O TP o O L o OO
, T = R T 4.8.42.1G,

— etc.,

/ - — n
cujus summa est == 2" (’“_*:l__!) \
. | » o
- 32. Problema. Hane formulam (T (1+m)_|21 (1 —)

termini secundum potestates ipsius @ progredirentur.

I - . . . .
) in seriem infinitam resolvere, cujus

- 1l/(i )=V (1 — )

Solutio, Posito z = 5

n S . . ’ 1 — S 12 .
) erit quadratis sumendis zz =G+—1/(2——aﬁ)> » hineque

‘n
14V {1 —az)\T
Z = (———2 k]

P
quae forma in priori continetur, simodo ibi loco x et n scribatur awx et 5 quocirca colligitur
- statim series quaesita:

nin—6) , _n{n—8)(n—10) wﬁ+n(n—10)(vt— 19) (n—14) 2 —

.16 ~© 8.16.94 8.16.24.32 ete.

7%
i—gmw—l—

Y a-2)+-1(1 —m))”.

quippe cujus summa est :( 5

33. Coroll. Sumio n negativo, ut prodeat haec series

x® 4~ ete.

n nfn4+6) ,  an+8na-10) amp+10}n+12)(n4-14)
T g an e @ - e oy © T T g.16.94.52

. S A — —T1
‘hnjus summa erit :C {1"_”’)—;1 Chudc) A

quae reducitur ad hanc formam:

(T/(i +- ) -;'V’(i —m))n_

3k. Scholiom. Omnes series istas, quarum summam hic assignavi, in hac forma complecti licet:

n (n-1-3) n-+-H@+5) 5 neD)6) (niT) yi 4 ete.

n
$=l+ Ty + =50y +—733 1.2.3.4

1

- erit, uti jam supra observavimus,

l_:al{“c_i?_xn, si sit &y < 1. Casu aulem y —

n +ﬂ(n-—|—3) n(n—+4){(n+-5) n{n4-5)(n+6){(n+T)

—— n
2T i YT s T5.ias T+ ete. =2%

1+

erum illa series pluribus modis transformari potest, ex quibus hunc solum casum affero, qui oritur

ferentialibus sumtis, erit scilicet
&0
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2 ‘.... / - —it L] - - »
‘eritque s:(“"]—giyv ; unde patet si fuerit 4y > 1, seriei summam esse imaginariam; realem
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dy n i

At est %

- o B ot 5) (o B) (et D) g T ey
L an3) n(n+:‘)éﬂ—'?, )yy+ﬁ"(’i+.),§”:;..é)(”+ )y3-+ﬂ-etc i
' : EAREEE s R
ar. 1+V(1—4y)>*"—* A 1
< =+ (““" 1/(1—4y}
. ! G BF

Quare pcr n dividendo, ]JUJUS seriel

I I-"

: . -3
{ -

(n+4) {n-+5)

"

y - ete.;

—|—‘ ‘(nfs) (n=4-6) (n-+- 7j

1

summa est

Vel

m (ma-1)(m-2)
gy +"

F R

samma est -

scribendo n ='m— 3, hujus seriei A

TREEE Jién i

1.2 1.2.3

LoEe
LA T

7/(1 . (1+1/(1 - 4y))—-n—— 1

[T O R

by

(e 3)('201.-;—;)(;’",:—5) (m~-6) j}’"’ + ete

af-

(- 2) (mt- 3 (- 4) I
1.2.3

— V- 4y)

1+1/(1-—-4y)>——”1+2 o .-i T L T

ot
i ER—
\
: ! IR ot Y L LIS Piersr g ¢ ) vk
102 ()
—_——p :
; ITE— e .
i 1} - 3
L . ;
. s [ U T AR S
- - i ) b AT Y
|5 A :
. o
i
P nnarn it P OW il oy g RS
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« - bootild . -
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"
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