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EXEMPLA

D . QUARUNDAM L
MEMORABILIUM AEQUATI.ONUM
o DIFFERENTIALIUM, .

.quas adeo. algebraice integrare licet,
etiamfi nulla via pateat variabiles a fe Invicem
- feparandi. o _
e Auftore L. EVLERO. . .

- Conventui exhibita die 1o lan. 1778.

§. 1.

Facile quidem eft hujusmodi aequationes, quotquot lubue-
rit, exhibere, quarum integralia affignai queant. Si enim
. pro V accipiatur quaecunque funflio binarum variabilium .
(.- Zety, ita vt it 0V = Moz + N0y, evidens eft huic aequa-
Hioni ifferentiali Jx (PV 4+ MS) 4+ oy (QV+NS5) —= o
Temper’fatiqug¢re‘aequationem finitant V—=o0, Verum hoc
integrgle tanturi eft particulare. Praeterea vero fi ejusmodi
. aequatio proponatur, plerumque haud difficulter ifta funétio
38V wel- divinando inveniri poteft, ita vt hujusmodi aequatio-
] qes parum in receflu habere {unt cenfendae. ' Hic autem
;i,:.al.f:.s aequationes in mediuvm f{um allaturus, -quarum inte-
" gratio omnes methodos adhuc cognitas rzfpuere videatur,
~cum tamen nihilominus earum integralia completa, atque
eo algebraica, exhiberi queant,

Az § 2.




§. 2. Hujusmodi fcilicet aequationes - differentia
deducere licet ex hac aequatione differentiali hadenus p

8x — a9y '
rimum trallata: == v in qua eft X = a + 2 % eljeere p
ymx+§x+ea: et Y _,cH—:sz—f—fyyy—i—”Fy haal \in eti
cums integrale completum hac aequatlone finita eAprlml'& ”@-ﬁle}.fa
X KA VY r Amy ;
I 1x_.___.___J V’zk—}-y-—;—zB(:}:—i—_’y’)*s(m—i—bth 'mﬂ‘ 1Sy {3

“denotat  conftantem arbitrariam- integratione—ingreflan
quod ergo integrale etiam hoc modo exthlbeu poteft

H. VXYza(x—y) ——-a——ﬁ(sc-i—y‘ ry:cy—-ﬁxy (x+y )88
exxyy. Quin etlam irrationalitatem penitus: tolleni
hoc integrale fequentem induet. formam:

L o = ar(x — ¢ — 2afe 4 B(& 4 ¥) =4 %
dzy(m+y )+E$$)’Y)+ (68 — ) — 243 (x+
—-OLE(CC-'i—j/')—”ﬁ g’y—zﬁe;ry(:cﬁ«y +(5§ rye)xx
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ﬁa*tuatur
ferentialig
blciuin; s
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§.

Hine jam fequentia exempld evolvamus.. et -aeguat

Exemp Tum I

 Cum ex aequatione 35 — 32 fit 2% =
| _.§. 37'-,.Cum ex aequatione L% = 2. fit =
_pabebimus 22 — YX¥  vhi, fi vilores pro Y et ]/XY
3> 5% > P

forma . integralis {ecunda fabftituamus, prodibit

9% — Alxz— )-—a——ﬁ(m—} Yr— Yoy —8x &2 4 y)—ex:g*y_y- HJ" ;
RS . a+zpy4—ﬁ'yy+”533~a-ey+ )

guac more folito. in ordimem redatta hane induet form.am
0 (a2 By +pyy+2dy eyt oy (e (x

=y Ty Oxy (X -+ y) +exxyy ) = Aoy (X —

 eujus aequalionis ergo mtegrale eft aequativ finita, QUi
fub 1.]Lp11CL forma .exhibuimus, Quoniam autem in hoc
tegrali nulla nova conftans occurrit, quae in differentiig
nmﬁt » hoc integrale tantum: pro P_dltl&:l’.llall eft hahen

qame dwz
".ﬂv Vo
'l'deoque (
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*§§T % 1 'f*ntenm* tamen haec acquatio differentialis jarm
éft COmparata, vt nemo certe ejus integrale divinande:
"',lpotuent, ¢um fex quantitatés diverfae ibi ocemrrant.

aet‘lam fi quatuor adeo litterae evanefcant, tamen .in-
gdhuc fatis ablconditum deprehendﬁ ar. Veluti fi fu-~.

>4

V5 vhi Mmﬁ‘r =1y — 3 — ¢ — o, oritur haeec aequatio di fe-
ingreffamgge: s R OX - -ady ?\By (x — ¥, cujus ergo lntegflale
. potefi :§8 : jpfonmaw erit , 2 s = Vei, ive x — 5 =< L3¢,

PR o qm- valor xtique fatisfacit, fed tantunt

arit o ?roﬂmegmhﬁﬂ‘m’temﬁ:ompleio dnveniendor—— -
{1 atur:c-—-y = v; five'x — ¥y -+ v, vnde aequatio dif-

ntialig evadet dy = 22—, cujus ergo integrale com-

i ‘p{lcj;um,--ﬁve a. log,authmm . five ab- drcubus circularibus ‘ "

(xy).

1 totlen

§ 5. Popamus nunc effe o — v =3 == £ 2= 0y
-maequano- roftra differentialis. erit

LZRyox + Llx+4-y) oy == Ry (x — ¥V,

N : m%o* faisfacit hoc mtegnle ex I forma
tf—;]/ﬂX—-Y v “”“ "”"‘w'*’ff D=y 21, vel ex I forma
* ' = Az — y)* — B(z 4 y)

“'fonn‘a"pmebet: vV - ]/y = (z — ) 1/ k

.'e'x,x’y}". - )

RET divifa per Yz Vy dat » = (yz — yy) 1/ »
¢ formam \;‘fe )/g:‘ = .y - 1/-2—, hincque ' = 3 «+ 2y By -+ f_
(T _ ok = dy - "1;";’}‘? > qui valores. fubiututl ateqﬁa-
oy (% — - Eodens xd;enhcam ploducunt.

Tlﬂltan que
' in hoc 4
different;
ﬂ—_ habendd

§. 6 Cum igitur ifti calus feplicifimi jane pa‘Ofun
_ m; lnlgidﬂatlonem requirant, linc cvidentiffime elucet
‘ In}ﬂ S lex litterae in calculo re linquantuz, twm nermnae;r;

- Calte



us integrale faltem particularé effe et
fa aequatio g_eneralis:‘ e !
L 28y = ey') ) ooy
+a$y(x+y)+exxyy ,_.‘_?\By(x__ )
com ejus integra :
a §. 2. affignata &

_gerte vnquam €]
rum; unde haec 1p
S (s A 2 BY YIS
wax(aﬁ—ﬁ(x +y) Y XY
omni attentione maxime digna videtur,

T licet particulare, fit ipfa aequatio {upr

-~ yiplel form " Jn. fequentibus auienm exemplis hujusme
aequationes differentiales Iﬁfm‘emns,qaammddeo _integ

}Jia completa algebraice exhiberi queant.

; Exemplum II. |
Cum fit 9% @ 0¥ == yX : VY, ent g:—a
= yErg. Jam haec fraftio fopra et infra ‘multiplice
per VX v ¥ fietque %_;fc.;-:—g—i:- - ﬂ%j:%lf, cugus num'
tor ex prima forma integralis eft - °* o
S E =y (rr 23 (x+yY
denominator vero exit ' o
- 26(x~v)+v(xx-)-’y)+25(msﬂys)'ﬂ(m‘—y") =
ficque haec fraflio per T —¥ deprimi poteft, ita vt habean
(= —_y)('zk-—%—fv—%—zé'{xq—y'\—{-—eix%— ED)
—#2@1'*?“’“‘*-”7"‘95“‘”“'“xJ’-i—_")fy)+E(x+ AN
iptegfale'pariter erit ipfa aequatio_ﬁm’ita “fupd
affignata, quae cum praeter'quantit'ate‘s confrantes, i 1pf
aequationem - differentialem ingredientes, quae fapt £,
5, ¢ et A, infuper litteram «.contineat, vtigue pro inleg
completo eft ‘habernda. S | )
-Quo hanc aequationem in ordinem- yediganm
primo eam in hanc foymam convertamus :

9x —= {3______.--"“}‘“:"_____3’\1,;"_?_”'*‘5;9”2_?_'_? gl R (X H. %)
oy 53".23‘-&-30)-—5.5#3'.(24—.3)' N

— xR

S L

)—I—a (x +'_y)‘2-

cujus erge

e

ﬁgﬂngra]

§. 8.



|
U

Jgitor fiﬁa&ionii)us fublatis prodibit haec aequatio:

09— VZoy— 854y 2kt y)— cxEoy (2t ;
erge aequationis integrale completum eft ipfa illa
atio- finita, quam fupra fub triplici forma 1'ep1'aefenta:w_rlf
v+ qua littera « eft conftans arbitraria per integra-

mwgreﬁaf vnde ex tertia forma integrale ita referri
. ,’}fﬁh(‘: L - 2 ;
23(&ry)+e(xry)) = an(z—y ) — 20p(z+y)
BRARSTY (T+y) — 2 Aexxyy + BB— 2Bdxy
(x+y)+ (33— ye) xxyy. ;

e
£xy

_]_lpgx — Yydx — Fygx(2y4+x) — E.ﬁ‘.yam‘tx"}'-y))} == 0.
3

- — ¥+ —2NYxyY — 20y (x4 5) — 2 Atxiyy o BB — p
- N\(f I =228 7 y-—gﬁexy (a:-!—yj—;—{é‘d"—'}'s)xxgay i }
e ' 2A+'y-r25‘[x+y)+flx“1—j)"

o ST,

m‘ : -

" :.§ 9. '‘Quia in hac aequatione

. : plures occurrunt 1lit.
rae, fcilicet 2, g, Vs O,

Rod €5 contemplemur primo cafus
¥y Ipeciales, ,quibns duae tantun litterae accuzrunt, reliquis
R Ad nihilum - redadis. | ,

. 4) {1 2R A TV U Co

1abe amys | yuT L o

12) AR LG BRal okl ‘quO v o= 6 = ¢ — o,

FET: -i—.T g ST P )

.. Aequatio ergo differentialis erit

, in ip L ROR (T —y) — 23y (x~ ) — pox — goy =0
vt t} five - A(xTy)(ax-By) —B(0x+23y) = o
- Ineg

ujds integrale fponte fe prodit

S 7:~(:r"-——- ¥y —a B(x—+9).= conft.
Generalis vero integralis forma ho¢ cafy praebet
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.quo g ..-__:5 — £ - O+ ceden‘
3 ~ Hoc cafu .aeqtlatie diﬁci'entialis erit __
Caox(x — Y)Y aay (x — ¥) T, -+ 0¥
cujus integrale pariter {ponte. fe offert, ,quandoqmdcm k
Soa(x — : . o XY = conft.
(x.— ¥) vy = SN pavay,
oA+ Y '

Ry forma general
. Quin etiam fi fueri

Ferentialis erit

Aequatio di
% O

sz —y) (2
cuj‘us integra
oAz — Y)
Formra g'ener_alis.

{
———

onfenfus eft manife

vbi ¢
s n

3 et ¢ evanefcunt, 1€
fi litterayum S et g, VE
ejasmodi. oriuntur aequ
gralio per me

vit; hujusmodi igitur €2

a——

i integrale fit & —
t tantum 5 —— ¢

Cafus III

y) — B (23 + 0¥
le eft ‘manifefto
¥ — 28 (x
antem praebét
An(x — Y8

frus, ficque
ihil plane ha
1. altera tantums
ationes differen
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— o, qui fit
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conft.

y) — 2vE =
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quoties ambae 1i
bet in receflu;

vel ambae affue
tiales, quarum ¥
m difficultatis
ra evolvamd

fas hic data OP®

- Cafus I V.
. _quoﬁ:f\/:e:::o.
§. 11, Hoc ©Igo cafa - aequatio differentialis €
. k(x—y:}(?ixwBy'}——5y‘8_:c(2‘y+a:)——Ecc'd‘y(n:c—i-y
cujus integrale ‘€X forma geﬁerali refnltat '
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atl ’ﬁjeutiquam tam clare peri"pic.ij;ur,_ quam Cai-
yaecedentibus; namque pofito brevitatis gratia A == nd,
tbeatur haec, aequatio: |
Yz -y) = yaz (2y-+a) 20y (22 +¥),
brom fponte eft integrabile, hincque etiam fi
ur per funftivnem quamcunque T — ¥+ Verum
mjugmodi Tunflio datur, qua etiam pofterivs . meum-
ile ‘reddatur. Vit autem more [olifo in ejus
qUiifaiiiis ;' ponamus x +y == p et T —y =0
: et y == 29 atque aequatio noftra in-

y) =
idem

AYxYy

i

dc. foxtham: ngdq = 1op (spp +qq) —pydq. Po-
“hit g9 =— v, vt fit 2 gcg — 0Jv, et aequatio nolira
2NBY s 2 pov — vop = 3 ppop. In qua aequatione
p#¥icam ‘tantam habet dimenfionem, ea methodo con-

: By) =

~LU3P — 3ppop

ARr9P, - Un+ep
12. Conftat autem hanc aequationen generalem :

~onft.

e litte

: vaintegrabilem reddi, fi ducatur in /9% tum enim
U}TV? egrale-fit. e/73Pn —.fe/*¥*Qdp. Hinc aulem pro noftro
‘1- L?mu lL 1 a’ll:tebg.mL‘l.&:‘t;é3 = s ©F Q= Q—% ; quamobrem
. # = 2lilen = 2p)+ 1222 (n < p), i Jrop
atis invg L o A e P)*3 i {(n + p), ideoque .e

RS YEI%:

@880 aequatio inilegralis erit % 3
¢ 7’_}.!11,,;),‘_% quat gra ent Vintpl T B g pEe
fetho- membro ponatur n +p = 21, five p= 23 —n

[N . 3.\ N ) .
: (H-i— p)"r‘;_:‘z:*, tnm vero fiet DPPOPs __ 20z(zt_gnmzinm)

. '*.‘.5'335_ — 4 noz —- 2nngz C[l(j;_'l-s!‘_ 7’_)5 -__ . I
lis eri N ORI =s 1 cujus integrale eft |
c+ ) ?'f'zf,u-‘ FE SCOIlfequenter noftra aequatio integralis
: “mr“"'.z S, 6ng -— .3_’"1 -~ conft.
a.AﬂgAmd. Imp. Scient. Tom. XIII. T B

five

.. refolvi poterit: divifa enim per 2n -+ 2 p, praebet’

Pp.==Q%p, vbi P et Q fint funftiones quaecunque




Qe

Aive v—=pp— 4np— §nn +CV (n—+p)

;|

——— T

five 2 = (n+ph—6ny(n-+p)— L +C, qq

Yin-+p)
aequatio reducitur ad hanc formam:

v=@m+~p) —6n(n-+p)—snn+Cy(n+p),

§. 13. Erat autem v == ¢gg, Ncque integrale nofi
erit gqg = pp —— 4np — 8nn +~ CyY(n-—+p) At
integrale fupla datum, fi pariter ad quantitates p et g )
ducatur, in hanc formam transmutatur:

- nbl ‘P—-( 3 — 2 o ,
Q‘d,_'___,'_ Yanqu P P 74t __I_ 1 Lp Tz q4)

S - p
— Ifnngq—8nplpp —qg) - (PP —q49)°
6(n~+F ) ‘
Ex forma antem inventa conftans arbitrayia C hoc Mo
. — _ — 4 — g n
definifur: — C — kP 32— 47D i ]

. Y (n 4Dy

cujus gqunadratum pracbet =

QC —btbp—gqqllP—8np (pp—gqi—T6nn{bp—gq) +I6nnpp +-64n3p 16
n—+p

bincque jam elicitur £2 — CC == 64n’ Unde patet am

“haec integralia perfefle inter fe convenire, fiquidem tantiilf

quantitate conftante a fe invicem discrepant.

. §- 14,  Ob tantas ergo ambages, quibus vii foi
ad integrale eliciendum, ifte cafus tanto majore attenti
dignus eft cenfendus. Interim tamen, quoniam _integy
denominatorem habet n + p, atque ipfa fraftio differeni
noftram aequationem differentialem reproducere debet
cefle eft vt 1pf'1 noftra aequatio differentialis .

41499 + +pqdq — 3ppdp — qqdp = o |
integrabilis reddatur, fi per certam fraltionem, quae reper:

—gq - 4nh =R nn
pp qw_'_;ﬁ > multiplicetur; id quod calculum 1
‘ : oo
: tae




tebit, fi formulam pro =3

'Ca Gqu e - . ‘
pliites dempm ambages pal
' fexhibitam- differentiare voluerit, quem Jaborem autem
P 2 =fulcipere ~mon vacat, praefertim poftquam confenfum
' bor jam ob caufam

I P fnitegralium_ jam oftenderimus; qu
s maximam. attentionem meretur.
- ~‘ . . .

LRy ) e (x—+y) (yy 0%+ xxoy) = ©»

‘differentialis erit

ot grale completum erit .
cLE = Dh e x4 32

] AR [m—y)2—RAEXEYY
"‘_ﬁc:itgni‘m‘;ac —y == p et & —
1, et ‘aequatio differentialis prodibit ,
“ngdq—%pdp (pp+qq) +EPPII="2"
Integrale vero eit & == nngq — 5 (pp — 49)
- o 27 =+ pp

6+n5p+64nA
atet am fta autefy aequatio pariter nulla laborat difficultate; pofito
m tantuf ’ g 9, vt fit 2q0g = 9w, prodibit haec forma:

w B10Y — puop = ppov = P op,
i vpIP  — _P3OP

{a per 2 n+ erit oy —
13{5_,_P.,_ pP’_ v padpp T anADbp’
uatione generali §. 12. comparala dat '

vii fu

attenti = Fi

ini:;lr S et 0 = ’M__.'_iﬁ, Fiet exgo [Pop=—3i1l(2n+pp),
- -} lP — - * - ’ 0 .
Hetontia v g JEOP — 7(*75—45?1’ ergo aequatio integralis erit
ebet, v . _‘f pog - _4n -+ pp

- - = — g o C@nﬂ:- 1 g

- -pp) /. (2n-+pp) ¥V (2n-+pp) Hledue
- o eréompletum erit gqg = 4n —+ p+Cy(2n+p '
e repeti @ Jhabebimus C — 24— pP — 47 nr ]/( n PR,
lom 1d ota afh : AT T TN forma, vt cum fur-
1lan a affignata comparari poffit, quadretur, fietque @

B 2 , CCz

Y == Qs ponaturque




CC = #=2ppaa —tnag +pe+BnppIsne Frat autem ==
TR PP

= 4 (PT’;n'?f*_"’l;;B“N , quarum explefﬁonum different;
CC 2 = 8n; unde patet conftantem C ita defini
fit CC = gn — o

Cafus generalis,
* vbi omnes Iitterae admittuntar. |
: -6 16. Poﬁto nunc in genele x4y —etx — ¥
aequatio nofira differentialis erit _
rgoq—Bop — Fy(por —qdq) — ;3op(app
+3pqdg —iepop (pp~+q9) +zeppgoq =

cujus ergo integrale completum et
{ + Ahgg—2ABp — iy (pp —qq) —3r0p (pp—g
e ——->\E(Pp—qq) +BR-1B ep(pp—99) -+ (30— ve) (pp—gq
2N 4y "8p+epjo)

§. 17. Poftquam autem nofira aequatio ad I
formam eft redufla; ejus refolutio nulla amplius difficul
laborat; poﬁto enim gqg — o, et terminis five v, fivej
contmentlbus in vnam partem translatis, ifta forma ploveni

(on - - 2§p+spp)a'u-—v(§-—|— ep) O

== (4B 2yp -+ sopp + =p*)Ip.

. a.v_ — wap (F+epy e B3P EP LYY 3Epp ).
SN -y Fedpepp T h =Y 4ufp -Epp P
haee forma cwm generali §. r2. comparata dat
P — —& —p Jet o AR YD 3F P T
2Ry +2£}“-P-i EEP Q= SN O pAEpp T
fiet ergo | [Pop = 2= ?\—1—1/ —}—25}3—-{-—5]\)]})_1
ideoque: . e/t - —
‘-‘ .q'L - V{ua)\ _i"'\ﬂ, T AdP"}‘EEE}r

quoc :




‘apmfiH’V.ﬁﬁ_M
..rg—w‘zﬁ‘?*-ﬁ?i"’ : (21+y+05p+5PP1

rentm
aﬁniﬁ, " |
| g, Vi hune poﬁremam forrnulan? 1ntfg1i];jcmc£aﬁc11=
vaﬁ%ﬁ% ,-pomamus ejas integrale effe W S
':,:mac ' differgptiale ; debitum habebit denominatorem,
;"B;;a,tor ad-hanc formam reducitur: |
JiBecr Ad) i+ pap(Bs+z(, (2n—+ry)— Ac)

tln
— S 4’.‘3»-— (z A+ v)B — AF,
- B 0y 5 “h*’!zry’:“‘_ BS 4+ 2C(2A 4+ v) — e
: ihg, -l g | :g,BC

P9 g i 210Gy |
‘ Bﬁaewboﬂrema:e manlfeﬁo' pmebent ¢ — 1, tum vero
‘ndguﬁt By 4 4n’— Ae — 2y ua cum puma, con-

74 — 4B -+ 4;\:3 ]
'iﬁnﬂfa«_f&l ﬂtu;, Bt T T
Shique’” L A== ”” +ari2n+ v guibus valoribas inven-

LR A y,E~—6

fb:%x -mt‘egrahs erit

o . ),:,:, ,1“\

" ) .
A+Bp—CBP ~
ﬂ-‘sﬂ 1“-—&—&??)5'“ VIZh 4+ 3y p+eppl —+ A’
—'4\—"'?3?—-(‘1)1) - i [,11},—-,1[;.4. r_x_}'J
Q*TMS?'{'!?P)’ ﬁ ve A (h,\..!_ /,,‘_,_‘BP ‘_‘_PP)}

s . ,__H:EQ“____ . 1e
.qﬂ“ad,rdﬁm a. v.alme 1p11us syt Tubuallum e
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