University of the Pacific

Scholarly Commons

Euler Archive - All Works Euler Archive

1794

Disquisitio coniecturalis super formula integrali [ 9&straightphi;
cos(i&straightphi;)/(a+Bcos(&straightphi;))”

Leonhard Euler

Follow this and additional works at: https://scholarlycommons.pacific.edu/euler-works
Record Created:
2018-09-25

Recommended Citation
Euler, Leonhard, "Disquisitio coniecturalis super formula integrali [ d&straightphi;

cos(i&straightphi;)/(a+Bcos(&straightphi;))™ (1794). Euler Archive - All Works. 673.
https://scholarlycommons.pacific.edu/euler-works/673

This Article is brought to you for free and open access by the Euler Archive at Scholarly Commons. It has been
accepted for inclusion in Euler Archive - All Works by an authorized administrator of Scholarly Commons. For more
information, please contact mgibney@pacific.edu.


https://scholarlycommons.pacific.edu/
https://scholarlycommons.pacific.edu/euler-works
https://scholarlycommons.pacific.edu/euler
https://scholarlycommons.pacific.edu/euler-works?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F673&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works/673?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F673&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:mgibney@pacific.edu

AD TOM. I CAP. V. 247

prorsus uii supra ivenimus pro casu f-ES aq}c” 8% . talis autem con-
sensus perpetuc deprehendi debebit, '

3_) Disquisitio conjectuvalis super formula integrali
0 Q cos.i D
- (a-F B cos. )’

M. 8. deademiae exhib. die 31. Augusti 1778.

§. 40. Incipiamus a casu simplicissimo quo {0 et
n=—=1, et formula integranda propomitur haec / c?-?;—%—%ETEIS’ ad quod

praestandum coinmddissime_{in subsidivm vocatur haec substitutio

. . 201 ;
tang, 1 O == ¢, unde statim fitd O — T’ Porro vero cum hine

v

sit :
sin ECD"———f——— et cos. I P— 1
S EZ “"V(H—tt) 2 Y .
i’ ideogue denominator nostrac formulae

1-{ 1‘
o 4 f3 cos. (D::“"“ﬁj‘_i‘“r;ﬁ)”,

sicque nostra formula integranda erit

erit cos. P —=

i’ 23t
oo o fa— ) i1
§. 44, Constat sutem ex elementls esse
8t et Arc’ tang. ¢ 11/ &,
J+git —Vig :

Quars cuin pro noswte casy sit T - Betgmm g — ﬁ hababumws _

hanc mﬁ:egx ationerm.
@: umm

fm%%%}e@ ““‘“m Are. tang. ¢ +ﬁ’
existente £ == tang. 1(D; gquod ergo imtegrale evenescit casu £2=0,
ideoque casu O 7= 0. Quodsi erge hoc integrale extendere velimus
Fol, IF. 28




248 SUPPLEMENTUM 1V.

a termino O == 0 usque ad terminum P == 180°% ubi fit { =00,
1E H * -1 --..._w...?.-——.— - ..Er..- & 1 1 ™ H LI
istnd integrale ent VT e S denotante v semiperipherjam cir
culi, enjus radius —— 1.

§. 42. Quoniam igitur integrale nostrae formulae a ter-
mino @ =0 usque ad terminum (P == 180° fam concinne et sim-
pliciter exprimitur, etiam generatim in hac dissertatione in ea tan-
tum integralia formulae generalis proposiiae

0P cos i P

f (@ =@ cos. O)°
sim mqmsnturus, quae comprehenduntur inter terminos CD—"'D et
PO == 180°% Quia autem in casw tractato formula inest irrationa-
lis (¢ o — 383), ad hoc incommodum tollendum, in sequentibus
perpetuo assumemus o — 1 ~}~ o a et 3= -—2a, unde fit
Y (aa —BBr==1-—aa, sicque nosirae disguisitioncs versabun-
tur circa'integrationem hujus formulae generalis

f 0P cos. i P ‘
(1 +aa—2acos. Oy’

pro gua brevitatis gratia ubique statnamns

t - aa-—2aces O=A,
ut nosira formula generalis jam sit
0 Qeos.i P
AP 3l
abl ut jam notatum, eum tantum integralis valorem explorare nobis
est propositum, qui intra terminos Q == 0 et O == 180° continea-
tur, quem valorem ex casibus particularibus concludere conabimur.
Praeterea vero hic in genere notetur, litteram ¢ mnobis perpetuo alios

numercs non designare praeter integros, et quidem poqxtlvos, quan-
doguidem semper est

cos. — i = cos. 4~ i D
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I. De inﬁegratio"ne formulae-
o Qeos, i ap=0
SR [ad QJ:iSO":I :
§. 43. Hic ergo casus in generali continetur, ponende

exponentem n—= 1, quem casum ut simplicissimum spectamus, si-
quidem casus n == 0 nulla prorsus laborat difficultaie, cum sit
S0P cos. i :—i— sin. i.(,
qued integrale jam evanescit casu i == 0, et quoniam i numeéros
tantum ntegros significat, sumto ¢ == 180° hoc integrale iterum
evanescit, sclo casu excepto quo i—— 0, quippe que casu integrale
fiet == Q, ideoque sumto O == £80° -erit pro terminis integrationis
constitutis /o P — .
§. 44. Iste postremus casus fundamentum continet, unde

integralia formae hic propositae haurire conveniet; cum enim sit
) CD — {1 +aea13d ’_2aaq>cas.¢w
- A a
erit imtegrando pro terminis praescriptis

n== (A= aa) /8 — 2 a 20000
supra autem invenimus esse f%9: f— =, quo valore substituto

adipiscimur integrationem casus i == 1, cum enim sit

{1 taa)m . a @ cos. P - dpeosnd __ mwe |
M - 2e 0, erit [ e

sicque jam duos casus sumus adepti, qui sunt

fg_@___ w et fatDch.Q) - ma

& T 4i-—aa —1—aa"

§. 45. Ex his autem duobus casibus i-= 0 et i === 1 se-
quentes omnes haud difficulter derivare licet ope hujus lemmatis;
eum sit ut vidimus /9 @ cos. i P== 0, erit

U’:{i e aa:)f—-a-%'-fﬂ —2 afacpcos.icos.x@ .
28 ¢



BB SUPPLEMENTUM IV,

Constat autem esse

o ¢os. Q) cos. z(j)'-—cosn (i~-1) (})+cos. (i 1),

wnde habebimus hanc aequationem
i+oa OQcos.iQ ___ 3 Qeos. (i) D o0 cos. (i1
SO0 RO LmN - 3009,

R &
onde oritur istad lemma |
D Geos. (-1)D ___1-taa rddeosid dPeos. f—1)O
JRoen NG 1ot p20mni0 | A0 (00

Sumto nunce ¢ —— {, istud lemma nobis suppeditat hunc casum
8Qecos.2 ___ 1d-ea roQeos @ o] ‘
S = S =

. qui ergs per binos praecedentes expéditur; fiet enmim

dQeos. 2 __ mwaa.
S

4 ——4{—ag’ )
Sumatnr nunc I-— 2, et lemma nobis dabit
dcos. 1P __1-F+ac @ ces-2Q o eoss & X
\f 4= - a_"f a4 . "‘“f—“_j‘““a T
ddeos.3D ___ wa® s
S= =
simill modo sumto i—— 3, lemma dabit s,
BCDcas-/@fD_i-}—aa 3 ¢ cos. 3 g®eos. 2 ..
f a_f 4 ¢ —_ f 4 — . SIVE
aCDcas 49 wad
f e T
Porrs casus i = 4 praebet
dQcos.5Q __4-laa ,3Peos i P 3 Peos. 3
S5 —— fq)‘3 wf¢~-~¢, sive
-r [ ’
fa{pc;”q}:;:_aa, atgue ita porro.
§. 46. Hine igitur patet, singulos jstos casus ex binis -

. h .. e
praccedentibus determinari ope scalae relationis =~ °2, ~— 1, arque

seriem recurrentera hinc oriundam ebire in  geometricam: quodsi
entis bini termini postremi jam inventi fuenm. |
A
T a 7w arti

et ‘ ' . o
f—a f—aa
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‘ Tart?
sequens reperitur = Lo 6% quo ergo sine ullo dubio sequitar,
' —aa

pro casu particulari hoe loco iractati in genere fore.
/aCDcos.zCI) 7 al
1—aa’
vhi autem probe est notandum, loco i non nisi numeros integros

positivos ‘assumi debere.

II. De integratione formulae.

d@eos.iQ ad== 0 ]
S | uap=1s00]"

§ 47. Casus simplicissimus hic occurret_f%—?, cujus erge
integrale ante omnia perscrutari oportet; hune in finem considere-

siim fD —_ quaﬂ pro utrogue termine

mus hanc formulam finitam
G=o et ¢ —180° evanescat, hing autem erit

. Cer
BV:aq)T'Q—Ma%iZL@ , sive

o _{(1+2a)dd cas.Q)-—-SaaQ)-*
9V == (Fre)20an0=2000),

ande integrande jam novimus esse
0_—(14—@@)}’6@“5'@ 2mf-zib-.

- :
Porro verc guopiam anie habuimus /- q)z';—:——;, hane formulam

a
integralem supm et infra per A multiplicando, erit guoque
— : FPros G
ﬂ-—-aa' (H‘ ~+ C.’.'ad)f*-- CI-_/‘A“—J,',’—-_.,
Ex praecedente autem eolilgltur
1+aa ‘/‘_12 LI
quo valére subst;tuto ‘habebimus

f @ cas.

—_— hae dP __{{wwge) AP
(1 +G€CL)/-~~‘ W‘-—-}-u;/‘ig _‘si—raa 'fd" i

imaa

g
e
3

RS e s ™
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quamobrem hine -adipiscimur hanc integrationem principalem

'n'(‘l—}—aa)
f—dg -—-—-(i___aa):l?

ex quo immediate deducitur casus sequens

dQocosd 27
4 T ({i—aa)”

§. 48. Pro sequentibus casibus consideremus integratio
nem in articulo praecedente inventam

/‘B(Dcos.icb___ T at

4 T i—aa’

quae formula integralis supra et infra per <4 multiplicando discerpis
tur in sequentes dnas partes '

lﬂ——_(i-{-—aa) acb COS, z(D ‘afa(j)cosﬁzcos.id)gp

1—

quae aequatio porre evolvitur in hane formam

T al /'c) @;Ssdq)__afa @cﬂzz(imi)@‘

1 —aa =(1-+-aq)
2 O cos. (i-[-tl)(])_
“f 7 ’

unde deducitur hoc quasi lemma

/‘B(Dcns (z»«l—i)(D i+aa BQ)C(‘)‘S.Z'(P;

A...
_/‘d(f[) cos. (z———i)(]} mal?
—ra

§. 48. Sumamus nunc statim i == 1, atque istud lemma
nobis praebet

fa¢cog 2(!_} 1—};aafafl)dc:s.¢ —n—./‘%-g—g —_ w
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hic jam bini valores jam inventi substituantar, atque reperietur
DPeos.2¢ ___ mw(l-taa)—m({d—ad)2
S =

(1—am? »

hine erge sequitur fore ‘
acpm_ps;"(b (3@:1-—-&“) Maa(l—aa)
— (t—aas T (1=za)?
Sumatur nunc pro lemmate praemisso i —= 2, eritque
faq)cos.ﬁcp____1+aafacpcos 2¢ .y (;bcps(b T a sive )

T i—aa’
BdPros 3 —{tea f-ra(?a——aa)——sqra-—'rra(i-—aa)’
S (L ~—aa)® S
quae gxpressio contrahitur in hane
o0Pcos. 30 ___mwo®(h—2 aa)
42 - (d—aap

Bit nunc in lemmate praemisso i —— 3, eritque
qu}cas.4¢_d +nafacpcos.5¢__fag)_cas.2d)wﬁ'fm sive

—

{—aa?
a¢¢05 A (1 —l-fzn)wrra(d-zaa)-—qraa(3—-aa)——ﬁaa(1-—i!ﬂ)”
f {1 —nuj?

quae £xpressio contrahitur in hanc
fB(Dcos.ILCD _ _mwa*(5—Baa)
43 —  ({—aay® *
Sit nune in lemmate nostro i=— 4, eritque

faCD Eqs._ﬁg 1-§—ﬂfl/‘3® cos. 4@ fgﬁpﬁats_c])__,_ wad sive

—4{—aa’
D Pcos. 5P ___(1+aa)qra5(5-—3aa)mqra= (/;—zaa)—qra'(i—'ﬂﬂ)i
‘/ 4T (t—aa)?

quae expressio contrahitur in hane
OPcos-5Q __wai(6—4aa),

-/ Az - (1--aa)“ - -
Sit nune in lemmate nostro Z=— 5, eritque
3(1)cos 3 i-lae ,B cas.5$ O cos. 4 .
Vet 39— + J3%e Ll L Peos.dd T—E“ §ivE
34)80: 6q> (1-§-aa)qra“ (6--- jaa)—mrad(5b—8aa)—~mat {1—sa)?
S (A —uay ?

quae explessm contlah:tur in hanc
fatp cos, 6 ___ mes @b {735 5au) -

\1——6‘(3)

nsmri
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£ 60. Qui has formulas earumqus - generationem atten-
tius perpendet, nullo certe modo dubitabit, inde hanc conclusionem
deducere, quin in genere pro casu hic proposito futwrum sit |
0Qeos. i) mwal[idt — (i — {)ad]
e e
cujus lex cum non sit tam manifesta, quam in casu praecedente,
omues formulas inventas junctim ante oculos ponamus

j".@ ) '(Jr[i—-i—aa)
43 = [t—aa)®
/‘aq‘)cosq} _H.Tw(o__ﬂaa)
42 (1-—aa)3
ag cos.EQD rrraa(S——c:a')
f az= (1——410.,

ad)cos.sﬂ}_ we? (4 —2aa}
% — T ({—ea)¥

‘ am cas. lLQ} T a4 (5—3aa)
S — T (i=ae)®

faqb cos 5Q __mas(6—hac)
= —eor

fﬁ‘Q}cos.GQ} — et (] —5aa}

BT T—anp

L. De integratione formulae.
gQeos i [ a0
S

4z ad 2180

s x a o
§ 51. Pro casu simplicissimo J~ m@ eruendo, utamur hac

formula

y — 0 eritque ¢ V-—— —'—a@m‘ 22 {bsm. ¢ T, sive

— 4= »

2V = +aa) 3 cos. cp-zaa cp cgs. @”—-—M@(Dsm Cpﬁ

Hic loco sin. O scribatur 1»—--(:03.,@ , atque mtegrando ob Voo

habebimus banc aequationem
Oz(i-{—aa)faq’““p 4@]31 2@!‘553%;29:,

e
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§ 52. Huc addamus hanc formam indefinitam
— A faCD 4B <I> '
cujus differentiale -ad denommatlonem 4% perducatur, litterae vero.
A et B ita deﬁniantur; ut membra 9 @ cos. Pet @ P cos. O eva-
nescant, eritque formulis differentialibus additis
ﬁ—%—%—m—- —4a -3-(1~-aa)cos. P -2 acos, O*
~+ 4 (1-+aa)*—4Aa (1 +aa)cos. P+ 4Aaacos.P?
+B(1+aa) —2Bacos. ).
Nune igitur ut termini cos. ®* abigantur, statgatui‘
2 g~ 4Aaa=—0, ideoque A — _2u
Nunc eliam termini cos. @ ¢ medio tollantur; eritque

-—1—-aa-—-4Aa(i-!—-aa)-=—~2Ba:0 unde fit

B — .3 (1+da)
- Qe

Ex gquibus valoribus nanciseimur

4° (3V3s) __ (t1—ee)?,
o - e

hinc - erge vicissim integrando habebinmiug
' e (i—aa)? 3G
Vs s

Y

§. 53. Cum igitur, ut jam notavimus, sit V= @, =ztque
ex casibus jam tractatis

S__-"-’l om +3(1+fm) L an) ‘ -

Za (-—eqa Za f1-—eng}®?

habebimus hanc aequatlonem -

(1—aa}9f 37r(1-f—«aa)5-='r'(imaz¢°)"
45 == fa(l —ae)?
unde colligitur '
' 8 mw{i-frhaa 4
=t
Fol. IF. ‘ : %9
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§ 54. Cum sit /‘aq)—'”(i"}'““) exit per reductionem

4% ~— (1—aa)??
hactenus unsitatam

g : o
mU) — (1 aa) S 20/ 20052,
o

ande concludimus
Bc])cos.q) _____1-+na 2 P (1aa)
f - fda 2a(l—aa)°?
fachos o) ___1+aa  w(ttdaatay)  m(id-as)
. T 2a (t—aa)® 2a(1—aa)’
_ awa(idan) __ma(s3f3aa)
T —aaf T (t—aa)t °

ideoque

§. 55. Cum igitur in artdculo praecedente invenimus
/‘BCDcos.'iCD wa’[z—}-—i-—(z-—-i)aa]
Y L e (R Dk
hane formulam integralem supra ‘et infra per J multiplicando Ha-

bebimius : S -
- _ mal i1 —(i—1)aa]
) (1 —aa)
J P cos. i (]) cos. O

faq)cos z(j)

.__(1 —4—-cm,)

-—_ 2 . sivé o
~ - o e [i- 4-1-——(1,--{)4:1] aq)cos.-iQ)
(1-—-aa)3 | _“(1+aa>f___3_____

, -. I 3 faq)cos (E—-—i)(b /‘BC:Dcos (z+i)®

“ynde . deducitar hoc quasi lemma
faq)cos (L+i)® 1+aa/‘a®cos.i®
@ . 4‘_"3 "
| J/‘a@cos. (L—i)Cb mai=t[i4-1 —(i— 1) aa]
g L -

( 1— a 54)3\
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§- 6. Sumamus nunc statim i== {, atque istud letama
nobis praebet ' i

fac{)ios.2¢:1+nafa¢cos¢ f kT

2(1—=~am‘37

hic jam bini valores jam inventi substltuantur reperletwgw
fa{pcos 2(1) 1+aa fn’aL—|—5aa) W(iﬂaz—-{—u*)

(1rmaa)® (1 —=az)s
'Jr(iu-aa)ﬂ maa(b)
{1—an)’ "—"(1._.,”4)5;7 . -
sumto is— 2, erit ' ) o
‘ dQeos.3d __wad(t0—baa-ad) ’ ~
. f 43 o (1'——“0}" B_
sumto i == 3, nanciscimur

0Qcos 4 O ___mwat(15—12aat3a4)
f 4 (1—auz)? 7

sumte = 4, prodit h .
fa__cp_qos.SQ)_-_'rras(.@i-—ziaa—}-ﬁaﬂ)_-

43 —_— ‘ ('j_-—ﬂn)‘ 9

posite i 5, erit ' ' ‘ g
Bq)cos 60 ( B—BQacz—}—iOcﬂ")

""""" - (i—aa)® 5

et in genere

JRBLeI oy g '_-?5"_"‘23)“?“2-« 2(ii— 45@@75-[”:__,—_("*?331'335&]9.

‘quae forma facile transformatus in hane
oDcos. i 7w af i+ 1VG+2Y . b i M
peosip_ ma O >-(z+:2)(zw2}aa_;..( Ne-2)
4 (1~aa)’| 2 o 2
§. 87. Hoc modo procedere licéret ad sequemtes formu.
lag, in guibus denominator est 4% 45 A%, ete. werum integralium
formae ita continuo magis fierent complicatae, ut vix ullng ordo in

ile observari posset, quamcbrem raliam viam inive conveniet, qua nue-
wmeram £ pro date assumimus, et-continzo a minoribne ad majores

29%
P
4
L Q\
e e et T RS I e e e S T

P L N R
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numeros z procedemus. Primo igitur sumamus iz 0, et investi-
2P ,

An—i—i' '

In'teo‘ratio formulae.

ad):_—_o ]
Azz-{-— ad(p:‘iBO
existente #=— 1 4aa-— 2 acos. ),
{. 58, .Ex praecedentibus colligere licet, quemlibet casum

gemus valorem integralem formulae

exponentis 72 —}- 1/a duobus praeccedentibus pendere, ita ut sit sub

terminis integrationis praescriptis '

J25=a [ e

ubi totum negotium eo 1‘ed_it, ut coefficientes ot et 3 rite determinen-

tur: hunc in finem statwamus in genere esse

o P (i) 0 C]) sin. (]T)

d:zﬂ—“ + Q An-—-i + ¢

quippe qui postremus terminus pro utrogue mtegratwnis termino

evanescit.

§ 59, Differentietur nunc ista aequatlo, et f‘acta dmsmne
per 0 , orietur sequens aequatio

1 e 4 < rycos(D(!—a—aa—~2acos(D)-~2ryansm®2
: An—-l—i - An—-i A:z—]—i

haceque a_equat;o multiplicata per 471% abibit in hane formam
t=—=a(14-aa—2acos. P) 4=B(1 +-aa)®—2B acos.P(1 +aa)
-4 aacos. )’y cos.P(L +aa—2acos.P) — 2y an sin, P2, |
Cum nunc sit |
2 cos. PP =ircos. 2] et 2sin. P? =1 —cos. 20,
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hac reductione adhibita pervenietur ad sequentem aequationem
1 —=a(i4aa) — 2aaco O +2fBaacos.2d
+B(t+aa)? — 4B a(l4ad)eos,d — y acos.2 P
-+2Baa A= (1+ad)cos. P -y nacos 2
—_ @ ' :
=Y na.
§. 60. Ut nunc hane aequationem resolvamus, necesse est,

ut tam termini involventes cos. O, quam cos. 2 §, seorsim ad
nihilum redigantur; unde ex postremo termino deducmlus
2ﬁaa-——-'ya+rynam0
ideoque :

=" (“"”) M‘f)

'T_' 2
gqui valor in terrmms COs. (D i?fectis  substitutus 'perducit ad hane .
aequationem -
—_—2 oaa—l—-2'y(n-—-i) (1 —|—-a,a,)+'y(i -{-aa)::ﬁ,
unde _ﬁt
2aaT=2 'yn(i—]—aa) —~ (1 ——}~aa),
ideoque erit

_'y(i+aa)(2n—i)
2a

Jam hic valores loco a et (3 inventi substituantur in pruna parte,
atque deducemur ad hanc aequationem :
g — Y12 (M— am)?  yin— 1) (1 +aa)? fya(n—f)—-va--'\/m& sive
202 fyn(i ~+-aa)'—y(n—1 )(1 +aa)—~2yda(n—A4 )2y aa—2ynaa,
vel 2a—ry (n-+-1)({+aa)—4ynaa,
unde fit

— 2a
Y= n(iA—--ci'E)?_'
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§. 61. Invento jam isto valore ny, hinc eliciemus

=101 4+ aa) (r— 1)
o — (L —aa)? et . Fa"—':vz(:l--—aa':z)‘”

hineque per n (1 — a &)* multiphcando, adi plscmnu '

n{l—aa) -ECD -““(211—1)(1+a,a,) --(n i) 20

A" ~+1 412-—-—1"‘
eujus beneficio ex cognitis jam duobus CaSLbUS ass:gnarl poterit ca-
~ 8us sequens,

§. 62. Jam ante autem invenimus esse f-afg_ﬁ
Pro sequentibus vero poramus

o0 . wA s mB adp__. mC

/- ¢ A 728 ¢_. ™

d2 == (1—aa)?? !/ 40 — (1———aa)5’ a4 ""‘i—aa)
edp___ aD w E ) '
fas '_(1-—aa)9’ fd‘ — (1-—-aa)“’ ete.

Ubi jam ante invenimus A= 4{ 4+-aa et B=1 -1+ 4daa -+-a!"
unde sequentes valores omnes C, D, E, &te. ope 1eductmms, inven-

tae definiri poterunt. . 3
. 7

§. 63. Introducamus ergo stos valores, atque sequentes
nanciscemur aequationes- '
I. A—=1 +aa,
. 2B—=3(14aa)A— (1 —aad),
L 3C =65t +aa)B—2(1 —aa) A,
W 4D=7(t+aa)C—3(t —aa) B,
V. 5 E—=09 (‘1—}—@@)1)‘—-*4(1 — aa)C,
VI 6 F=11(1 2~aad)E—~5(1 —aa)D
VI G =13({ +aa)F~—6(1—aa)kE,
VIL 8 H =16t +aa)G—7(1 —aa)F,
ete,
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§ 64 Harum aequationum prima statim dat valorem ante
nwentum A—=1 L+ aa; _secunda vero pxac.bet _
34-6aa -+ 3 at
2B=={ - i
—it2aat+ a
unde fit ' )
B—=1+4+4aa-- a‘f“.

_Deinde vero tertia’ aequatio praebet

b 25 aa-t-25 a5 af

3C—= ‘ o c

- -—2—]—'29;(1,—[- 2a*— 2 a
unde elicitur ;
C_—_i+9aa+ga 4 ab;

Pono quarta aequatio :

. T 1-70aa4-126 at - 40 (,,5..'1_,7@5

4D — . ' o .

~ 33—, 6aa-+ 18 gt— 6a§w3as

unde colhg1tu1 ‘

1-|—16aa—;~36a,4—|—16a. -—[—-as

Simili modo ex aequatione quinta- colhglmus

_§ etb3aa468at-465af 15548 +gald
5 E 3 — 44— 28aa+ 82at+ 82af— 2805 —4a’?
unde colligitur '

. E=m1i-+20aa—-100at- 100 S 25 at 4 all.
Evolvamus etiam sextam aeq.uatioilem quac praebet _
6F:§ 11+286aa1-1375a*+2200a%+1375a%+286a%+1 14"

— “Eer 70aa— 25a*+- 200a’— 2haf— 70"5_5”— ball,
hineque concluditur |
Fz=d - 36 aa 4 225 at - 400 a5 225 a5 4 36 at? 4 a'?
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§ 65. Hic non sine admiratione deprehendimus, omnes’
coefficientes harum formarum esse numeros: quadratos, guorum ra-
dices occurrunt in potestatibus vespondentibus' binomii 1 -+ a @, sic-
que pro littera sequente habebimus -
GL_.1+72aa+21 at+ 35%a’+35%af - 21%at0 - 1% o1 1 a4,
quae littera respondet formulae integrali / ;;a"r“%’ ita“ut hic sit

0P

-

n=— 7. Quodsi ergo formae generalis integrale statua-

drz+1
S it valor it
mus = = T aa) o erit valor litterae |
V= t--(F)aa +(—)za¢+( T ab + () af +(F) at? - ete.

adhibitis scilicet characteribus, quibus coefficientes potestatum bino-
mii designare consuevimus, dum scilicet, est

RN s (By o 2 .Roiomy . n n—i n—g
(T =y () == 7 ’(3)-——-1 g 3

§. 66. Haec' quidem conclusio tantum per inductionem

quasi conjectura est deducia; vix enim quisquam. reperietur, cui ista
conj‘ectura suspecta videatur, quamquam rigorosa -demonstratione
; nondum sit eofroborata; casu enim fortuito meutiquam evenire certe
- potest, ut omnes istos coefficientes i‘ﬁrodieriﬂt numeri quadrati, atque
adeo ipsorum cocfiicientium Qui in evolutidne'potestatis (1 +aa)"
occurrunt, interim tamen deinceps vidi pro hac veritate sohdam de-.
monstrationem adornari posse.
§. 67. Hac igitur lege stabilita, valores litterarum A, B,
C, D etc., quas in expressiones integralium induximus, sequenti
modo se habebunt ‘
A—=1"+1%aa, . ,
B—1* - 2%aa—+ 1% af, -
Cz=mi1®a-3%aa-8"a% 11745,

-

L

-
AN
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D—1%+4aa-+ 6%at4- 42084 1%a8,
Rrt®5%aa4-10%at 4102054~ 5%a04- 1%5,
F—1% 1 6%aa~+15%a"4-20%a0 1-18%a8 1 %10~} 1%a12,

G==1 +72aa+21’a’*+359 6.4-35%a% 4-21%a0-7%a% - 1%a1 4,

ete, ‘ ¢te.
integratio formunlaée genevalis
0 Peos. i ad=0
f Art ad P == 180
existente A—=1 4+aa— 2 acos. O

§. 68, Haec formula generalis perinde tractarli potest ae
praccedens, dum valor imtegralis cujusque casus etiam a duobus ca-

sibus praecedentibus pendet, ita ut ponere queamus

0 Q cos.i O aCI)cosz.d) 0 O cos, zCD

/ ARt — X T An +13/ An—1t ?
quatenus scilicet integralia ad binos {ermines integrationis stabilitos
referuntur; quia autem necesse est, ut aequationem generalem ob
ista conditione liberam constituamus, aliquot membra adjungi opor-
tet, quae pro utroque termino evanescant, neque enim hic sufficit,

ut ante unjcum terminum adjunxisse, verum adeo ternos hujusmodi

terminos adjungi debebunt, cujus ratio mox ex ipso calculo elucebit;
hanc ob rem constituamns sequentem aequationem

'3 Peos.i® a/‘B(J)cos.iCI)_{_p 0P cos.id

An--1 An ‘ An—-— 1
sin CD sm. sin, (i— )P sin, (i 1) P
+ 'Y An Anm + g AH 2

quae posfrema membra, quoniam i est numerus integer, pro utroque
termino integrationis evanescunt.
Fol. IF, 30
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§. 69. Differentietur -igitur nunc ista aequatio, ac posito
brevitalis gratia 1~-aa==¥&, ut sit Az=b — 2 acos. ), negli- -
gantur denominatoves; qui erunt A?+1 una cum elemento 2

Primo notetur esse ‘
Dcos.iP=beosiP-—~acos (i—1)P—acos G4 1)
fum vero ob :
AP==bb —4abeos.D+4aacos. P*=2aa -8
— 4 abcos. 42 aamcos. 2 Q, erik
Deos iD=z (6642 aa)cos. iDwm2 abcos.fi— 1)
—2 abcos. (i 4 1) O~ aacos. (— 2)

—+aacos. (i~} 2}(]').

- Deinde wvero habebitur

a’sm. ’ q)——z',l_\eos,_idj-—.?nasin.iﬁ)sim.@):ﬁifﬁcos.i@

Aw
J-iacos.(i——t)P— iacos. (i 1)D
—naeos, (i — 1) 4= nacos. (i~ 1)P.
3imili modo. "erit

/. s G — ) | |
5 Sin- (LA.M 113 (b:(z-—wi}b‘ c0s. (b=m1 )P ~ (3= L)@ cos.(i— 2)P

(= 1) acos,i P—nacos.(i~—2) P +-nacos. i ),

ac denique

0 .wﬁq):(i-—i&i)bcos.(i—{.—1)(])—(5‘—}-—-1)'05605; i

— (i == 1) acos. (i4-2) P—nacos. i P-+racos. (-4 2) P.

§ 70. Hic igitur occurrunt quinque anguli scilicet

i, G—10DQ, G+-0OQ, G——2)D et ¢+ 2),

unde patet ratio, cur terni tevmini absoluti sint supra adjuncti; diffe-
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erentiale ergo facta evolutione singulorum terminorum, per quin-

que columnas sequenti modo .repraesentetur, ita ut membrum sini-

strum, quod est cos. i (O, aequetur sequenti expressioni

cos. i P eos, (i — 1) Pcos. G~ 1) Pleos. G— 2) Pleos. (i 4-2) P
o b —aa —aa :
+Bb+2aa)|—2Bab —2Bab |+fBaa +Baa
-y i b —via —ryia -

) —yYna - “4-vna
— S(i~=1)a |48 — )b+ - 1)b]—3 G a|—eG 1 a
—+dna —dna “+ena
—e(i-1)a

—Ent !

§. 71,
nihilum vedigi debent, propterea quod sola prima columna mem-

Hic igitur omnes quatuor posteriores columnae ad

bro sinistro aequari potest; inciplamus igitur a Dbinis columnis ultimis,
unde deducimus A
o .
=Bl et e Fo

— idtn—1 T i—n—+1’
His valoribus introductis, pro secunda columna erit

- . __Bett—i—2n) —— Beb (i4+2n—1)
—2fabwdl- b= =TT

Pro tertia vero columna ervit

=2Babe( 4 1)b—=— ﬁ“bi(f:“;}'i) ;

unde haec binae columnae nobis praebent has duas aequationes

. Babli2nmdy __

—aa—y (i-n)a— 1.(__}_”_{{;))._.0,
o . . Bab(i—2n-}1) ___

o v (@ ‘n)az—-—————i__u_}_i —= 0
§ 72. Marum dunarum aequationum subtrahatur posterior

a priore,” ac prodibit '

— __ f2Pined __,

2y11a T = — 0,

30F
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unde colligimus
| —_. __Bis |
R fi—(n—1)%
Atque hinec porro ex secunda deduci potest valor ipsius e, cum sit

. . B{id-2n-—1)
a-.a':_.—")l(i-*'n) a?‘:pa i[;_—l;._-ni ?

erit
Bi(i4n¥yb ﬁ(z+2n—1)b___F3(2nn—3n+i)b
"_'u—(n-i)’ itn—1 i ig—{n—1)%
_ _B(z—1) (2n—1)b-
—  ii—f—1}?

§ 73. Hi jam valores substituantur in prima celummna,

o=

atque orietur sequens aequatic

Bn—1)(2n—1) 55 A
ii-——-(u?-f—-ij:’ 4-2faa

B —nu—-ﬂaa. —_—
B350 —_— e E— = 1.
Biidd B(z—l—n—l—i)aa
7 (72 —1)2 = sy

Multiplicando igitur per ii— (n — 4)%, prodibit haec aequatio
ii— (n — )*—=2Paalii—@— ) l+Bbb(n—1) (2n—1)
~—Baa(i—n—1)(E—n-+ )+ Bbb[ii—(n—1)"]
~Baa(i+n-+1) (4-n—1)~—[(3iibd.
Facta autem reductione, terminus (3@« multiplicabitur per
2 [fhm (r— 1)?] — (i~ m)% = § = (4= m)*i= 1,
sive per— 4 n (n — 1) at vero 346 multiplicabitur per
n—t)Een—1)4ii—(n— *—ii,

sive per n (n-— 1), sicque exit
Pl — )P e 4 Brn@n—1aa-+EBnnr — 1Yb b
=Bnnm—1) (b — 4aa),.
Cam igitur posuerimus b — 4t Ha @ erif.
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bh—mdbaa=({ — aa)’
consequenter hinc elicimus

— di—(p—=1* -
p T a{n—1) (t—aa) ”

§. 74. Tavento jam valore litterae @, ex eo deducimus.

(211—1)1’1
T a(1— au}’

amplive in eensum veniunt, et reductic quam quaerimus erit
fbd)cos id fBCbces 48 o Peos.id

An"f‘i d'ﬂ-—-’i

valorem o — : valores autem litterarum 9, 0, et ¢ mon

FEE

sive sublatis fractionibus habebitur ista aequatio

(1)1 —ad)® acbf_iiq)_( —1)(2n— 1)(i+aa)/a

[ i — (1 = )] aq);noif@

Peos.id

quae aequatio casu i—= 0 redit ad reductionem praecedentis seetio-
nis.

§- 75. Inventa hac reduclione generali, pre ejus appli-
catione cum sit
0 Q cos. i m af
f ¢ (D —=———, ubi = 0,
i—aa
ponamus pro sequ-ent]bus

0D cos. i T af

f (DC Lq) = C:m)"” A, ubi n =1
o0Qcos. i o oat

f CD CD (i a;ms B, wbi n==2

C, whi n—3

fb(])COS.;CD___ T ad

a* T (1——aa)
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/‘ad)cos z(D T at

2 O cos. z(})___ - 7 at _
: A6 —-—mi E, ubi n—=5,

atque adeo in genere sit

faCDcos i mat

Artt T (f—aa)?

V:

supra autem jam i invenimus esse
A=itt —(G—1) aq,
sive terminos positive repraesentande
At 4i-U—Daa,
§ 76. Quodsi in reductione nostra inventa poneremus
n=— 4, ca daret i i /0 @ cos. i { == 0, quod primo verum
_ est casu i 0, tum Vero ob /0 D cos, i q)':f-sin.id):e,
quod quidem per se patet. Inciplamus igitur a casu n—— 2, et
procedendo per sequentes valores n'—— 3, n-—= 4, n==5, etc,
nanciscemur sequentes aequationes
I 8i n—=2, erit
2.1B==1. 3(1+“4)A+(H—1)(1-——aa)2
1I. 8i n— 3, erit
3.2C=2.5(1 +aa)B4(ii—4)(1 —aa)A
II1. Si n== 4, erit
4.3]):3.7(1+aa)c+(ii_g>(1__aa)2B_ -
IV. 8i n— 235, erit
5.4E—=4.9 (1-—I—aa)D+(zr. — 16) (1 — a a)® C,
V. 81 n—26, erit
6. 6F—=5b.11 {1 +aa)E(ii— 25) (4 —aa)’D.
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§ 77. Cum igitur sit
A= +i4-(4 —Daa,
pro prima aequatione erit | '
(i »—r—-aa) A—t id-2ag-1-(1 — ) af",
hujus triplo addi oportet
Gi—1)(—aa)) =ii—1 — 2 (ii—1)aat(ii—1)a
unde oritur primo terminus absolutus =— (2 +~i) (1 4~4j, deinde
coefficiens ipsins @ aerit 8 — 2ii, coefficiens verec ipsius a* erit
(2 — i) (1 — i), unde concludimus litteram
B—=C4D LD (5 15) (2—i) aa- E2U=D g4
§. 78. Ista forma.nos manuducit ad coefficientes potesta-
tum binomii, quos wut jam wmoninus per characteres peculiares re-
praesentamus, sicque per tales charaeteres erit _
CA— (11}4)_[_ (i%’) aa, tum vero
B= () +CT) () ea 4+ () at
Videamus autem, quomodo haec lex in sequentibus valoribus se sit

-habitura.
§ 7% Evolvamus igitur aequationem secundam, pre qua
sequentes duas multiplicationes institui oportet ‘
£0 [——2_]"3;_'_4‘3—]— (4 — m)cza-—}—‘q:—lg';:tz—E a'l per 1 4-aa,
ultimum antem membrum postulat hane multiplicationem
Gii—HU—2aa—+-ab) per 1 +i—-|—-.(i —i)aa;
unde primo oritur iste terminus absolutus
A0 4B i B i (= ) (4 D),
guae reducitur ad hanc formam (2-i) (4= (3 -4k Pro ter-

mino autem « a erit
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40~t0ii4-524D (1) Gi—DH[—2U4-i) 1 —i]
=@ —id) L 4=3H4-5@2+D U+,
guae exprcsmo reducitur ad
(2 =827 — 3&3):3(24—5)(3 43 (3 — i).
Porro ‘coefficiens ipsius at erit
2 —DET —8id==8(2 — 315 (3 —i.
Denique coefficiens jpsins af erit (2 — i) (4 — i) (3 — 0.

§. 80. Calculo ergo hoe peracto habebimus
3.2C=@+DCHDU+D3@FDE+DB—Daa
+ 3B —i) B—d-(8—D(2—~—1) (1 —1i) ab,
quae forma commode redigitur ad istam per characteres cofefﬁciém-
fium  binomil
c=EE) at (35 af,

Hic ordo maxime conﬁrmat conjecturam ex easxbus p-laeoedentlbus

3—z

3*5(

D@ a4 (——

deductam, neque dubium “ullum esse potest, quin sequentes litterae

istos sortiantur valores -
&+5v%c““)&;”)aa+~ﬁj5(m—>a
4+ D 68 - A &S
E"-—c”")—i-c D EDaa +EFHEFH o
O EFD & - EFH G @b - EFH o

ete. ete.

Interim tamen fatendum est, hune ordinem egregium tantum per con- °

Jjecturam se nobis obtulisse; cujus ergo demonstratio rigorosa adhue
desideratur,
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Cum igitur supra ingenere posuerimus

§ 81,
=0 ]___( 7T at v,

fad)cos z(b

ArFL [add):’:: 180 |7 (4 ~— g a)in1

erit nunc
V=CE)+ EED D ea -G D) & :
+ CED CF) o+ CED T o e

unde sponte deducitur forma in articulo praccedenti eonclusa, ubi

erat i —— 0. Pro hoc enim casu erit
V=@ +GED D ee+ Gz (Pe 4‘—4"(n_3) (%) af --ete.

Cum autem in hujusmodi characteribus perpetuo sit (?) = (= 5

erit prorsus uti supra conjectavimus

V=0 -+ @ aa4-(@) a

Hinc igitur operae pretium erit sequens theorema constituere,

P (@) a4 () af - ete,

<

Theorema generale.
§ 82. 5i formula integralis .
0P cos. i P
f(iv——}—-aa—— 2 acos,P)m+1’

a termino d —— 0 usque ad terminum P == 180° extendatur, va-
lor integralis semper habebit talem formam

mat .
VY, existente

(1—a a)“""
V= Y L D D e+ CED (55D @

nf=iy m—i\ 6 ne—iN g

1+3)( ) +(,+4)( )a —{-etc.

dummodo fuerit i numerus integer, atque adeo tam positivus quam

negativus; quandoquidem etiam posteriori casu ista forma veritati
31

Fol. IF.
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consentsnea deprehenditur, ita ut ista expressio latius pateat, guam
omnes casus speciales junctim sumti, unde eam -per conjecturans
conclusimus; namque in omnibus. ecasibus specialibus littera. i ne~

cessario denotabat numeros. integros tantum positivos.

4} Demonstratio Theorematis insignis pew
conjecturam erwuti, ¢irca integrationem

t

formulae.

. 0 QPcos.i P o
_/(i - aa— 2 acos. O)*+71

M. 8. Academiae exhib. die 10 Septembris- 1778,

§. 83. Cum nuper hane formulam integralem tractassem,,
ac potissimum in ejus valorem inquisivissem, quem accipit, &i inte-
grale a termino @ == ¢ ad terminum @ = 180° usque extendatur;,
ex pluribus casibus, quos evolvere licuit, conclusi ejus integrale im
genere ita expressum ik

Ta¥

(1—aa)in+i

ubi V denotat summam hujus seriei .

_ . i - i ) i ey oa ‘ .
V=) (ri::;z ) -G (:i—::_: o + (-57) (i:{“‘é) a¥ tetc..

Hic scilicet isti characteres clausulis inclusi designant coefficientess

¥, : .

potestatis binomialis, dum statuimus o

(4 -+ =t Dz + D2+ (D >4 () o +etc.

§. 84. Circa hanc autem formulam integralem ante om-
nia temendum. est, litteram i perpetuo significare numeros integros,
quandoquidem in analysi constanter assumitur, casu .—=180° sem-
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