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§ r.

Conﬁdero hic in genere” formulam differentialem quamcine
que Z 9z, cuius integrale faltem per Ingarithmos et arcus cir=
culares exhibere liceat, quod per charaGerem A : 2z defigno,
ita vt fit fZ9z=A:z lamloco % feribo quansitatem guame-
cunque imasinariam , feilicet 2 —= x -y -— 1, vnde func&io
7 transmutetar in formam M-+ N / — 1. Hoc modo for=
ma differentialis evadet (2 a —+ 0y V—1)(M4+NY — 1),
! cuius produ@i pars realis ergo erit M 9 x — N3y, imaginaria
vero (Ndx-~May)y — 1. Tum vero ipfum intégrale ,
quod eft A:(x -7 Y — 1), transmutari porerit in fimilem for-
mam P+ Q¢ — 1. Quare cum quantitates reales et ima=
ginariae feorfim’ inter e conferri- debeant, hinc duplex integra~
tio orietur: ' | )

LP=/(Mox—N3¥),

I Q=/(NIx-+Mdy),

| Nz guse
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quae ergo duae formulae femper erunt integrabiles, etiamf
binas. variabiles x et y- inuoluant. Erit fcilicer per notum ine
Y I M LR paN 3
LT PR SR U ) . ) - . g o W s
tegrabllltaub.cruenum tam (53 =— 55 )s gquam (‘.;_y) = (ail),
Vnde intelligitur, ex qualibet formula differentiali propofita
binas deduci poffe integrationes eo magis notatu dignas et ars
duas , quo magis integrale fuerit complicatum, quam ob rem
plures cafus euoluiffe operse erit pretjum.
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I Euolutio
formulae differentialis 2" 3 2.

. 41z Cow

§. 2. Cum igitur fit f2"3z2=2__, fi loco % feric

4 I :

bamus x 4y Y/ — 1, hae poteftates binomii, in vfum vocando

characterés, quibus iam faepius vncias defignani, euolutie da-
bunt ‘ -

(B V=R (a1 (1) 5y
' ' ‘ —(F)am 83y iy e ete,

Hinc colligitur fore |
M= (12" +(Da"= 4 — ()" & etc. et
No(B)am =y —(F)a" 393 (2) 5" % p5— erc.

Simili modo pro forma integralis erit :

)Pt (TR e (B o g
—(-"—"—:-l)x“—sy°+.etc.

(1) Qe (Bt y (B ) g2y (R 1) 54 5 g,

§. 3. His valoribus determinatis,ﬂ""binae integrationes ,

quas binc adipifcimur, ita fe habebunt: |
Y B A AN O s Ol el
TS A DTy — () AT (B s te. ]

quac
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quae forma guemadmodum ipi P agquetur per partes videar
mus. A eft “ : '
: xm
L fx"0x ==~
n—+ 1

quod cum primo termino feriel,
nit. Tum vero fumatur ' . :
RS PR O L A

hinc ex parte priore, (umto y conftante, orirur integrale

n xnt
—( Z) —=TFTF>
>/ n— 1%

ex parte vero pofteriore, (gmto x conftante, orietur —(¥ P =
- BN T
quac duae exprefliones manifefto funt inter fe aequales {cili=
cet — —5sx" T YV At vero f{ecunda pars ipfius P eft
= o4t T — '
n I 2 ) X .le " . . T
nge ob (A5 =2 n manifetto fit—2x" 47 Sumatur. nune
UL [(Z)xv Tty o x = (Fys %07
Hic ex parte priore copcluditur integrale —— (%) xm 3 y%;  eX
parte autem pofteriore Ly at TN Quoniam igitur eft (3)=
)= hae duae formulae manifefto funt inter fe aequales, et
integrale erit p : o -
(1) o =L I A AT

§. 2. pro P inuentac, conue=

K]
Pars tertia autem formulae pro P datae elt —— - ==y a3 gt
o | AT
Lt T Beeh i PSS n—: manifefto ili eft aequas

—— s T

4 I 3

qua ob (

4 .
lis. Simili modo conuenieatia fequentinm membrorum “ipfius.
P oftenditur , fimulgue facile intelligitur pari modo confen{um
formulac Q oftendi pofle. '

§. 4- Quoties igitur exponens # eft numerus inteéger

currit.  Verum fi » fueric vel numerus negatiuns vel fractus »
N 3 tum

pofiinus, veritas noftrarum formularum. manifefto in oculos in~
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tum formulae pro Jicteris M et N, item PetQ, in infinitum
excurrerent ; vode his cufibus calenlum alio modo inftrvi opors.
tet. Scilicet loco x et y binas alias variabiles in calcnlum ine
troduci conueniet, flatuendo, ]/(.X‘.X‘—i—)}’) ¥, €t qUAerenco ane
gulum @, vt fit tang. o — _fc’_; tum autem erit ¥ = o col. Q

et y == o fin. O, idenque differentiando -

L

dx —ovcol P—ooPhin. P e
o f:afvf'n.q)-!—‘qu)Cqu)

His autem- rofithy erit- —

(r—[——;r;/——x)“—w“(cof.fzdlél—]f—-I,ﬁn.fz@);
vnde co'ligitur
M=2"col.n® et N=1"fin.u].

-Deinde vero pro integrali erit

71, +1— 11—-!—1[(:0{' (,1,_}_1)4)-}-'}/-—1:{1] (ﬂ-—i— I)(D] N

'Vnde habebliur
P__tz"'""'cof.(na—l, et Q= 21 fin, (ﬂ+1)"b

-1 i +X

§. 5. Cum nunc inuererimus
. P/ (MOox—Noy) et Q= f(Nax—i—MB}'),
faca {ubftitutione fiet
P—=/["dvcol.(n+1) P— oY O fin. (n+ . et
Q=/[v"dofin. (n+ 1) P— "+ 5O col. (n + 1) ¢].
Ambae autem hae formulae manifefto 1nteg1at10nem admittant,
cum €x priore fiat “ %

o gmebr
P:n——i- cof(n~l—:r)¢a et
Q-— " fin. (n+1)O,

1

quae cum fint obuia ad maiora progrediamur,
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1. Euolutio
formulae differentialis cujas inregrale eft 4ang.=.
§. 6. Cum hic fit Z = —57 pofito 2 == ¥ V-1

— 57 .
X Hic ante omnld denominaio=

erit == ———— T m s =55
' Trexyg V=) xE—3Y . S
yem ab imaginariis liberdr: oporiet , quod fit numeratorem et

denominatorell multiplicando per I - X ¥ =y —2xJ I/F‘ X

fietque

Z___p#xxa-yv—zrmf—: s

- {L 1-&.2&‘—'_/.))""1"4*‘--";}.3‘ ?
ficque erit : o
P M zmme—ye et N e
Tree—yyP++xs,0 " N L R R e Lt

Hinc “igitur pro inregrali P - Q y/ — t impeirabimus

P: “..g.;cx--'ym\;)r-l-ﬂoc'viz et

11 ,-v.\.c——-),,j“ A K Y
Q.__'/‘;__l—-L-xx—-'yy'\r)y—-e.x_yax
(prxx—yjﬁ+4xny ?

hasque ambas focmulas jam cerig {cimus effe. integrabiles.

§. . Confideremus qceuratins denominatorei, qui-evol-

yitur in hanc formam: (¥ ¥ +yyr+o(xx—J ¥) -1, quae

porro red_ucitur ad (xx +JyJ+ 1) 4 quac erzo ¢

produ@um ex his ducbus faoribus: .
(xx+yy+x._2,y_)(.r_x-+lyy+1+2_y), . '

qui ergo fafores funtx x~+ (p+ 1 et x &+ (y — 1)°. Hant

obrem ambae illac fraliones refolvi poterunt 1v binas frafio=

res, quarum alterius denominator fit & x + (¥ + 1)* et alre-

rius x x + (y — 1)°% Ad hanc refolutionem- ficiendam vtamur
refolutione generali fradtionis 1'%_ -0 has duas fraltionest f—+ 25

vbi nurerator F reperitar ex formula E-, ponendo P ==09; al=

ter vero G ex formula &, ponendo Q = ©

§ 8. Pro formula prior erit
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(L +xx—yy)ox+2x] 0%
—xx+(y+uiet Q=u x+{y~1);
quamobrem pro priore fraflione £ licrera F definiri debet "-ﬂ,é
fratione ﬁ%#ﬂ? ‘ponendo ¥ X -+ (y + 1) =no,
Quare cum hinc fitxx = — (y + 1)% hoc valore tam in e
meratore gquam in denominatore {ubftituto , vbi gquidem ¥ x
“occurrit, reperietyr TOXL2IEITIES 12 = ox(y+T)—RX Y
Simili modo pro fradione & wumerator ‘G definiri deber ex
hac faGione: LrEE—y0dn2xy9y popendo ¥ ¥ + (J~= 1)*=0,

xx (YL .
vnde fit & ¥ =— — (y — 1)% quo valore fubftituto reperirur
G _*:"’?“‘Tfy;*”;*ﬁx viy— _19x (y—1)+2¥0F

Hinc igitur habcbimus o
D rram{yt—xdy .y rIxly—n)—x Iy
-'-_'gf x® oty reth -"f‘ wx -t iy—L* *

§. 9. Nunc autem integratio harum formularum nuls
12 amplivs laborat difBcultate. Si enim pro priore ftatwamus
g1 mix, erit 0y —mioN+ X 0#, vnde haec formula intes
“gralis transmutabitur in :

1 3t -— __ 1A tang, 5= —1Atang I+t

LA T 7 2 ] x
Pro altera formula ponatur y — I =%, utfit Oy =udx-+% Uy
eaque abibit in ‘

H o - . —'1 ) y—1

o miAtng d—s A tang. 22

quocirca adepti fumus valorem litterae P, qui eft /
b Rk

—_ Ly — )
]E’._Ezﬁktang.___?m‘--—;Atang.__.-m .
Cum nunc fit - -
A tane. @ — A tang. b = A tang. =2, " erit
A tang A tang A tang. 2=, orI€

20
ZEEy I~

P——zAtang.’
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§. 10. Simili modo procedamus pro Valore Q inve-
niendo , eritque
S=(1+xx—yY¥) aJ’“‘" 2-"'}' Bx atque
T—=xx=+(y+10 et U=xx-+(—1),
vode pro ﬁ'a&ione% numerator F aequabjtur {ractioni

s _r:+xx~—yy133'——— rxydx
T xx Ay ——1)® — 3

fi quidem ftatuatur
xx -+ (y—+ 1) = o, fiue .x'x__-—-(_jf~i—1)

Erit igitur .
,F,,:_-,.-,,ﬂ:njjlyjil-am:l-,, 22932 — ,;,aj,,(j,ﬂ_,,i,)f Ixdx.

Tum vero erit numerator G ex fradione (UFX2—2219r—2xyo
xx () ?

ftatuendo x ¥ — — (¥ — 1) hoc modo expreffus:
. —=22 —3)—= _
G — w?y+;) Y IE — §aj,(j,_l)_§xax.
Hinc ergo fiet : S
Q_;/ayty+xj+xax — 1/‘9y(y~—1)+xaac
— ¢ xox+ (y+1P XAy it
vbi in utraque formula valor eft dimidium d1fferentlale de110-

minatoris , ficque valor quaefitus
Q:;Z[xx+ (y—a—x) ]-5/[xx+ (‘j/-—ml)z:] __:lac ac—i-(_fy—l-I)z ..

xa--{; — )2

§ rz. His igitur valoribus pro P et Q inventis va-

lor integralis quaefiti erit P+ Q 3/ — 1, vnde cum formulae

propofitae 111tegrale fit A tang, z, nunc certi fumus, fi loco z
fcribamus x +y Y — 1, tum arcum circuli, cu']us tangens eft for-
mula imaginaria x +7 Y — 1, femper aequari huic formulae :

— I A tan Vi1 e ({y 1)
&z +.’>’3’-"I+ 4 lacx—:—{y—-x)“'

§. 12, Neque vero ‘opus fuerat hos valores pro Pet Q
per integrationem quaerere, fed immediate ex integrali cog-
nito A tang. (¥ +y Y — 1) deduci pof’funt. Si enim ponatur

Noua Aéta Acad. Imp. Se. T. VII. O P




presmenen (706 ) memmem

B +QY —1=Atang. (¥+J V—1)s
erit figno imaginarii mutato
'_ P~Qy—1—=A tang. (¥ —J Y — 1)
His jam formulis additis prodit -
2P — A tang. fx+3 Y — 1) + A tang. (¥ e Y = 1)

— 2 1
= A tang. s ideoque
i A tang. — 55— — — } A tang. HT_%-’-’—;;_—-I .

Deinde fubtra&io illarum formularum praebet -
2Qy — 1= Atang. (¥ +J Y — 1)

— A tang. (x =y ¥V — 1) :Atang; 2y Y —x

TraEAs Y
Quiz vero eft | |
Atang.uV—-f—I—_.—fauwfﬂ::’]/__If u_ . yorprie,

L= UL I WU 13

hinc, cum noftro cafu fit« =2, erit
Iy

, [ U e +fy+IP
2Q-]/ T—= lx:c-i-w""I)” ergo

—rjxety+IP
T iy —1)

prorfus vti invenimus. Hoc autem imprimis ‘pro aliis cafibus
eft notandum., vbi, quoties integrale [Z 0z per. logarithmos
vel arcus circulares exprimere licet, quoniam, pofito 8 =%
-+ Y/ — 1, hos in partes duas refolvere licet, alteram realem,
alteram fimpliciter imaginariam, inde’ valores quantitatum PetQ
affignari poterunt, quantumvis ipfae formulae integrales pro
his litteris refuleantes fuerint perplexae et abftrufae.

e , IT1I. Euvolutio |
formulagdifferentialis : 22, cujus integrale conftat efle
511(1'4‘3)7*%3]/(1—“24-22)—*-%Atang.fri'. '

§. 13. Ponamus igitur hic 8 =& -—+y ¥ — 1,
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Z'—_I—*‘zx:I—i-m»i—socxﬁ':zivf-sxyy—j»ﬁ/m:’
ybi cum denominator fit :
rerxt gy V —1(3xxy =I5
multiplicetur fupra et infra per

1-xt—gxyy—V —r@Bxxy—3%, fietque
Z__I_,_xs...gxyyw‘/——rfsxxy %),
T Trgex{za—3yyltigaryys

Hmc ergo adipifcimur o | _

_— i+xI—38yy et
M—x+lexx—339’)+(xx+3'2/)3 -
N=— (smay~—2y5) -

e I s e 3y (K 9 IS )

§. 14. HEx his jam valoribus, fi m‘tegrale quqeﬁtum

defignemus per P+ Q 3y — 1, pro vtraque quantitate P et Q
fequentes obtinemus formulas integrales:

P:/‘(I—f—xi—axy_y)ax—i—(sxxy y3)38y et

Thsx (XX —3yy) (X432

Q___f(x—l-m?—sx_ryy]a:y-—(sxxy — i) @
+2xlwx—-syy)+txx+yy)3

quas ambas formulas jam in %pteceﬁ‘um novimus effe integra-
biles , etdamfi evolutio harum formularum fit difficillima, cum
faGores denominatoris non pateant; interim tamen valores ha-
rum litterarum P et Q ex ipfo integrali pripcipali per 2 ex-
preflo derivare licebit.

§. 5. Quoniam-in his formulis duae variabiles xety
infunt, pro lubitu alterntram tanquam conftantem tractare lice=
bit. Tta i » pro conftante fumamus, ponendo x —a pro li-
teris P-et Q has habebimus formulas integrales: |

P: ISQQy_ys)ajl . -
f1+2a(aa—-3_yy1+(aa+yy]3 et )
Q=/s (retas—sayy)ay . >

1+2¢(ﬂa——3y3')+(aa+y_'y)3
Simili modo fiy pro conftante acclpiatir, ponendoy :":.:b pto
11sdcrn litteris {equentes valores prodibunt:

O =2 P ==



me—n (108 ) === | ‘

/,.._. (:-{-—lx?-—'—sbbcc.]ax S
P-'—f1+2x,(xoc—3bb]+{bb—i—:ch3 et

Q:f (b5 —3bxx)dx X .

x+zx(mx-—3bb)+l‘bb—i—xx_)-= _

_qui valores, fi calculus rite infticuatur, congruere debent. Ve-
runtamen femper tatius erit vti formulis principalibus, in’'quas
ambae ‘variabiles x et ¥ ingrediuntur, propterea quod fi his
poflerioribus formulis vteremur, adietio conftantis in errorem
praecipitare poflet; i fcilicet in prioribus littera @ in pofle-
rioribus vero littera & in conftantem induceretut. '

§. 16. Ob bas fummas difficultates ergo non parum
mirandum eft, valores horum integralium nibilo minus reuera
exhiberi pofle; tantum enim opus eft, vt in integrali per 2
exprefio loco' z feribatur x 7V — 1, atque fingula membra
in binas fuas partes reloluantur, altgram. realem, aiteram imagi=
nariam; tom enim . partes reales fundim {umtae dabunt valos
rem ipfins P, partes autem imaginaride valorem ipfius Q.

§. 19. Quoniam enim in memorato integrali tantum
1ogarithmi' cum arcu circulari occurrunt, {ufficiet duas fequen=
tes reductiones nofie: : ‘ :

1. lﬁ(p+71/~'—-1):l]/(pp+qq)+1/_—-IAtang._%. et

. * Ry K ..
L Atang.(p+gy —1)=iA tang.x__mf_qq -+ "4 : l;z:‘;f‘fi";‘.;-.

Hinc .Cum'frirﬁa pars fit§ / (1 +2), pofito 2= x—4-yy—1, erit
1(14+x+yY—D)=lY [(x+x)y+yp]+V —1 Atang. T«
Pro fecunda parte, quae erat — /(1 — 3 -2%), ob

N

I —Z+23=L—=x+xx—yy+V—1(25y—y)
confequenter | ‘ o |
Pp=r—x-brx—gy et gm2xy—y, edt

(e
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lcr-—z+zz):,ly[(xx+yye—x)“+2xx-1_5'jf——ru;—c-xg
- ' +V —1 Atang. — 22y 2 '

— Wy

Denique tértia pars erat - A tang. 2¥3 . ybi ergo

a— %
-] — =9V —1 ——3.70-—'{-—:;_9;1/-——-:-‘-'3935—"3’5"
a—z T a—E— v G —aP 3
vnde pro {uperiori formula erit .
e (22X Yy PV oy g — 2OV
P === el —==rryy"

. [
Hinc ergo pro hac parte erit - N
zYV3_—1 ‘ 2(ammm—y MN[(2—xP+yy]Ys
Atang B o AN e T P R AT ek Sy F 15,

e ¥—1jpptlgtP

e & ?4;,._.}_442,-:-‘142,’, T

quae expreflones cum tantoper€ fint prolixae, in vltima parte
litteras p et g retmere maluimus; quam ob rem multo minus
valores pro P et Q hic exhibemus, cum fufficiat nofle, partes
reales iun@im fumtas praebere P, imaginarias , per Y — 1 di-
vifas, Q; atque ob hanc csuffam manifeflum eft, cur euolutio
a&ualis {uperiorum formularum non. {ucceflerit, .
1V. FEuolutio g
. . g 2T 02 :
formulae differentialis ~—————
. - L 12" -
_cuius integrale paffim euolutum reperitur, fi quidem
exponentes = et » fuerint numeri integri,

§. 13. Ex hadenus traditis clare intelligitur, longe
aliam viam hic effe ineundam.  Statim igitur flatnamus x =@ col.
et y=ofin. $, ita vt Ioco binarum variabilium x et y ftatim
binas alias @ e\(p in calculym introducamus; tum enim erit

gt =" (ol m P~y — 1 fin. m D) et

At (col P Y — 1 fin w ).

03 | Quare

‘

N
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Quare fradionem pmpoﬁtam fupra et infra mulnphcemus per
1+ o (col.n P — Y/ — 1 fin. 2 ), hincque prodibit denomi-
nator I —+ 2 o" cof. # >+ 2™

§. 19. Pro numeiatme, cum fit .
§M—19g== 10,2 =2 0.0™(cof. 771d)+1/—1ﬁn n®Y,
at vero in genere
9. (colLw+y/ —1fin. w)::.BmV—-‘I(cof m+y’-—1ﬁn mjﬁ
“erit fadtd eunolutione '
2™t yg = o™~ dw(col.m P+ — 1 fin. m ) :
™3Py —1 (col. mP+y — 1 fin.mP), fiue
=13z o™ (cof. mP+y —1finmP) v+ dPY—1)
Hanc ‘ergo formulam infuper mulfiplicari oportet per
1 —+ o™ (cof. ﬂ(})-——V——I‘ﬁn.n@),
pro qua operatione notetur effe
(cof. @~y — 1 fin. &) (cof.  ~— ]/——Iﬁn (3)
— cof. (a—ﬁ)—-{—}/——xﬁn (o&-——ﬁ), ‘
lunc ergo nofter numerator erit
seof. Py —1finnm®) @v+00dy —1)
—|—4z:""“”"““I [ cof. (m—n) P ~+y — 1 fin. (m—n) P ] (Qv-+vody—1)
cuius ergo pars realis erit
— Bv cof. m@-i— gttt =T gy cof (m-——n)d)——tvmad)ﬁn. m@
g T3P fin, (m—m) P,

pars vero imaginarid erit
m“‘afv]/—-xfn 1 -4~ maCDV——Icof 70)
+ om0y — 1 fin (m—n)
"m0y —1 cof. (m—n)].
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§. 20. His praeparatis, i formulae nofirae differettia-

lis integrale quaefitum ftatuamus —P 4+ Q' — 1, vwmamque
partem per fequentes formulas integrales reales inueniemus

expreflam:
P _:/ ™90 [colim-+vcof.(m—n)P] —vmdP[fin. D+ fin. (m—m)(b]
R 1+22"col.aD+v*"
Q= T ’az [in. P+ fin.(m-m)Ql+w"dP[col.mP-rv™cof (mmﬂ)CD]
1+z2ocolinQ+ ™
I—Iaec igitur integralia ex ipfo- integrali principali per z expreflo

__derinare licebit, vti' ante jam obfernauimus, fiquidem totum in=-

tegrale partim ex logarithmis , partim ex arcubus circularibus,
quorum tangentes dantur, componitur. Interim tamen videa-
mus, num methodo confueta haec integralia inueftigare liceat.

Inueftigatio formulae integralis :
P _-/‘ o™ dw[col.mP-+vrcofl.(m—n }Pl-v™oP{fin.mP-+v fin. (m—n)(b]

1+ coln+0* "

§. 21. ‘Totum ergo negotium huc redit, vt ante ome

nia denominator in {uos factores refoluatur, eosque trinomia-

les , quandoquidem ad noftrum inftitutum omnes factores de-
bent effe reales. Ponamus ergo fa&orem huius denominatoris
effe 1 — 20 cof. w—+ v o, atque necefle eft, vt poﬁto hoc_faétore
=o (vnde fit ¥ —= cof. w 4~y — 1 fin, w) etiam 1pfe deno=~
minator euapefcat. Quoniam igitur hinc ﬁet

v'=cofinw—+y —zxfin.zw et

o* " —cof. 2nm—}—]/—1ﬁn 270
his fubftitutis denominator indnet han¢ formam:

1+2 cof. nQ cof. nw+cof. 2 nu-+Y/—1 (2 cof. n P finnw+fin. 2nw)

Cuius ergo tam pars realis quam imaginaria feorfim nihilo ae-
quari

)




LT

quari debet. BEX imaginaria igitur haec oritur acquatio :

s collnfin g w-fin. 2B =0y ‘
yode per fin. 7w dinidendo prodit

2 cof. n -+ cof. 7 m"::o’.
At .vero ex parte teali deducitur

1 —J.—zcof‘.‘nd)cbf-nm—l—coﬁzﬁm:d
yride quia | o o o
v ra-coflzan=—2 cofymums, exit— A

col. n®d ~col.puw=—=0 | |

protfus vt ante. Vnde - patet, angulum @ ita accipi debere, vt
fat coll o ——cof. n P, cui ‘conditioni infinitis modis fatis-
fieri poteit, fumenda vel #76 — wra® vel nw =3 7LD OP
vel nu— s n-—n®, atque adeo in genere 7w =( oi1)mad.
- Atque -binc adeo 7 valores diverfi pro « obtinebuntur; toti-
dem vero nobis eft opus ad denominatorem implendum. For- -
ma igitur generalis anguli w erit e ¢; et quicunr

que huiusmodi valor ipfi w tribuatur, denominatoris factor erit
1 — 2 v cof. w7 ¥, QUO euanefcente fimul ipfe depominator
euanefcet, fietque {cilicet o™ = — 20" cof. n P — 1.

§. 22.7 Inuentis jam omnibus factoribus denominatoris,
ipfa formula propofita in totidem partes refolui poterit, quarum
denominatores . fint ifti ipfi factores trinomiales 1 —2vcol w~+V0i
quam ob rem pro quolibet tali factore frattionem ei rerpon”
dentem , hoc. eft eius numeratorem, inuefligari opcjr-i:ebit, qui
cum ex numerstore ipfius formae propofitae ~deduci debeat
ponamus brenitatis gratia numeratorem. formulae integralis pro-
‘pofitae Row-+Sod, ita vt fit. | |

© R [cofim D - om coft (m—u) P1 et

§ — o™ [fin. m @ 2" fin, ( —un) Pl
_ ‘ : A "”’ Tam
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—

R , quam

: s fra@ionem ——— 7T
Tam primo eqoluamus —— T ol P

. ] . : r
inuoluere fingamus hanc fra@ionem fimplicem L
cins valorem derinagi debers

pro cuins numeratore r conftat,
{1 — LTV :
wm ),. pofito 1—2vcol.a+4-vvo,
r+zotcol.aP=+a*7” S
ybi operationem ita inftitui opo
obtineatur. '

ex fradtione
rtet, vt pro + quantitas integra

§. 23. Quoniam autem cafi 1 —z2wcofluw-+00=0
tam numerator quam denominator cuanefcit , notum eft hoc

. : 1 — 2 v cofi v o
cafu iftam frationem —— — aequari huic:
1 + 2v*colin P+
v — cof. w _ wo—wocollw
- = ,
nort— anot col.nd not(vt+colm@) .

cuius denominator, ob o= —2 o cof.n—1, dabit—no™ col.nP-n;
pumerator vero, ob vp=—2wcofu—1, erit vcoliw—1, ideo-

. —ocollw—f-1 . : .
que fractio = . Ex denominatore autem ni-

n(o” col.nP—1)
hilo aequato fit v* == cof.n -y — 1 fin.7 ®, qui valor in
hoc denominatore fubftitutus dat
1w cof w —_— weof.—1 .
neon®®rny —1finn®cof.nP—n “_ nﬁn.nq}(_}zn.nfp——-1/v—lcoj-n¢3'
Numerator vero, pofito » — collu—7y —1I fin. w, abibit in
— fin. @ (Bn. 0 — ¥ — 1 cof. w), ficque tota haec fradtio erit

_ it fin.w—V—3 cof. w) : " Y -
T ® o 1B v o w0’ Nunc haec fra&io fupra et ixfra du
catur in fin. 7 O~y — 1 cof. # O, prodibitque

___ Jin. w [cof. (u-——n'CD} G+ v —1fin.{w—n o) .

n fin.n @ ; )
Verum imaginaria, quae hic adhuc fuperfunt, noftrum negotinm
Noua Aéa Acad. Imp. S¢. T, V11 P pror-

'
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§. 25. Inventis nunc valoribus litterarum A, B, C, D,

1) R
? it qumerator nofter gquaefitus 7 == (A v-4+B)(Cv4D).
| p gia auntem hic adhuc inclt quadratum © @y CHUS loco fcriben-
’ 4 dum reftat 2 o coft & — I, ficque erit valor iuftus
] y—2ACocoflo—AC+H(@AD+BCr+ED.
1 & . . - i m . ’
I | Confequenter pars nlr{jgra-hs hinic ﬁ&oudreipandm;s pro va-

4 A4 -1 Ter i . i 2F alters € i - ot
o1 Gabili v erit fl__mcy. —— Simili medo pro S‘? tera varia .
. i fracio partialis ex fricione . v
" bilt ¢ P P —2 dtcol.n D"

! . H ¢ i <3 1) u s : ¢ ] o ---

deriuati debct9 quac i flatuatht —rorppy Atque quanti
s S —redigatur ad—formam E-v—-Fyfimili-medoreperietur .
3 s—=(Av—+ B)(E v 4 F), vbi autem infuper loco v @ feribi
. ¢ 2 vcoftw— 1, quo fa&o pro variabili ¢ habebitur for-
7 debe s 9 P

sa@
mula fx——-z'vca_j.muk-wv *

§. 26. Quod fi iam haec colligamus, pars integralis
ex quolibet denominatoris factore 1 — 2 ¢ cofi w -+ v ¥ oriun-

. radv—-520 . ¢l SHle N o H 3

da erit [ T s vbi imprimis notandum’ eft, hic crite-
rigm notiffimum circa integrabilitatem formularum duas varia-
biles inuoluentium certe locum effe habiturum. Sufficiet au-

tem plerumque alterutram tantum variabilem confiderafle.

§ 29. Uic quidem ad valorem litterae P inuenfendum

roffer formul: roY i : ; e

fufficere poflet formula fl—zvcg!.w+wv’ in qua fola » vt va
riabilis trattetur, cuins integrale, vi conftat, per logarithmos et
arcus circulares exhiberi poteff. Interim tamen hoc idem in=-
tegrale ctiam erni debet ex altera formula f; 560 , in

— 2 veof. @+ e -

qua folas angulus @ cum angulo @ ab eo peudente variabilis
affumitur, guae integratio eo magis eft notatu digna, quod plura
multipla anguli @ in ea occurrunt, neque adhuc methodus
tales formaulas tra@andi fatis eft exculta. At vero hasc nimis

P 2 ' funt




e (716 memsaer

T

{unt generalia, quam vt ea, quae in iis funt contenta, clare per. G

fpicere queamus; vnde haud parum lucis nobis accendetur, fi
quosdam cafus fimpliciffimos contemplabimur. '
Applicatio
ad formulam differentialem =, vbi eft

'mr:: i et n—r1.

~§. 28, Cum huius formulaeintegrale fit 7 (1 -2 —
pofito s == x ~y /' — 1, feu potius, vti in genere fecimus',,

' g=wo(col P+ —'1 fin. O), B
integrale :
I(14vecol P+ vy —1 fin. )
euoluitur in formam P+ Qy/ — 1, exiftente
P=1y (x --2w0cof. O+ vo) et

Q == A tang. 29

r+wclQ "’

§. 29. Nunc igitur eosdem valores per integrationem
eruere conemur. ;Poﬁms_ autem m—n =1 , formulae generales
pro P et Q exhibitae feéquentes induent formas :

P — rovicol P4+ vi—waQin. d
P'—_f i+zvee/.Q4+avw ct

Q:fafuﬁn.@#—fu d3Qecof P4+wwad

t4+zvef,P+ovw ’
i formula prior manifefto habet integrale
;Z(I~—{—-2fvcoﬁ(b—+—ww), | R
ofterior vero integrale hab ofin @ =
P g abet A tang. 22, quemadmodum

diﬂ-’ercntia;io manifefto declagat, ita vt hic non opus fuerit al-
terum angulum o in calculum introducere. |

Appli-
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Applicatio
| . : e
ad formulam differentialem —2Zs VDI

m—1 e 7= 2.
. euolnimus, vbi vidimus,

§. 3o. Yune cafum iam fupr
pofito =% +J y — 1, integrale efle
i Y—i jux-iyti?

—__ 1 . 2 Ly
Atang. x+y ¥ —1 ——3AADg o A+ T
Hinc ergo fi ponamus X —

vcof. O et y — v{in. ®, erit pro.

| jntegrali P 4+ QY —1
: s S asw cof P —— L _-zfucoj._q')
[ =z on Q=Y B B :

Q=3 Ty
— 3 T e P -0 ,
Hos igitur valores videamus quemadmodum per integrationem

eliciamus,

§. 3I. Cum igitar hic fit 7 =1 et » = 2, formulae

ecrales praebebunt

gen - -

P _...j'3rv[1+vvru] coj.CD——ruBCD(x—vru)ﬁn.CD
. — — T evweof. 2 P+ vt 2

1 Q___.fafu(z——mrv)ﬁn.d)-;»—wad)(x—}-q;ru)_cﬂ
- Trezouecy. 2@t vt : 2

rd

vbi notetur denominatoris binos fadtores, ob
cof 2 w—— cof. 2 P = coft (7 2 O),
hincque vel w== 90" -~ O, yel w==90°— O, effe
| 1 eopfin.P+o@ e;x——awﬁn.$+tvv.
! Hinc ad refolutionem. expediendam confiderémus in genere

. g - . 2
_ fra@ionem oo et quamn 1efphu ponamus in has
b partes: ‘ '
¥ a
?

I 1-—21}j£:1.(|}—+—11f0

142w i QA-vU
ybi nouimus hos numeratores ita definiri debere,

P s

vt fit ’
 Fo=




- e (IIB):—*"—

S . ——
— 1 oo fin@+vV¥ =0
TSI ETT pofitc X 2 fin. @ =0, et
— < r p .
C—= ——————ry ofito 1 — 2 @ fin. P+vv=0.
I"f—'g-"UJZn-Cp—i"’U‘U‘ p 1

§. g2. Quoniam punc tzm PIo P quam Q binas ha.
bemus partes , aiteram per g v, alteram Vers per o @ datam,
fit prime S = (1 +99) cof. @, vnde fit

T — (r+wwieal®  pofito I g o = — 2 v {in. P,.

p==g i P+ vT

vnde

dere
p A4 -
NUMe

ideot
' (

vnde ftatim fic

3 e o wfin Qoo @ — .
F = _{win_@.-.._._ﬂcof.q},
fimilique modo erit
G —= _Lovwar®  pofito r o= -2 ofind,

r+ewm. VO
ficque erit G ==-+3 cof. @ : quamobrem pro P pars integralis
clementum O @ continens erit :
'P.__if 2w ol P +§f 2w caf- P
—Z T o1 =S

pasrnpyrry N B EE R T Io g o

§. 33. Pro parte autem vbi O eft yariabile, habebimus

§ ——n(x —ovo)fin.§, vnde fiet

" o nir—aur)m — \
. I‘_—'t——afufm-q)-i—'v_ru’ pDﬁtO I-+vo= Q‘Uﬁn'q?’
ideoque v v — — 2 vfin. O —1, vode fit F—=i(r +2 fin. Q).
Simili modo erit G — =i reMm 0, pofito feilicet X -7

12w Q4+ v

— 2o fin. @, quo fado fit G =—3(x—2 fin. ®). Binc igi
tur valor completus quantitatis P ex virague variabilitate exit

— %fnavcaf.([)—{—[r—i—vﬁnm.qna@ _Jrﬂéfaveoj.@—{:wwjin._cpﬁg_

Tz o Pvw it Q- vV

§. 84. Pari modo pro guantitate Q primo habemus
§ — (1 — w o) fin. O, ideoque fiet .-

]E‘ _ [x — v oY Jm. P ~ Poﬁto I __1_. O — O "U ﬁn. qj)

ezt v

ynde

qfu,ci)f
G =

cont.

Pro
hinc

fiue
idec
vip

nifi
obt

Aug

n
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fit F —rtrfin®  Hic autem U €X denominatore extris
oo

vode Y
fupra et infra per

dere oportet, quem in finem multiplicetur
w2 fin. O, vt denominator fiat 2 (v ¥ -~ 2V fin, P) == — 23 -
pumerator autem tunc erit ' : |

vofin,np-v-+2v fin. O* -~ 2 fin. ¢,

ideoque F—=—1 (v —+ fin. ®). Simili modo erit
' . —ww)fin. @ i st I — g g .
e—— ; . ] ] —_ hLle
G= ot pofiro fcilic DD v fin. @
quo falo fit G—1—"2%, et ob 1 =27 fin, P — v v, erit
4P

‘ G =3 (fin. p — o). Sicque pars prior pro Q variabilem @

I gontinens erit

Q-——; v (vt fin. Ol a1 so(fine®="v) e
— 2 1T e m Qv 2l i —anvgin.@HvU T

Pro altera vero parte variabilem ¢ habente erit Szv (1+2 v)col.D,
hincque colligitar

. w(raovuv)cf y L o % ,!7‘_.....
| F= i s poﬁ_to r + 2z o fin, §+ 2= 0,
! Gue 1 + v v =— 2@ fin. ¢, vnde fit F =10 cof. @; tum vero erit

G—= w (1w v) el P 9.P°ﬁm I —e}'—ruru::‘»}—zfuﬁn. O,

Itew m $+vw
ideoque G=z9 cof. O, ficque valor completus ipfins Q erit

—1 sotuafin@r+ovaPeof P 4 I g (fin.O—v)4+v30ef. P
Q ﬁf Teojin-Q+vw —l_ﬁf Tt QAU :

§. 33. Incipiamus ab euolutione pofterioris valaxis Q,
| vtpote facillima, quoniam in vtrague formula numerator ma-
' pifefio eft dimidinm differentiale denominatoris , vnde flatim

obtingtur Q = girepmdivy - gni valor prorfus congruit cum

I---_Q ) fin. CD TR
fupra dato. Pro littera P attem notetur effe
f fao. o~ _f A tang. —odmo

I—2wey. W VY Jiw T+ veg.w’

vbde cum noftro cafn pro parte priore fit f == cof. o, colw

x

— —fin. ® et fin. w == cof. §, erit




o (Izo)

[ 2ved® . —— A tang. v @

e v fm.Qrvv rfe—q)fm.(p’

fi quidem angulus @ vt conflans tractetur. At vero ex eius variz-

bilitate non prodit altera pars, quac eft fl‘f’_‘i};:glcil;, fed eiug

loco differertiatio praebet —2adfin®—vv39 iy hupc ergo dis
. p-2ufmP+ov .

fenfum accurarius inquiri copueniet.

§. 36. Primo quidem nullum eft dubium quin diffe-

qu

qr

rentiat \ . _ed$ at partem priorem;
1,,1t-a io fo,Lm.ngLA tang wﬁn@ﬁpraebeat par P ;
fed idem contingeret, fi conftans gquaecunque adiiceretur, quare
cum in hac integratione angulus ® pro conftante fit habitus,
ifta conftans vtique adhuc ipfum angulum @ continere poteft.
Hancobrem in genere flatuamus integrale quaefitum effe
w cof. @ .
exiftente 0 funione ipfins O, et iam huins formulae differens
tiale, pofito v conftante, erit _
—w QP fin.Q— d P . '
w3 Qfin.B—vwId 0 BCD— a(b §¢+2'u<:bfm (D-l—tI"D'U};

1+eofin P+vo —jin.P—vw
vbi fi fumatur ® — 1, iplum noftrum differentiale prodit

Q1 4+ v fin. P)
1+zwfin. @+ v J

ita vt ifta pars fit
A tang. M@ = A tang. 222 L A tang. /22

1 -+ wjin. I+ jin.$ o). P
qui duo arcus contradi praebent A tang.fﬂ’.‘_cf_%_a;‘.’, haecque for-
.

mula differentiata ipfum producit integrale datum.

§. 8. Pro altera autem parte ipfius P, quae eft
[l Q—(1—vfin.®)oP ' ' :
d 2

T—2wjm Q4+ v w
¢um haec forma -a priorl tantum, in hoc difcrepet, quod angi-
lus @ fit negatine fumtus, idem difcrimen in integrali introductum
: \ o —fin. O : : ; . T
da.b1§ A tang. 202, Sicque completus valor quantitatis P
eric

et
foi

tris
bet
vel
ipl

Nu
cui

ani
g(r-
L s T4
ten

aut

der




— 3 W e fim. fm ¢
1’—---215Ltang_‘”\p o
qui dwo arcus in vnum contrac‘h dabunt ~

P—=1Atag.2 svedh®
qui valor pariter pe.lﬁ:é’te congrﬁit com fupra dato.

: Applicatio
ad caftim quo m =71 et =3, fen formulam -

differentialem 22..

§ 38. Quod i hic ponatur 2 = cof. P+ —1fin.P
- , . . > . . .
et integrale inde refultans fatuatur [ 22— P+ Qy —1, ex

formulis generalibus fupra datis erit

4 P __fa'u(coj‘q}—i—m!cor c O = G Q= fin. 2 9) o
- semzase foa@ - wf

Q:.._j‘a'v(ﬁn.ép—vs i 2 @y weP. . cof. Prw3cof.e CD)

1+ 208 6.3 + v°

§. 39. Hic igitur denominator tres habebit faltores
trinomiales, quornm fHrma i ponatur T — 2 ¥ cofl w + v v, de=
bet efle cof.gez—cofi3d. Aecquabitur ergo guw vel m+ 5P,
vel 750, vel 37r—-3<1), vnde ergo oriuntur hi tres valores
ipfins w: ' '

& == 6o° ——!—(D, w=60°— @, w=180°— .

Nunc igitur in genere confideremus hanc fraGionem: -~
T+e coco @ -v°?

cuins voa frafiio partiali r ; at
partialis -fit cperryramer atque , vt fupra

animaduertimus , valorem ipfins F derinari oportet ex forma

Slr—2. esf. w4+ vu) .
rraoveds§ 0 O fatuatur 1 — 2 9 cofi w0 v == 0; tum au-

tem iifa fractio reducetur ad hanc formam : SlP2—=rel®) = Cum
3UTH 3 T30 '

autem {it
¥ == — 2 o3 cof. 3(1)——-1,
denominator erit
— (q)scof.gcb—{—x),
Nowa déta dead. Imp. S¢, T. V1L Q nt-

)
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gumerator vero S (¥ cof. O — 1), ficque fradtio refoluenda erit
- su—wedw) —~F, poftquam fcilicet ex denominatore quAantitas
3(v-cona® ~ 11 .
w fueric elifa.
§. 40. Quoniam jgitur per hypothefin habemusg’

o — tof. w + 7 — 1 fin. w, erit '

w8 —cof. g} —1fin. 363 |
ybi notetur efle cof 3w =— cof. g @®; tum vero erit fin. 5§ &

— ﬁﬁ@ﬂﬂﬁce{—p—r—oriﬂu;)gmlo,r,e , quo == 06+ o,

finre 3w=—=180°+3 P, erir fin. 3 o — — fin. 3 O; pro fecundo va-
lore, quo 3 w=180°—3 O, erit fin. go=—+fin. 3¢ ; pro tertio
cafu , quo gu=gm—3P, erir eriam fin. g w=-+fin.gP. Hoc
qutem valore . pofifo denominator nofter erit

3 (— w{‘_3(Dzi]/—fxﬁn.3q}cof.3q>+ 1),

vbi fignum {uperius valet pro valnre tertio et fecundo angu-
i @, inferins autem Ppro primo. JHic denominator etiam hoc
modo concinnius exprimi poeflt:

3ﬁn.3q}(ﬁn.3q3i]/——1cof.3(])).

§. 41. Nunc ijitur tam numeratorem quam denomi-
pnatorem ducamus in fin.gPFy — 1 cef. 3 O, eritque

T w3 PV — 1 eaf-3 @)
- 3fin. 3@ ‘ '

At fi etism loco o fcribamus cof, w—+ 7y — 1 fin. w, fiet

F— 8 fin: w ( fin. w— v — 1 cas @)y Uin, 3O F ¥ —1 eaf. 3 P)
‘ — 3 fin. 30 ‘ :
Hinc i bini faores imaginarii pumeratoris in fe invicem due
* cantur , Teperietur
.______Sﬁn.m[:_cof.(migcp)$1/-:ﬁn.(u¢sCD)]
_ 3flm.3q>
+bi imaginaria non amplius curamus, quoniam, vti {upra vidis
mus, introducendo litteram @, €2 rurfus tollere licet.

§ 4%
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§. 41. Nunc autem pro S quatnor habemus wvalores
ad binas litteras P et Q definjendas. Primo enim pro P et
elemento dw erit S = cof. O ~- 22 coft 2 P, vbi loco o* feriba-
mus valorem jam ante ufurpatpm — cof. § O 4/ — 1 fin. g §;
vnde fiet —

S — cof. (D——cofa(bcofqu Y —1fin.g Peof 2 @
— fin. 3®\ﬁn.2®—:_—]/-—-71 cof. 2 @),

ficque erit valor nofter
F—=Iifin.o(fin. 2O+ —1 cof. 2 @) [Fcof. (w—z—g(b)
EY 1o (03 0] 5

'qui valor pro fignis f{uperioribus erit

P —i i efin o+ Q) =y =1 cof. (&- ~Jﬂbj P
at pro fignis inferioribus predit

F—= —+:fin.o[fin (w—) — 1/-—.1 be- (Cb —CD)]

§. 42 Nunc autem necefle eft imaginaria hinc ﬂ:cludl,J

ad qucd eﬁimendum ftatuamus

fin. (m+®)+]/——1cof(m+¢\) A‘U-—I—B : N

—Acolu+B+yY —1 Afinw,
vnde manifeltn deducitur

A:m (@t+P) o B — o coj.('z_w—l—CD),
Jin. W : _fzn,m i

ficque habebimus pro priore cafu

F—=-—}ocol (m—:—q))—x—scof (2w+qb),
pro pofieriore vero

A=—u—0 ¢ B— & @ 1deoque

Jin.w

F—=-—1Ivcof. (w»-—(b)-{— cof(D

Verum non opus eft vlierius progredl, quoniam evolutio hos _

rum caluvum fpecialium nobis jam viam fternit ad formam ge-
Q 2 nerg-
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neralem euoluendam, quam ergo in fequente problemate proe
{equemurs, | ' |
Problema generale. ‘
Si ponatur z =0 (col. P +¥ — 1 fin, Q), inuefigare in
M =1 ’ . . ‘
tegrale bujus formulae: / AL .

1+ 2t

Solutio.

§. 43. Cum ob valorem ipfius 2 imaginarium  intex
grale quacfitum pariter effe debeat imaginarinm, id fub forma
P 4 Qy — 1 complettamur, ifa vt P et Q fint quantitates
reales, hanc ob rem erit fafa fubfiitutione indicata C

~ ' f‘zn—“ az:.P-a—Q}/—-I.

L+ 2"

§. 44. Cum porro fit 2 =g (col. 4+ — 1 fin. ), erit
ot — ot (col.ndy —rfin.zd) et
8% —av '
2= _T+Bq} Y — 1.
Hinc igitur formula propofita abibit in hanc 3

o™ (cof.m P+ y — 1 fin.m D) ECRNYORTE &
’

w
1+t (cof.z O+ Y — 1 fin. 7 0))
vbi pro fequente ratiocipio notetur, denominatorem evanefce-
re, fi ponatur | o
"o b e : i .
B e e ey ey o nPary —1fnn
Nunc vero ut denominator ab imaginariis liberetur, fupra et
infra. multiplicetur per I —+o° (cof.n® — Y —1finnd) et
formula differeatialis , quam per oV defignemus , erit
w™{col.m P-+y/ =1 fin.m®) (oD -1)[(1 o™ cof.ud-y/—1fin 40)]

1+2vtcol aQ+v't

V=

Nu-
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Numerator autem reduci poteft ad hanc fHrmam @ ,
' rtz’”(a_r:’ﬂmafpl/u:)[coﬁm1)+1/—1ﬁn.m?})-:—»v”(coﬁ(ﬂz—-n_)d)-l—]/‘—rﬁn.(m—n}q))j]
cujus partes reales et imaginariac ita a fe invicem fegrezabun-
tur, ut fic pars realis | : | |
rum“‘aru[cof'.m(])-4—qJ“cof.(ffzmnjffjf—vmaq)(ﬁn.md)—l—*v"ﬁ'n.(m_fz)CID)],
- pars vero imaginaria per ¥ — 1 divifa ‘
vm"‘av[ﬁn.mfp—i—@”ﬁn.(m-ﬂ)<l)+vmc}fb(co£mﬁb—i—funcoi‘.(m—n)CI))]'

§. 45. Ponamus nunc brevitatis gratia
R—=collm®P+ov"col. (m—n)P et

ﬁ T S=finmP+ " fin. (m—n)
] €t ambae quantita'es quacfitac P et Q per fequentes formulas
integrales exprimentur : :

P — R»z-m‘“‘r)fu-—stvma-q}

| T , et
1+ 29" col. gD 4+ 027 '

Q___/‘S v o 4-R o™ 2O
T i 2ol n D+ ot .
: Totum negotium ergo huc redit, ut primo denominatoris fa-

Gores trinomiales invefligentur, tum vero ex fingulis fractio-
nes partiales eruantur,

& 46. - Ponamus “igitur ‘denominatoris faorem quem-
cunque efle 1 —29cofw—+vo, atque necefle erit ut pofito
I —20cofw+ov==o0 eriam denominatoy evanefcat, id quod
¢ ante jam animadvertimus fieri caln :

t = —ccl 2Py —1finn .
At vero cum fit v == cofl w + ¥ — 1 fin. © » €rit hine
' " = col.nw+ Y — 1 fin. 7ty o T
vnde manifeftum eft efie debere cof, 7y = — cofind et
- i Q 3 .ﬁllo,_‘_
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£n, n @ = -+ i n@. - Hine patet angulorum 7@ € n @ fum«
mam aequari debere angulo j 7, denotanteé ; pumerum impa=
rem quemeungue s g vt nwzin—2Ps ideoque 0= iE— Q.
Eyidens autem eft hoc modo pro © tot diverfos valores res
periri, quot exponens 7 habet vnitates. Singuli enim ifii va=
lores prodibunt, fi loco i fumantuf pumeri impares Yo 3o 5, 7
_eic.. vique ad 27— 15 quarobrem finguli ifii facores toti~

dem producunt fraQiones partialess— jidque pro. fingulis parti-
bus , quibus lirteraé P et Q exprimuntut.

§- 47 Ad hanc refolutionem iofituendam confidere=

mus in genere fractionem ) vinde Ppro
: 1+2®“c0f.n®+m°”

faGore ¥ — 20 col. w +— ¥ @ oriatur  fradio partialis

— ¥

—
—
[ ——2 eV P

__, reliquae Vero partes OMNes defignentur pex
Q ., ita vt fit ' |

N = Y O
1+zq>“coi.1z¢+v“‘ ; —cvcolw+0 ?

vnde -colligimus
N (3 —aomvcollwm—+a?
F— - ..__a_._)——~,Q,(1——zrucof.w+w).-
1+ 27 colf, n P+ v*" '
Ex’ quo intelligitor, valorem ipfius ¥ ex fola parte priore eli=
ci pofle, fi ftatpatur &= o o cof. b+ TV = O At vero tum
priosis partis tam pumerator quam denominator evanefcet, Vo=
de fecundum regulam notiffiimam differentialia {ubftitui debent
quo fatto fiet :
N (2 v — 2 cof. ) N ( — cof. w)
-2¢c0b W)
an—1 -1 8 - s
2789 + 20T colbn® and"Th o + col. 1 ®)

F=

§ 48
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1

ratoris et denominaropig evenit, fit
v =col.w-+)V __ 1 fn w et

§ 48. Cum aurem cafu, quo ifta euanefcentia nume-

" — — cofl. » CD —+ ‘[/ —1 ﬁn.nd),
his valoribus fubftitutis fet
F— N Gn, 4 __ Nofin o -

| m_'nw“ﬁlﬂ;.ﬂq}.

Nuvoc igitur tantum opus eft, vt loco N diverfae partes, quae
fupra In numseratoribung formularum P et Q occurrerunt , fub-
furuantur , hiscque ope aequationis v v— 22 collw+ 1 =—o0
fingulae expreffiones jnfiq fecundam poteftatem ipfius o depri-

mantar.

§. 49. Hunc in finem in ufum vocétur fequens lem-
ma: i fuerit © U — 5 Lol w1 o o, femper erit
S .
v 0. 8 == 0 fig, A g — fin. (A — 1) w,
cujus veritas haud  diffcylrer demonftratur.  Tantum autem
opus eft vt pro littepy N gemini valores evolvantur, qui funt
—_ m—T . . . PO
N—=Ruw et N ~= S o™~*, quibus deinceps adjungi debe-
— =1 ' ' — /
N=Rw — 2™~ cof. m P + ™ cofl (m—n) O
eritque ‘ :
,U'm.—'n, ﬁn m .
F— - Loco{',m(b—_f-tv ﬁn.mcoﬂ(ﬂzmﬂ)q)
—— “—'—"'—'——-—_________F_
- nfinnd
vbi fecundum lemma papebimus

A ) O I T (m—nm)o—{fin.(m~n—~1)w et
PPN 0 2w fin, g — fin, (m—1)u

¥ynde ergo conficitup ' | .
F— ' Tr+wm [m—n)egfm @ — fin. (m =% ~1)wcof. m @
%inn q) [—H- U fine m w.cqf- (m—=1n) qj"'"JI"ﬂ-- (M =—=r)w quv(m—él)q) ]-
. 50'
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§. s0. In hac expredione littera v ducitur in formulfam

{in. (m —n) wcol. m ® —+ cof. (m —1#) ¢ fin. mw,

pro cujus refolutione notetur effe
cof. nw — — cof.n O et fin.70 — - fin. 2 Oy

hincque fiet
fin. (m —n) v = — fin. 2 O cof. n § — cof. m w fin. # o,

fum vero

cof. (m — 1) @ﬁffﬂr(bTofﬂZ*@H—-ﬁn,ﬂzQ)ﬁn. n®,

quibus valoribus (ubflitutis quantitas litteram ¥ afficiens erit
~ fin. z ® colt m (v + P). Hinc autem pars reliqua oritur, i

mutato figno loco # o {cribatur (m — 1) w; ficque integer va-
lor quaefitus erit | ‘
—_—— T ‘ " o . .
F=—23{v cof, m (w—+ @) — cof. ( 1) o+ n P]

§. s5r. Supra autem vidimus effe w + ¢ =17, ideoque
. n '

m (0 +P) =55 cujus loco feribamus ¢, quo facto pro cafu

n
pracfente, quo N — R o™—%, fraQionis guacfitae numeratot erit

F=—z[7 cof. £ — cof. ({ —u;]»
quem igitur duplici modo adhibesi cosvenit; namque pro
littera P is muldplicari debet per 0w, pto littera Q vero per
oo ]. .
§. 52. Simili modo pro cafu
N —=§om—r — o™ " fin. 7 ¢ + o™ fin. (m —n) ¢ ’ |
oritur ' ‘ '
F— o™= fin. o fin. m O+ o™ fin. w fin. [m —n) ®
. ' 7 fin. n QP | »
Jam loco poteftatum ipfius @ fcribamus valores fupra affignatos,
ac prodibit : -
. F :
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[rg)fﬂ-r -m,q:)f)u m—un)w-—-—jzn m(pj!ﬂ {77!:""'&‘1—1}&} Pt
v Jin. (m— ) @ fin. mw——-,fzn.(m—-n}q)jm (o~ 1)t

F—
Cum jam {it | |
fin. (m — #) w = — fin. m v cof. nw — cof. mefin g w et

fin, (m ~n) O =— fin. m P col n P — cof. m © fin, n P
littera v affeca eft hac quantitate: :

r
xfin.n P

— fin. 2 fin. (P + ) m_-——-ﬁn,izq}ﬁn.z
vnde integer valor erit
F — — L[ fin. { — fin. (§ — )]

qui valor pro P duci debet in —w 9@, pro Q autem in -3

§. 53. His igitur valoribus inventis finguli anguli v,

quorum numerus eft =7z, dabunt totidem partes pro quantita~
tibus quaefitis P et Q, {cilicet valor w —=IF—'(, exiltente

m;'” — ¢, dabit

P— — 3_faru[»u cof.f-.—coj.(f——m)]—-vé(})[vﬁn.f—-—ﬁn.(g"-—@_}l et
n I—zveef wt+vv

Q:___I_ faru['vﬁx ¢ —Jin (d—w)] + v 3P [v col. f-—coj(f—m)]
T r—zvcof w4 v

Vbi quidem 0 @ adhuc m_ultlphcavtlu per w v, cujus loco feri-
bi pofiet 2 v coliw —~ 1; verum omifia hac fubftitutione nullus
error commiittitur.

§. 54. Videamus nunc, quomodo ipfa harum formu-
larum intezratio inftitui queat. Ac primo quidem angulum @
pro conitante habeamus, vt fit

— 1 fow[vey § —egf({—w)]
P - [ I—2mgofe WUV ct @
Q:____fa'v[*vfm §—fin. ({—w)]
n Iz cfiutvw

Ponatur "igitur
M — fae e l—cd ({=0]] - eritque

I—zipogfi+ v

M—cof JI[y (2 ——2rvc0f.w+fvtv)}
Noua Aéta dead. lmp. Se. T, V1L, "R =f
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o awrvcors”-—cof ()] e [ OG-t NI
Ie— 20 CQf VW T2 COf 0 +DD

___.favu[oqf eof. w—cof- ({—w)] — '_f B fin ¢ fin.w

T2 U C0J, Um0 U T—sw ey wtv >

'Iicque integrale erit
— fin. & A tang. 228, ideoque

— 1 COj U

M——conZV(x-—wcof w-4—@®)--ﬁ11.2_,’At51ng “’f’““

—vcoj.w
eonfequenter habebimus
— cOff — fzn wfin. w
P — 8] y/(x— 20 cof o0 w)+L .._,Atangm

- § 55. Hoc valore ex fola variabilitate ipfius @ orto, -

v1dcamus quomodo cum angulo varizbili @ confiftat. Hunc in
finem differentiemus hanc ipfam formulam inuentam, ftatuendo

folum apgulum w variabilem, fiqguidem ¢ w=—=— 0, ob anbu-y

.-lum g’ conftantem, eritque differentiale
L—-vacpfm w cgf- & = w 5Pl eof.  — ) fin. g":l ..__7: ['vfm "-——-f'r' (’_rd)q,aq)]

LR O WU L2 e W

quod prorfus conuenit cum forma propoﬁta, ita vt inftus va-
lor pro P fit

P= ""”Z}/(r-—‘.wcof m+ww) NP LAY ‘fAtang _ofme

- cq{.w'.

§. 36. Eedem modo procedamus pro valore Q, fitque]
M :fa-v v fin. § — . (& —w}] " eritque '

L2 0o+ U v

M — fin. Z,’Z]/(I — 2wcof - v o) =
fa @ [ fin, & e fin A€ — w)] __f(w_[in.f—coj. . £1 3 v ——

——

S I—2 v oW D I—suoofiw-vw
dueel {finat .y ; v fin. w
fl—_—__wmj o — cof. £ A tang. Do,

vnde manifefto colligitur |
—_ fm ¢ — eof. ¢ a0l
Q 1Y/ (x—2wcof. m+w) 2% A tang. IS

L COJ . WD

guae expreﬁm variabilitati 1pﬁus ¢ etiam eff confentanea.

§. 57+




- = NeRIE-—

. ‘8. 5w, Nunc igitur cafum formulae f"‘—“”z‘)‘ﬂquem

fam bis fruftra fomus aggrefli, facile exPedue licebit. Cum
¢nim hic fit m— 1 et n=—= 35, pro littera 7 tres {fumi  debe-
bunt valores 1, 5 et 5, vnde pro noﬁus formulis integralibus

fequentes valores emergunt:

i T 3 | 5 ]
W 6°—O ISO°——-(D ) 300°,——(I)
fin.o fin.(60°—@) | fin.® ~fin.(60°~+Q) |
coflw col. (60°—Q) —col. D cofl (60°+Q }
4 60° | 1§0° ' 300°
b find 1:3 o V3
| cof. z 5 - T l z B

§. 58. "HEx his iam ternis valoribus tam pro P quam
Q ternas partes adipifcemur, quae erunt:

Pro P

Pars 1. —i7 I—20C01. 65”— T ‘ . v fin. (600 — )

s 2y £( P)+vo]+ 2 Atang O »
Pars I1. +37y/ (1+2 v col. +ev)+o0 o
Pars I1L —--I—l]/[t—efdco.ﬂ(60°+d))+vq;]+_i_‘A tang. 2 (600 =)

. 'UCD_I(\SOO*TCD] .
Vbi notafle iunabit partem primam et tertiam 1ta coniun@im
exprimi poffe;

—t/[1—20c0f. P+ 2vv(i+col.2®)—20°col. P+1°]
--—At&l’]gl evef. D3 —wvis

gmmacfiP—wa
Pro Q_

Pars L. o Z _— » , D fit.{ 600 — )
]/[ q)COf(éO Q))'i‘:v‘v] S_A.t‘ii]g — @ cof. (e Q) ¥

Pas II. — o 1 v fin.
Pars 111, + 2/ D,
ars -{—_ I-—2 s - o fin. (6004
1/[ tvcof( 0°+Q) +ov]+-E A tang. ;2 E et
R 2 ' Hic
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‘Hic iterum partes pnma et tertia contrflhl poffent, fed pracfiae

bit formulis primo inuentis vti. Hine iam iftam traé’catwncm

fequenti Theoremats concludemus.

Theorema.

~ §. 39. Pofito 2 —=w (col. (I)-—l—-]/—-—xﬁn ), i fta=
tuatur /22— P-4 Q) —1, haec quantitates P et Q ita

; expnmentur
o —~vl1/[1——2'vcof (60 —CD)-I—’U‘D]—I— SAtNg — T =T

o
CP={+Y[r+2ocol P+or] .
2-—‘1 1/ [1—2wcof. (60°—-a—(l),}+rurv] 4o Atang. ijznbé“j:;’?]m

1 v fir { o>—)
Atang 0]
Y —— iz, P
Q= . ~+3 Atang. —_'"—1+ch¢
I & ¢ fufzn i 50 + Q1
+ 1Yz 2Uco£(60,+®)—;.—rzw]+EAtang )

N Corollarium.
' §. 6o. Siergo fumamus angulum P =o, vt fiat 2=y
pro formula integrali /3% =P + QY — 1 erit:

-+~fv3
—31Y (1 —0+20)+ - Atang. 2’”_1’.9;3

P= El]/(I—i—fv)

L A tang.

"U'T/S-

T wgl]/(l—fb—quﬂ—b A tang.
Sicque erit Q=o, vti matura rei poftulat. Nam quia ipfa for~

miila integranda eft realis, etlam integrale partcm imaginariam
_ conr

ol fwe—Py
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Ceterum ipfum hoc integrale fatis eft no~

continere nequits

tum,
Corollauum 0.
§. 61. Confideremus etiam cafum quo ¢= 90, ideos

que z =@y — 1, et formula jnregranda erit

fafvv'—t _..._P__l_Q-l/___I

1..—..f|_,3-|/._

quantitates veco P et Q ita exprimentur:
I
—ily (11— 1/3-1—@-1;)———3,

P—{+ily(x1+vw)
— 3y (1+9V 3 +tvtu)+-—_Atang ﬁfﬂ"i'

A tang. . “l

“;‘iall/(l——’vl/C*'*‘""”)"*‘aAta“g T
+ I A tang. v

X g }
. 4 3 A fang. ;=20 T7E"

- Corollarium 3.
Practerea vero etiam cafius memoratu dignus

3

§. G2,
vV op gt — — b
2 J

occurrit, quo O =60°, ideoque 2=z ~+
Quli+iy— e e
) P igitur erits

ita vt formula integranda fit - 5
3 —uf

_ — 3l (1 —w)
? — -+5f]/(1+-rv-1—q;fv}

'v'v’a

(el =)

Q—=—{+ i A tang. *73 | |
?'*“,311/(1—1—@-;—@4})—!— Atang.’.f.rf_:;,'

ybi manifefio P : Q:: 1:y 3, prorfus vti natura rei poftulat.
R 3

SYpP-
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SVPPLEMENTVM .

ad differtationem praecedentem, circa integrationem for-

. =T 7Y : .
mulae f TR cafi quo ponitur
- I —

.
z ‘ .
z:p(coi‘.@-{#']‘/—-—_x fin. ©).
) . N . 7 — I :
——§— 1. Refolutio formulae [% , 0 zjf mam fupra in
q
_ . J T :

problemate, pro cafu quo z = (col. B4y — 1 fin, §) de-
 dimus, eximia et notatu dignifima artificia complectitur, quac
animo firmius imprimere haud inutile erit.  Cum igitur for-
‘mula, quam hic traGandam fufcipimus , non minore attentione
it digna quam ea quam fupra trattauimus, eius integrale per
eandem methodum exhibere conftitui; vbi fimnl occafionem
inueniemus nounm compendium in calculo adhibendi.

, Problema.,
8 ponarr z=w (cof.  +y — 1 fin. §), inuefligare in-

. ' m—1I
tegrale buius formulae: f z anz .
- 1 —3
Solutio.

§ 2. Cum ob valorem ipfius z imaginarium integrale
_guaefiturn etiam effe debeat imaginarium, id fub forma P+Qy —1'
comple@amur, ita vt P et Q. fint quantitates reales. Hanc
ob rem erit faa fubftitutione - '

A I :
f - =P+ QY 1
X —g" - ‘
| § 3. Cum porro fit x==w {cof O 4~/ ~— 1 fin. )P
kineque 2% =22 -0 @y — 1, erit numerator

&
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g az“fzﬂ”(cofmqb—i-]/—-l fn.mCD) (3”.4_3@]/--:),

denominator vero erit
t — " (cofn Py —1 ﬁxl.ﬂq[)),

qui ergo euanefcit ponendo

—=col.n P — 1/-——-1ﬁn.n(])

ot

T ol nCP—H/—I.Im-an

§ 4. Jam vt imaginaria ex denominatore tollantur,

fupra et infra multplicemus per
1 —a" (col.n P — }/—-Iﬁn D),

ficque fradio noftra euoluenda erit

R — =13z (1 —a" cofen P+ oty — JJi11,miD)
i —a2gtcolen @+ "
Quod fi iam hic loco 2™7* 0z valor modo aflignatus fubfti=
tuatur et partes reales ab imaginariis fegregentur , ob
(cofmﬁb—}—]/———xf'n m Q) (col.a O — Y — 1 fin. n Q)
— coft (m —n) P+ ¥y — 1 fin. (m——-n)([)
prodibit pars realis ita exprefla:
v dw [cof. m O —o" cof. (m—n) D]
— ™ 3P [fin.m Q— o" fin, (m—n) Q] ,
pars vero imaginaria per Y — 1 dinifa:
o o [fin.m Q— " fin. (m—u) D]
A o™ 3O (cofe m O — ™ cof. (m —n) PI.

§. 5. Quod fi iam brevitatis gratia flatuamus
R=—=ov™ " [cof.m Q— o cof. (s —n)P] et
S = o™ [fin. m P — " cofs (m—n)P],
ambae licterae quacfitae P et Q pei fequentes formulas inte-
grales exprimentur : | '

P =




TN

Rov—Swvod
1 —2 " colin Q"
. Sov—+4+-Rwod
Q= I—-——-—-Q.“UHCOf.F’!CD"—!-Q)Qn..

P

‘Has igitur duas formulas integrare oportebit, quod fiet, dum

denominatoris fingulos faores trinomiales inveftigabimus et ex
fingilis fradliones partiales inde oriundas definiemus.

§. 6. Confideremus igitur in genere hanc fractionem:
1 —z2a"col.n P+ o*"
effe 1 — 2o col.w—+vov, vbi angulus w ita debet effe com-
paratus , vt pofito ‘ '

1-—20coflw--vo=—c, fiue

v=cof. w4+ ¥y — 1 fin. &, |

fimul quoque denominator euanefcat, id quod fit, vti vidimus,
quando 2" = cof.a —y — 1 fin. # $. At vero ex facore
fuppofito fit v == cof.n @~y — 1 fin. 7w, vnde ftatui debe-
bit col.# w=—cof. 2 et fin.n v —= —fin. 2 P, id quod euvenit
in genere quando 7w -+ n @ —im, denotante i omnes nume-

ros pares , ficque erit nw —7 7 —7 P, ideoque w == % — 0,

7 n
vnde # diverfi valores pro angulo o deducuntur, dum {cilicet

loco i fcribuntur fucceflive numeri o, 2, 4, 6, etc. vsque ad
2 1, exclufo pofiremo. '

§ 7. Ponamus nunc fraGionem partialem ex ifto faco-

- F ‘ . .
re oriundam efle — e, atque ex {uperioribus patet
ftatui debere

.-

N (1 —n2vcol.u—+ o)
¥
1—z2v*colin QP+ "

, et fingamus denominatoris factorem
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vnde fcilicet ope aequationis vw-—s o cofi w7 =<0 pro F
huinsmodi forma Aw-4-B elici debet. Quoniam vero hoc

caft tam numerator quam denominator euanefcit, differemtiali«-

bus in fubfidium vocatis fet
P N (v —cofl )
et (v ——coh n D)

§. 8. Cum nunc caft quo v ¥ —2wcoll 41 =0 £t
v—coflwz==y —1fin.o et
' —col a Q== — 1y —x fin. a ), erit

mam s
—_—

T " fiu, 2 @ ?
qui valor prorfus conuenit cum eo qui fupra eft repertus,
Hic igitur tantum opus eft, vt loco N fine R fine S fubfie
tuatur , indeque forma praefcripta pro ifto numeratore F deri-
vetur, in vinm vocando lemma fupra allatum

— N fin, o
F ‘

Exglutio fraltionis |
Raofin, w fine M fin.of collmP—ao® cof. (m—n) P] :
nvtiin.g Q ‘ vt fin @ -
§ 9. Hinc ergo erit -

— 9" finucof, m® o™ fin.wcof, (m—n) D ;
7fin. 2 T
Per lemma autem memoratum Liabebitur
fn o™ " o=y fin, (#—n)u—Afin.(B—m—1 )
Cum igicar fit p e =im—n, erit |
fn. (# —5) o = fin. (mow-nd) et

__fin, (.‘F.?Z‘-—i’f—-—-I)m:.ﬁﬂ.(?ﬁ?-f*‘l)w‘{“ﬁq)]" )
-8 Dea

Nova da dead, Imp, 8¢. T V11,
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Teinde Yvero eft
G, e o™ == © fin. 7 g e finn (== 1) @

as valoribus fubftitutis erit ' .
rucoj.m@?ﬁn.(mw-q-nqy;_ca_;,mq;ﬁn_ o 353"4‘!1{9]}

i =1} Q] +jin.[m-—x}mcq}'.[m-—«n)@ i

guib
Fe=- Eﬁsm o ) [T i L cofal
Fadta iam euolutionse formularum
ﬁm(mm-wzfp)_—:ﬁﬁ.mwcaf,?fQ)q—cof.mmﬁn,nq) et -

cofl () =cof.m cofn@-+fnmPinn,

tittera @ hic multdplicatur per hanc formam: S
fin. 7 O cof. m @ cof. #7288 —= fin. n O fin. m ¢ fin. 7O

— fin. 1 D cof. (m P-+-mw),
quia ab his tantum in eo differunt Vvt

g (m—1)0, erunt :

reliqui vero termiti
loco mw fcribi debea
— fin. 2z ® cof. [ﬂ;(m+(§))~—-m] >
ficque pro numeratore quem quaerimus erit
s o cofs m (@ + P) - % cofe ACKS Oy — ol

1

Euolutio fra&tionis
g™ fin. w[fin. 7 & — o" fin. (1 — n) & -
5 o fin. # P '

Swfin. o
=
o i n P

j . _ A _
: §. zo. Hoc calu erit :
ety O efin @D

‘ nfin.a @
sqm vocato erit
(msm)m—ﬁ—ﬁ@] .
(= 1) © 2

Wic igitur godem Jemmate in fubfid

[roﬁn. m® fin. (m -1 QY — Jift m $ Jin [
3 fithe (1T — ] o fin. m Lu'w}-ﬁn.{m--n}@ﬁn.
quantitas , . qua ¥ multiplicatuf

+O)l; reliqua vero pars erit

e .

F= Eﬁif.’iﬁj)
vbi per {imilem euolutionem
sopenitur = fa, # @ fin. [z (@

-
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w fin. 2 @ fin, [m (0 -+ @) —uls

finc igitur pro litrera S valor quaefitus numeratoris erit

| F = — Lo fin, m (@ -+ Q) - % fa. [ (o + $) — wl-
n 7

§.' rr. Cum igitur fit 6+ Qo= é}?? ponamus breunitatis
gratia angulom 7z (9 + Q) == LT == ¢, atque pro l-ittc_fra. R erit
F = — 2 [v cof. § —col. (§ — )]
at vero pro S erit '
F=— Lfvfin.d —fin. (§ — )],
quibus valoribus inuentis pro denominatoris fadore 1—swcofe
—+ov parics , ex guibus litterae P et  componuntur, per fe<

quentes formulas integrales exprimentor :
P——7: [-_l_'_fu_ccf.g’——caj.rg’-—w)]am—mad)[vﬁn._g“-—ﬁn.(f-—w}']
- n

Le—Cpepfi w0 w

. : profing —final—widv+ovo@iveffegftd—wl]

Q——"_“E'f I—s vl WETD ‘ i -

§. T2. Quoniam hae formulae prozfus conueniunt cum
iis, quas fupra fumus nadi, et ne figna quidem funt immutata,
peculiari integratione noun indigemus , fed pro quantitatibus B,
et Q feque&:}tes habebimus valores integratos:

P:—"”{;ﬁl]/(x—ﬂwc0£m+cvq;)+fi?éﬁAtang,£.fi’LE’_.

U eaf, 0

- Jm. g - o caf. £ @ fin w
‘Q_—J“ “4lyY (1 —z2vcollu+v0) —HE A tng S

--'ucqf.m'
Y
Tales fcilicet formulae ex Gngulis fadoribus denominatoris
formae 1 — 2 v cof, w -~ v ¢ derinari et in vnam {ummam col-
ligi debent, vt veri valores pro P et Q obtineantur, vbi tan=-

Il ——— Erﬂ' i, f . . -
tum recordari oportet effe v =T~ et {="IT; pro ¢
autem hic numeros pares accipi oportet.

S 2 Exems




| Exemplum 1. _
§ I Qi omo— 1 ef w==1I, it VI quaeri debeat [
e P+ Q 7 — Ty pofite feilicet 2 7=V (cof. O+ Y — 1 fin. O).
habef, 1e=

Quig hic #.=%; yaicus valor pro w locum
ynde {ta-

fultans ex §== O, Critque ergo e (D 8L § =0y
e rim coligimus
o fin. @

i

P=-! Y (z—29 cof. O+ w) et Q= = Atangs— m,f,q)-.
Exemplum 2. o
§ 14, SitmI=3x ef =2y ideoque formula ntegranda

2= — P+ QV — 1, pojite z:r_u(cnf.d,)—i-vmlﬁn.(})).

5

Quia hic eft 7= 2, Py duos habebimus valores ex
;—o et i == 2 oriundos, vide
S j— o, et w—=—@ et {=o0
Qi j=— 2, erit a=a—- et & = .
finc igitur ftatim colligemus
P %«—é_l]/(x —apcol P+wV)40
=111y (x4 2w cols G+ v w) 40

o -~ A tang. ———= jz’ﬁ@

Q= %o -1 A tang. wlin®

: v oe P
Exemplum 2.
| Crg. St omng m— 2 € B=2 ideogue formula -
tegranda [ =22 =P Qy/—x, pofito Jeilicet z:fiﬂ(mf.(l)—a—]/~1ﬁn.¢)-

— R
Hic ergo primo fumi debet §—=0, TUIM VELO £772) ynde
Si §—= 0, erit = —@ et =0
& §—— 2o, erit w=m—~P et f= 2™
wnde valores pro P et Q epuuntur fequentes
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4
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P_{ 1Y (x—2vcolP+2v)—0O
T -—ill/(l—a—zfvcofq)—i-fﬂfv-—wO-
O —; A tang. ———%";{?f%

: [;rn
Q {o-—méAtang Iwichr@

Exemplum 4.
§ 16. Sit m==x et n==3§, ideoque formula zfmgm:zd@

[ =P+ QY — 3, pofi0 & =0 (ol O+ Y/ — 1 6. §).

Hic igitur ternos valores pro angulo « habeblmus,
quos fequenn modo repmefentamus-

Z o 3 : ' — 4
o) — 120° — @ 240° — O
fin. w —fin. P ~+ fin. (60° +~ @) | — {in. (60° — QJ) .
colbw | +coft @ — cof: (60° + @) | -+ cof. (60° — D)
4 ) 120° 240,
fin, & o | Y3 Y38
cof. ¢ -+ I W —

finc ergo inueniemus
g__gi;/ (1—22colP+ov) -0
P

ST, wfin.{ 6o+ QY

Sy [ T+-2wc0l(60 —!—@)—}-‘U’UJ"]‘ Atang I:.:co: (zoﬁ’;@}
. - _ ofind s0%—D)
é;/[ﬁ»+—:2@(:9f (60°—D)+vo] 7 A tang. I+:cgfma..{p]

I cof. @

o/ o wfing 6c°+Q)
W,nq, [2+~20c0f(60 kd))-—!-w]—hﬁfﬂﬂg I;{ffgfﬁ,%@,

_}/, i/{l-ﬁ-zf’ cﬁf (60 —-@)—I—-{J@] —IA tang. 'z:afn:l;_c.c;ﬂ‘,

S 3 | | Excme

-
g o o -{—aAtang ofiz. @
-
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Exemplum 5.
manente 1 == 3, Vi formula

—g(cof P+y/—1inP)e.

§ T+, Swmanr aune = 2y
mtegrands fis f 222 = P+ G y—z, pofiio 2

=R

Hic notetur, valores ipfins & provius gosdem manere V&
irenlares lidem mance

snte, ficque cam logaiithin et arcus
bunt ;. valores autem pro 4 erunt fequentes:

Sii——o, eritd =m0, fin. =0 et col. == -+ 1.
8 izz 2, exitd =3, ﬁn.rf::-—l’;ﬁ et cof. § == — e
8t =g, clitd =237 fin. & = -+ L2 et cofs £ == ==F.!

Hinc igitur fiet

&

—1y/(x—2vcof.P+ov) -0 |
S e )k _ o P, 2
P — {+HY s 2wcof.(60°+D)-+v] =4 tang.

i so0—P}

iy [I+zq)cof.(éo°__.¢,)+w:v] — A tang, T
o _ % Atang. T% |
+ 21/ - avcof.(§0°+P)-rv] 4§ Atang. %
o . o . 1 e s
mh/[z +22¢0l.(60 —P)y+0] - Atang. T el 8

L

e

Exemplum 6.

§. 23, Shnumem=—zeln="4 "} formula integranda fia

2, =P QY —3, pafito z=—=w (col. ¢y — 1 fin. Q-

e s
L2

‘ Quia bhic # == 4, pro angulis & et ¢ quaternos vafores
gdipifcimur, fcilicet

han 1N




—-

pmmimcs (T 4.5 ) -;w_;—ﬁe

i 0 2 _ 4 | ., 5
oW — (D 3 M — CI) m— q) - q)
fin. w — fin. @ -+ cof. @ <= fin. (D —cof. ® 1
cofiw | —-coft @ -+ fin. @ —col. P ~ fin. O |
o go° - 180° 250° i
fin. & o -+ 1 0 : — 1 !
col. £ -+ I o =1 ' o |

Hinc jam litteraé P et Q fequenfi modo exprimentur:
JV(I-—-ngcof q>+w) -~ 0.

e o - I A tang. ::}‘if .
— +§,Z1/(1+2=vcof.q>+vq/) ~- 0
o 1A tang. 280,
) ~}- i A tang. ‘”{E’Lo?cp"
Z;/(::-==2=uﬁu.(l)+@@) —~+ 0
—93 o : ~~ 1 A tang. %

+31 Y (E+a2vlin.Q+v0) 4o,

§. 10, Sup‘er hoc e};émplo notafie j‘ﬂ.uabit effe
flf_zz =i 1-——-zz+ f:;-—}-—z"
Modo autem vxdzmus pro formula J=2 °% _ effe
]?——--’Ip/(zmﬂwcofd)—i-qw)-]— ip/(1+"q;caf Go0) ot

Q—--iAtang. % —-1 A tang. ..__J_”_.?ia) .
Pro altera vero formula /22 in fuperiore differtatione §.

so. et feqq. inuenimus ,
P:.’;Atang ‘“”“fq’ et Q——-I jrazofinQ-aov

T v fin, P-v v
quos autem valores ob arcum circuli - hie coptra@tum potius
¢x formulis pwblematzs generalis §. 54. et feqq. derinemus.
Erit
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Bt enim, pofito ibi m=m T, #==2, PO forma integraii
a ' ‘

=2

. P i A fang. t-'““f"f’ - Atang. Sl eef.

T o -
Q:-——él]/ (z+2 flﬁﬁﬁ.CD—%-v‘Ufﬁ)_éf'V/(i —zofin. Q).

Additis ergo binis P et or binarium diuifis pro@i pro.
g P

. e . © D "
forma integrall f ==, valor
T . " : ¥ » oaf. &
p ¢ 1ly/ (5+ avcohPow)-FiAang — s

g4 .
S I w i @

%—z—%h/(l +aofin.Q+oo)4§Atang. efin®

k : 31— Y.
11/ (1—2 v fin.P+w o)+ Atang i D

prorfus vl fupra .inuenimus.

§. 20, Quanguam haec {olotio fatis eft commoda et
fine multis ambagibus ad optatum finem perducit, tamen aliam
hic fubjungam , quae quidem multo fimpiicior et breuior, it
tamen eft comparata, Vvt ejus benitas neguidern perfpici queat
atque eatenus tantum adritti poffit, quatenus ad veritatem jam ali-
unde cognitam perducit. In so autem ifta folutio a praecedente fo-
futione recedit, quod primo denominatorem T — 2" ab imagi-
parils liberare non eft opus; deinde etiam NUMEATOY ita ftra-
&ari poteft , vt guantitas v inde penitus elidatur , neque per-
miztio quantitatum realium ot jmaginariarum  viam moraf
facefiae. ' -

Alia folutio Problematis,
§ 21. Cum pofito g == v (cof P/ — 7 fin. ) efiv

gl g 2 | -
f = =P QY -1,

E o——

debeat

fatim

—im%l]/(ﬁt——2wco£®+w@‘)+§Amm w &
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{tatim confidero denominatoris factorem I — 2wcoll w+ v vy
quo €rgo pofito —o etiam ipfe denominator enanefcere de-
per; inde auter fit /o — cof. w7 — 1 fin.w, et cum it

x = v (cof. O+ — 1 fin. O), erit

ot — o® (cof. n P+ v — 1 fin. 2 P)

Quare cum fit 2" = cof. n w + )/ — 1 fin. n v, hinc fiet

. 1

o — cof. (nw+n Q)+ — 1 fin. (nwnQ),
quaec expreffio cum vnitati debeat effe aequalis, erit
cof, (n v +nP)y=1, vnde fit no+~nP=im, denotante { nu-
merum parem quemqunc']ue, ficque altera pars V—afin.(nu+aQ}
ﬁ—mﬁfipon,tefeuanefcit. Cam igitur hinc Gt nw—im—nd, erit
0 =1L —, vnde 7 dinerfi valores pro w elicimatur. S

§. 22. Statnamus nuac fra@ionem partialem ex hoc

) - F T. ....-l
fadtore oriundam efle = rrvaa e atque vt fupra vidi

mus , flatui debet
1 —aowcollw+20

F—=2""'0z. . ) : \
- I —2 -

" ynde ope aquationis v @ —2wcollw+ 1T =0 ifte vafér F pe-

pnitns a litteris z et v debet liberari. Quoniam autem hinc
fractionis illius tam numerator quam denominator euanefcit ,

fumtis differentialibus, ob 9 .z" =gt == 72" 2%, quando-

quidem in hac reduétione anguli © et § vt conftantes {pecta-
a(v—~collwyw

ii poffunt, illa fra@io induet hanc formam :

n 2"
Quoniam igitur @ — cof, w = Y —1finu et 3"=1, erit ifta
fra@io — — 2¥¥-1fme, ficque liabebimus
F—=—vgr—idgy —xfin, w.
- .

Noua dlla dcad. Imp. Se. T. VI T § 23




e - ——euoluamus poteflatem 2™, eritque
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§. 23. Cum nunc, fumto étiam angulo Q variabili, g
224 3y —1, ideoque
20V 2B 2 Gy e 20,
3 % n n
habebimus : oo

Foeo 2 m3py/ —1 fino—+2 w230 fin, w, fine
- n % ) y
F:%zmﬁza.m(an)-faJv]/“I). |
Nunc vero, vti ante enoluimus poteftatem z*, hic fimili modo

2" = cofl. (mw~+mQP) + Y — 1 fin. (m o+ mQ),
- quo valore introdu@o fiet . ’ oo
F=Zfine(@oP—ovy—1)[cof. (m w1 Q)+ —1fin, (mo-+m®)].
Cum denique fit o —i7__ G, erit mu—+m Q= ZIT. quem

T

ergo angulum fi voceius =7, valor litterae F _quaefitus “erit
F=2fine@dd—00y —1) (cofe &+ ¥/ — 1 fin. &),
quem partiamur in has- partes : .
F:—F—%Qvﬁn.m(ﬁn. §—y —1 cof.éﬂ')
22 0P fn v (cof. & 4+ 3/ — 1 fin, &)

§. 24. Quia hacc expreffio ex partibus realibus et ima-
ginariis conftat, videri pofier partes reales fumi debere pro va-
lore litterae P, imaginarias pro Q 3/ — 1; Vernm hinc in cras-
fiimum errérem illaberemur, quemadmodum ex coliatione cum
fuperiore folutione manifeftum eft. Interim tamen obfervaui ,
ex bac ipfa formula veros valores pro P et Q elici poffe.
Scilicet pro valere ipfius P inueniendo haec totg formula ex

N realibus et Imaginariis permixta in valorem realem transforme- ‘_

tur; tum enim eius femiffig pro littera P valebir, Simili mo-
do pro littera Q eandem expreflionem totam in formam fim-
’ ' J PJ.ECI"
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liciter imaginariam tl;a.n@f'undi oporfet, cuins pariter femiffis
ro valore litterae Q a,dh’iberi,debﬁbit; fcilicet cum valor ip-
Gus F coéfficientem habeat 2, ex altera femiffi littera I, %

altera vero littera Q formari debet.

i

§. 25. Hinc €rgo omiffo fefore formulam pro Fin-
ad litteram P accomodemus, qui valor cum de=

ventam primo : _
beat efle realis, ftatuatur = A v+ B, et loco @ valorem cof. @

+ 1/ — 1 fin. oo {ubftiraendo habebimus hanc aequationem:

—;—%aruﬁn.w(ﬁn.g——}/mlco{'.c':)z . .
{+?§wa®ﬁn.m(c0f'.§+1/-—1 ﬁﬂ-g)ﬁ __Acof.m-%B—;—A}/-——xﬁn.w.

Hinc iam partibus realibus et im*zrgin’ariis#eo—rﬁfm?aequatfi,swP,ri-,, g

mo ex imaginariis elicitur:
A fin, w = X fin. m(—-—-awcof.ﬁ-l—fva(bﬁn.g),

ynde fit
A——z(2wcofl ¢ — v o Qfin. J).

Hic jam valor in aequalitate partinm realium fubftitutus dabit
,{ﬁn.w(atvﬁn@#wa®cof.{):b~"_°{;_“’(afucof.§’-—wBCI)ﬁn,.é')-i-B

ynde colligitur
—19wcol ({—w) — 19 0P fin (& —uw)-
Hinc ergo pro littera P erit - ' .
F— —zdw[vcol.{ —cof.({—u)]
+ o o [v fin. § — fin. (&—uw)],
ficque ex factore denominatoris T —socof.o-+vw habebimus
P—-—13if22 rw oof. § — eof. [{ ~— o} —w QP [vﬁn._e-—;ﬁn.(g’t_-m;] .

f—ceweofiWH+TVV

§. 26. Pro littera Q sltera femifiis litterac ‘F aequetur
huic quantitati fimpliciter imaginariae: (Co-+D)y —z, vu-
de exorictur ifta aequatio: ”

T 2 3
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Sf+1oofine(fin.d—yY~xcolldy) A ‘ _

{-4—,—{- vod ﬁan (cozf. é’—]:]/—x ﬁnég} =Ccof.uy~1+Dy-1~Cfin.c;

Hinc €x partibus realibus concluditur :
C=—:@viind+20Pcofs), '

quo valore fubftituto ex partibus imaginariis haec emerget ge-

quatio : '

i i, (av‘coﬁé’—v oPfin. &) =~ (Qwfin. +vd Pcofid)+D,

vnde erunitur

D=3ovfin.({—u)+ivdPcol. ({ —v).
Hine ergo pro littera Q habemus: | ‘
F=—209[ofin.{—fin. (£ —w)] .
| — 32 0O [veofi d — cof. (¢ —w)],
vade valor ipfius Q 'ex facttore 1 —2wcoflw—+ oo oriundys
erit: -
Q=—1z/22 [« in. ¢ — fin (—wi]+vadvesd—cof({—w)] .

T——2wCOfi0—+wp ‘

-~ § 27, Quoniam haec folutio tam egregie cum prac-
cedente conuenit, id profedte cafui fortuito tribui nequit;
quam ob rem mihi quidem haec folutio prorfus fingularis haud
parum in receffu habere videtur, vnde eam Geometris perfcru-
tandam proponere non dubito, vt eius foliditatem ex firmis

principiis- deriuare conentur. .

o
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