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QVATVOR THEOREMATA

MAXIME NOTATV DIGNA IN CALCVLO
INTEGRALL '

Auétore
L. EVLERO.

Conuent. exhib. die v Iul. 1776,

Theorema Primum,

€ . §I Il
Denotante ¢® angulum quemcunque variabilem, fi # fignificet

numerum quemcunque, five integrum, fine fratum, fiue pofiti-
num, fiue negatinum, tum vero ftatuatur 9§ = 2 @ (fin. )"
fequentes formulae integrales omnes algebraice exhiberi pofflunt:
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17
{in.

1L fosfin. (n+3)P= :[ﬁn.(n—;-z)q}——i—%ﬁn.ﬂ@].
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2
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etc, erc.

Ara s Ame el
Vnde fi i denotet numerum pofitivum quemcunque , generali=
ter habcbimus
fa.rﬁn.(n-i-zi—&- x)(l):—_ﬁn'q?n[ﬁn.(n—;—zz')QD |
= fin.(n+2i—4)P

fn (”—'—22—‘2)@ n—f—:--'.[ nti—

| -+
t .
R e S LN P RPN
y i Tmri—t i3 1n. ( g 4-)(1)
| | 2 Z—-I i 3_3 in. —|-2_Z..._6
? BAi—i MAfe—e LI 3 n+i—a fl (ﬂ )®

P ier s e 1 _fin. (n+2i—8)PJ.

Ati—1 ' nti—2 B4im3 Bri—g Bi—s$
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quac termiporum progreflio quounis cafn fponte abrumpitur. |
Demonttratio.

§. 2. Ad veritatem huins theorematis demonftrandam
confideretur ifta formula: Z = fin. @ fin. A O, quae differentia=
ta dat

0Z =00 fin.d"* (z cof. O fin. 2D =+ A fin. O cof: z Q).

At per redu@iones cognitas eft

cof.




- cof. @ fin. hd):éﬁﬂf(?\w DO +Efin.A+1)P et
fin. © cof A = — i fin. (A — 1) @+ 5 fin. A+ 1) D,
quibus valoribus fubftitutis, quoniam pofuimus o fin.Pr =20y,
erit '
23 Z==0ds[(n—2)fin. A—1) O+ (n—+n) fin. (+1) O
vnde denuo per partes. integrando deducimus
fosfin. A+1) P = 223 S0 ¢ fin. (0 — 1) @, fiue

[9sfin, (?\+ Q= _z_ﬁn. ¢~ fin. 7\7@5-4— A=t fin. (A—1) .

A i 7 Atn

§. 3. Stabilita igitur hac poftrema redu@ione generall
caplamus A == #n, vt adipifcamur iftam integrationem abfolutam:

[osfin (n=+1) G = = fin. " fin. » .

Nunc vero fatuamus A==7 =+ 2, et forma illa generalis dabit
Josfin. (n+ 3) P = 55 fin. o fin. (7 + 2) P
+ﬁ—;fa.rﬁn. (n+1)P,

ficque haec integratio ad praccedentem eft reducta. Jam po-
namus A7+ 4, et forma generalis fuppeditabit

- fosfin. (7 + 5) P = =, fin. O ﬁn._(na—z%)CI)
+ 2 [0 fin. (n+3)0,

quae ergo integratio iterum ad praccedentem eft redudia. Sit
porro A——=n -+ 0, et éx forma generali prodibit

Josfin. (n+7) = 2 fin. Q" fin. (n+ 6) P
+ S [0 fif. (n + 5P
ficque, augendis continuo vhloribus ipfius A binario, vlterius pro-
gredi licebit. | .
§ 4. Quodfi iam fingulos valores integrales anteceden-
tes in fequentibus fubftituamus, fequentes orientur integrationes
abfolutag: ‘ I
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L. fD.fﬁﬁ.(n—&— I>®:ﬁn.$ in. n Q.

72

55 256 e ) O =P [fin, (n 9) Q- £ fine 2 .

n—-I

111, [0 s fin. (IZ—I—S)(D_-w [fin. (z+4) P

n+e
+ 2 fin. (7 + 2) § + = . = fin. n@].
IV. /25 fin. <n+7><bmff D fin, (3-+6) Por52, fins (7-+-4)
-t 2 fin. (n-i—z)(]) ,E.%,,%ﬁn,ﬂ@],

quae cum fint eac ipfae formulqe quas in theoremate an-
nuncianimus, eins veritas fuﬂicwntm elt euicta.

Theorema fecundum.

§. 5. Denotante ¢ angulum quemcunque variabilem ,
fi # denotet numerum quemcungue, ac breuitatis gratia pona-
tur vt ante 05 = 0 P fin. P, etiam orones {equentes integra-
tiones per algebraicos valores exhiberi -poffunt:

L. foscof (n+1)(1)_£1-13_—cof X0
7

II. foscol. (n+3) P = ___93_ [cof. (n+ 2)CI)+ cofin®].

IIL. /0 col. (rz—r— 5)({)___@9_9_ [col. (n+ 4) P
-+ == cof., (ﬂ+2)q}+_—.—c01.7z(])].

IV. /95 cof. (1) B — _Z“_E‘l[a)f (1+6) P+ cof 1+ P

3
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V. foscof. (n+9)q>_—..ﬁ“' ¢ [cof. GH— s)cpq-ﬁ_s cof. (rz+6)(b

+ -t . —2-cof. (7Z+4")®+7T—E'1T-Fi'a'i'~t'—‘ic°f (n-+2)Q;
et 3,2 ZeofnQl.

n+3 ut+e #AA-I 0

V1. f9scof. (n—n—u)(b—ﬁi CD [cof. (n—f—IO)(D*'-——COf (’1“*'3)@

e cof. (72—1-6)(1)4-__ P cof(n—l—.q_)d)

N4 fi+4 N3 B2
g B4 3 2 2 4,8, eof.n
ﬂ-w+4 n+3 ‘nde I COI‘(ﬂ>+. )qb n+4 n+3 n{z n+{ () Of qﬂ
ctc. etc.

Vnde patet, fi ¢ denotet numerum pofitinum quemcunque, fore
in genere

fa.rcoﬂ(n+zz'+ I)CI):ﬁn'q)n[co{'. (2P |

I

P cof (12—4—2z—2)(1)—1-n_{_1_I n+1_2cof(fz+2z-4_)(p
i, i = cofi(n+2i—6))

At i—1  nti—z n4i—38
etc. ete.

quos terminos quouis cafu eo vsque continuari oportet, donec
fponte euanefcant.

-t

Demonitratio.

§. 6. Ad veritatem horum integralium demonftrandam

confideretur ifta formula: Z = fin. ¢" cofi AP, cuius differentia-
tio praebet '

8 Z =0 fin. §** (» cof. P cof. ?\(D-—-Aﬁﬂ @ fin. A D),
quae exprefio, ob g

cof. O coll AP = cof. (?\—I)d)-;- col (A+1) et
.ﬁnaCDﬁn-?\(D-—-acof.(?\—x)q.‘)—acoﬂ(xa—x)cp
| fi

[




: e ((2077) =
G loco 0 Ofin.@"* valorem affumtum o s fcribamus, fiet
2 dZ =23s[(n—n) cof. (A—1) O + (n -+ A) cofs (\+1) Ol
ynde iterum per partes integrando erit

2 fin. " col. A== (1) ds col. (A—1) P+ (n+n)foscof. (7\.+I) O,

atque hinc deducimus fequentem reductionem generalem:

foscof (A+1)P==;5~ 2_fin. Q" cofl. ?\d)—&-"‘“fa.fcof (—1) Q.

§. 7. Ponamus igitur primo A —#, vt obtineamus hanc
integrationem abfolutam : :
fascof. (n+ )P —=Zfin.P"cofl nd.
Fiat iam A —=#n - 2, et forma generahs dabit
foscof.(n+ 3)(])““' ~—fin. Pt cof. (n+2) P+ ——-fa.rcof'(fz—i—x)cb
Statuatur porro A= 7% -+ 4, €t confequcmur
Joscof. (n+s5)P = S fin. ot
Ponamus viterins A —1n - 6, ac reperiemus
Jascof. (n+7) =2 fin. Q" col. (n+ 6) P+ 2 /3 s cof. (n+5) Pe
Faciamus fimili modo vlterius A == # + 8, ac nancifcemur |
Joscof. (r-+9) P == A_fin. @ cof. (+8) P+ 2[5 cofs (n-+7) P
ctc. etc.

§. 8. Quodfi iam fingulos valores integrales praeceden~
tes in fequentes mnoducamus, perueniemus ad iftas integratio=
nes abfolutas:

I [0 cof (B—+ I)(D:.I.ﬁn @ cof. n .

n. Q" [cof. (#+2) P+ cof' ndJ.
CD“[COf (n+4)P

.+ Zcofin].

III.focof. (n—q—s)(b“‘

TI+I

D 2 1V.




g (2§ memmem

IV, foscof. (n+ =) O :n—}__.s.ﬁn.Cb“ [cof. (n—+ .cs').q)
i 0Of, (1 ) P i 00f (2 270N
S . cofl nQl.

etc. etc.

quae manifefto funt eae ipfae formulae , quas in theoremate
produximus, quarmm ergo veritas nunc folide eft demonfirata.

- Gorollarum. - -

§. 9. Haec duo theoremata combinata inferuire pof-
funt ad inoumerabiles curuas algebraicas inueniendas , quarum
arcus indefiniti s omnes per eandem formulam integraiem
/3@ fin. ¢*—* exprimantur. Cum enim elementum curuac fit
0s— @ fin. P, omnes plane curnae huic conditioni fatisfa-
cientes ita generaliter exhiberi poffunt, vt earum coordinatae
fint x —=f0scof.w et y =)0 s fin. w. Nunc autem videmus
ambas iftas exprefliones reuera fore algebraicas , fi angulus @
ita accipiatur, vt fit o =@+ 21+ 1) P, vbi loco i numerum -
quemcunque integrum pofiiuum accipere licet. .Quamobrem
gumerum talium curuarum algebraicarum in infinitum augere
licebit: curua autem fimpliciffima fine dubio prodibit, ponendo
iz=o. Hoc argumentum jam nuper fufius pertradtavimus.

Theorema tertium.

§. xo. Denotante @ angulum quemcunque variabilem,
fi # fignificer numerum quemcunque fine integrum , five fra-
&um , fiue pofitiuum, fine negatinum, tum vero fatnatur
J s — 0 P coft P, fequentes formulae integrales omnes alge-
braice exhiberi poffunt: \

I foscof. (n—+1)P=—2Icof. " fin. # Q.
L. /35 coft (n + 3) P == L cof. ¢" [fin, (n+2) P— Zfin.z

n-I

¢l:
111




? — (29) ==

11 /2 s col. (n+35)P= cof ¢ [fin. (# + 4) O
— 2 fin. (7z+2)©+ I fin. 7 O]

j\ 1V. [0 s cofl. (72+7)Cl)__ﬁcof ¢ [fin. (n—+ 6)P
— & fin. (n+4)q}+n+n = (ﬂ+2)q>
5 -_.3_.-_“_.Iﬁn n Q].

n-=2 NI

' VfaJcof(72—-&—9)4\———"—CquDn[ﬁﬂ'(”"“S)q)
— A fin. (n+6) P+ A5 -2 fin. (n—+4)d

1

'4 i _—}-"Hﬁn (n+2)®—hn_+_a'n—3rz'n+x :Lﬁn'ﬁq)}"

a T ads Tudz o
e - Vi fE)rcof(n-;—u)(D: " [fin. (n~+ 10) O
it
iy — 5= fin. (?z+8)¢)+n+4 = (72—1—6)(})
. _ﬁ'i“; R (n_++)CD IR
us 5.___4_,._3_,.__2_.11111 n PJ-
, n-+-4 n+s3 n+ez nt+I
“ £x quibus concluditur fore generaliter, denotante i numerum
n integrum pofitiunm quemcunque |
II; fafcof(fz+2z~4u1)q>“_ [fn. (m+2) O -
do ——n+1_ fin. (n—+—2¢~z)q> m.n:‘ fin.(n+2i—ap)P
' _n+i~1°n—§-_;lz n:i fin. (71—%—22—-6)@—!— etc. ]
Demonftratio,
., § 11. Ad veritatem huius theorematis demonftrandam
" confideretur ifta formula: Z == cof. @" fin. A uae differentia-
fra s 4
itar ta dat _ \
lge- 0Z —odQcof. " (—nﬁn.@ﬁn.?\@a—kcoﬁdﬁcof‘.?\@),
quae per redudiones ante adhibitas transformatur in hanc
formam : _
fq)]- 23 Z=3s [(A—n) cof. (A— 1) P+ (A+mcof. A+ 1)P]
D 3 vnde




ynde iterum per partes integrando nancifcimur
o 2= (h—mn)fdscof. (A— D P~ (+n)foscol.(A+ 1) O, .
‘hincque deducimus iftam integrationem generalem : -

foseof. (A1) P=17 cof. O fin. AP — ST2Lf0s col—1) -

A1
§ T2, Sumamus nunc primo A==, Vt pofterius in=
tegrale tollatur, ac prodibit g
foscol.(n+1)P =+ cof. O fin. #

Nunc autem porro ponamus A=7 —+ 2, et forma noftra gene-
- yalis nobis praebebit '
foscofl. (n+ 3) P=_2-cof. O fin. (n+ 2) P~ f0scol. (n+1) Py
vbi ergo pofterius integrale jam eft inuentum. Fiat vlterius
A — 2 —+ 4, et habebimus - _

foscof. (n+35) Q=i col. ¢ fin. (n+4) P2~ [0 5 cof. (n-+3) Dy

quod poftremum integrale itidem iam patet. Sumiamus nunc

— 4 4 6, et forma generalis dabit | |

fscof.(n-+7) P=sZcof. O fin. (n+ 6) P2 foscol. (n+ 5) P.

Qimili modo fi faciamus A==1# - 8, obtinebimus

foscof. (n+9) P=omy cof. O* fin. (n—+ s)q:-njﬂ/‘a‘; cofs (n+7) P
Hocque modo vlterius progrediendo, perpetuo fequentia inte-
gralia per praecedentia exprimere licebit.

_ § 13. Quodfi ergo valores integrales praccedentes in
fequentibus {ubftituamus, confequemnur iftas integrationes abfo-;
lutas :
L [9scof. (- 1) P == col. " fin. n Q.
1L foscof (n+4-3) =3 cof. ¢ [fin. (r—4-2) — L fin. 2]

n—+I

YL [ s cof. (n-+5) O = Agcol. ¢ [fin. ()P
— 2 fin (1 2) ®+ 2 Linon .

1V.

VI



— (51) ==
1 _cof. ¢ [ﬁn (1 5) o)

. fascof (n 47 O =;55
..__n_____ﬁn (ﬂ++)®+“+2 — ﬁﬂ (73—{—2)@

_ s .2, fin n Q.

o S

Vfaxcof(;z—|—9)(b_.__-—-cofq>“[ﬁn (n——}—s)d) |
L -—-1_1-:'-__-—{‘11 (72+0)q)+n4_3 ,.,T—'__!_—ﬁn C@"“i‘)tb l
| a2 fin () Pg t . Zfinn @l -

n4-3 n-2 T
etc. CtC.

vnde veutas noﬁn theorematls abunde elucet.
T heorema quartum.
§. 14. Denotante { angulum quemcunque variabilem,

fi » fignificet numerum quemcunque, five integrum , fine fra-
Gum, fiue poﬁtmum, fine negatiunm, tum Vero ftaruatur
ds—oQcolt. "7 fequentes formulae integrales omnes

algebraice exprimi poterunt.

1. [0 fin. (ﬂ+1)d)__—f£cof.q}"cof.ﬂq)

1. /0 sfin. (n—l—g)db___——ﬁ—f;;coﬁ(D“[cof.(fz—P—2)C]'.)
— L cof. nQ].

. [ fin. (2= 5) @ == — % cof. " [cof. (n+4) P
—- = cof. (n—+—2)(1)—1—c.._._ -coffz(D]

IV.fB.rﬁn (n—-}—*;)(b— [(:01”(7:!—1—6)(1?J
cof. (ﬂ++)q)+n+z i

-—~3——-—— L cofl, 2 d].

=2 X T
V. fos fin. (ﬂ'—|—~9)(b_'--—n_+_4 cof. CD"[cof (n -+ S)CD
— 1 cof. (n+6)(b-—|—n+3 —— cof (fz—!—-q-)q)
—_— 4 3 cof(n—i—2)®+ =_.Lcofn @l

a3 ndz’ n+1 n—3 n—i—a ‘L W
VL




| | e (ga) memmmm

V1. [0 fin (71+Ii)®::-—-— :cof. @ [eof. (n+10) P -

n -5
5 7 g ‘ : X
_-—~_n+4cof.(ﬂ+8)¢;1—-n+4.n+scpﬁ(rz+6)q>
—— 5 3 -
n%;&}'n—i—s'n-gaco”a(ﬂp] ‘Qq) ‘
+n+4'mz'm';;—«_?c°f'(”+2)q)
—_ 5t A 2-.%;01?.12@1.

ntgq n+g n2 BT ‘
vnde manifefto patet , fi ¢ denotet numerum guemcunque in-
tcgmm’”’Pﬂﬁfiﬂum,hfom, in genere
125 6n. (1t 2 i 1) = okp €OF Q7 ool (12 DF
“:"‘;ﬂ:—_—i_—f—._—_-;co{'..(n—-l—zi_..QJQ) |
+,rﬁ:-?;_ﬁi;:009(fz+zi~4)(p
—_— i L i t——-zscof.-(n-—}—zz'._.ﬁ)cp

— -
n-+u_z'-—1 ne—t-1—2 - i—

N 2 e T s cofi (n2i—8) P etc.

———
.

ni—z nti—s nti—3 nti—4

| Demonflratio.
§. 13. Ad hoc theorema demonftrandum confideretur

formula Z — cof. ¢ cof. A, quae differentiata praebet

9Z—=—0®col. P" (n fin. @ cof. AP A cof. @ fin. A ),
quae per notas reductiones reducitur ad hanc formam: ‘
20Z=—=—20¢ [(A+) fin. (A1) P + (A —n) fin. A—13) ¢l,

quae iterum per partes integrata dat
0 Z — —(A—+n) f0sin. (?\+x)(l)——(h-——-n)f%ﬁn.()x-——-:)d),
vynde deducitur ifta integratio generalis:
[osfin, 1) P=—5g5 cof. @ cof. Ap—2=29s fin. —1) -
§o 16. Vt membrum integrale poftremum ¢ medio
¢ollatur, capiamus A =17 €t forma generalis dabit

[05 fin. (n4-1) P = — % cof. §" cof. n o,

Statuamus nunc porto A=n -~ 2, 4C proueniet

Ik

———— e — - -

~



I fasﬂn-(ﬂ——i'—3)@:——nj_rcof.cb”cof.(ﬂ-2«z_}(@)

| —-*ﬂ_f_lfasﬁn.@b-}—:)(;f). -
r Fiat porro A =—=7 -4y Vt oriatur ' _
/8 s fin. (n—i—s)q):-n-n_f_zcof.cb" cofi (n -+ 43 @

—‘—ﬁ—afasﬁn. (n—+35) Q.
Sit jam A == -} 6, fiet

\ fa;ﬁn.(n—-}—bi)cbz—-;—_,l;scoﬂ(,b“cof_.(&—%—-éj(j)
———?T._ii__éfasﬁn.(,n--l—s)@ . . N
' Simili modo fit A== # + 8, ac refultabit -
g o fin (- 9) P = m b Of. O cof. (1 8)P
| %Tb_f_éfa.rﬁll.(n—]—'-;)d).
etc. etc.

f vbi pariter fequentia integralia per praecedentia definiuntur.

§ 1v. Quamobrem fi vbique valores integrales prae-
cedentes f{ubftituantur , orientur fequentes integrationes abfo-

lutae: o
L fosfin (a0 P=—=3 cof. ¢ cof. # P.

— X col.nQ].
UL 25 fin. (24 5)P=— 3 cof. Q" [cof. (n~~4) P

ni2

— 2 cofi (#+2) P+ .%cof.n(])].

n+1x

WV, fosfin. 7)) P=— 3 cof. @ [col. (n+ 6)P

n+t3

— cof.(n—l—-@¢+£;.nilcof.(n+2)$ ]

l
‘ '.II.fasﬁn.(ﬁ—l—g)(b:ﬂi._:t—:coﬁ'@“[coﬁ(ﬂ-—l—-z)cp
|

-+ 2

— s, 2 2cofin(d].

n<4e NI n
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g (34 s

V. £ fin. (14 9) O = — L cof. &5 [cof. (2 +- 8) P

—h cof. (n +"6) P+ 4. 2. cof. (n 4 4) P
— ol (n4-2)

n-+3
4 3 2 - X .
sl Lol n Q]
etc. etc.

ficque veritas theorematis propofiti fufficienter eft emicas

-~ Corecliarium 1.

§. 18. ST 0s=0@®col. P** denotet elementum
cuiuspiam lineae curuae, cuius coordinatae orthogonales fint
x et y,ia vt fit 95 =9 x*+2»*, huic conditioni genera~
tim fatisfiet, {umendo dx —=0dscol wetdy — 9 s fin. w. Nunc
igitur ex binis pofterioribus theorematibus patet, innumerabiles
huipsmodi curuas algebraicas exhiberi pofle , fi fcilicet capia-
tur == (#~-+ 27-+1)P, quandoquidem hinc valores ipfarum
& et y algebraice exprimi poffunt; ac fimplicifima quidem
curua prodibit ponendo i == o, tum enim fiet

x = foscofl. (n- 1)®;h_:: cof. @ fin. n D et

J=fosfin(m+1)P =" coliP'cof nP. .

Corollarium »,

§ 19. Quodfi fumatur = 1, vt fieri debeat ds—o®,
ideoque s =, hoc eft arcui circulari aequalis , tum facile
oftendi poteft, quicunque valor numero ¢ tribuatur, curuas re=
fultantes ommnes fore circulos, ita vt hoe cafu praeter circu-
lum nulla alia curua algebraica - fatisfaciat, id "quod pro_cafu
i — 3 oftendifie fuffciat., Tum enim erit

x==fdscol. § Q=3 cof. O (fin. 7 P~ fin. 5 P-fin, 3 P—1£in. )
- quae
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uze forma per redudtiones abit in hanc: ¥ — I fin. § . Tum
vero habebitur fimili modo o
j:['asﬁn.8CD:-—écof.(D(cof.7(]5-——4:01".543—}-{:0{'.3([)——c0f.(§)), .
quac per fimiles reduciones praebet o
y:%(x——cof.sd)) ideoque %-——y:%cof.a(b.'

LEx his iam valoribus conjundlis manifeftum eft fore xx+0G—y)
— L. quae vtigue eft acquatio pro circulo. < Eodem modo
oft:ndi poteft, quicunque valor numero i tribuatur , femper
quogue circulum effe proditurum.

_Corollarium 3.

~ § 2o. Cafus quoque, quo p — —%, omni attentione
eft dignus, pro quo curud fimplicifima erit

fin.2®
o {.: :—_:‘2 c - t
x—=/[0§co _CD‘ ol B e

i
— o sfin. 3 :.2_2_3—--
y=/ CD ]/cof.CD’

ita vt elementum huius curuae faturum fit 0 5§ = Esj’q%ﬁ'
) . 0«
Tam ad angulum @ eliminandum, quoniam eft '
cof. & ¢ — fin, 3 O* = cof, O

habebimus 77 — ¥ X = 4, flueyy — 4 -} x x, quae eft aequas-
tio pro Hyperbola aequilazera , fine rectangula.

Scholion 1.

§. 21. Quanquam aurem in his quatuor theorematibus
infinitae formulae integrabiles funt exhibitae, tamen occurrere
pofitnt certi cafus , quibus integralia affignata euadunt incon=
orua, atque adeo naruram quantitatum algebraicarum penitus amit
tunt. ‘Tales cafus oriuntur, quoties exponens 7 vel euanefcit

E 2 vel




vel numero integro negativo fit aequalis. Hoc enim cafu fieri
poteft, vt quispiam falor in denominatoribus in pihilum abeat,
ideoque ipfi termini in infinitum excrefcere videntur, Etiamfi
enim hoc incommodum adjeftione conftantium pariter ine
finitarum euitari poflet, tamen ipfi termini inde refultantes non
amplius forent algebraici. Ita fi effet n — o, omnia prorfus
integralia ibi exhibita penitus tollerentur. Si autem eflet #=-1,
tum tantum primae formulae relinquerentur, fequentes omnes
autem euaderent inutiles. Si effet # — — 2, tum binae prio-

res formae tantum {ubfiftere poffent; folae autem ternae, fi eflet
# —=— 3, etc. Iis autem cafibus exceptis, quicunque valores
exponenti » tribuantur , fingula theoremata innumerabiles fup-
peditant formulas integrabiles.

Scholion,

§. 22. Quemadmodum binis prioribus theorematibus
iam fum vfus ad innumerabiles curuas algebraicas inueniendas,
quaraum longitudo s hoc¢ valore exprimatur:s — /9 @ fin. P
ita etiamn bina pofteriora theoremata innumerabilibus curuis ale
gebraicis inueniendis inferuire poffunt, quarum longitudo fit
s = [8 @ cof. @**. Etiamfi enim hi duo cafus prorfus inter fe
conueniant , fi quidem, loco O fcribendo 9o° — @, altera for-
mula in alteram transformatur; unde quis fufpicari poffet, duo
pofteriora theoremata tuto omitti potuiffe ; tamen hos cafus
non tam plane ex prioribus deducere licet, quippe qui verita-
tes per fe notatu digniffimas inuoluere funt cenfendi. Quin
etiam omnia haec quatuor theoremata iundim fumpta viam
fternunt ad infinitas curnas algebraicas inueftigandas, quarum .
loggitudo s formula multo magis complicata exprimatur ; ad
quod oftendendum ante oculos exponamus integrationes gene-
rales, ad quas fingula theoremata nos duxernnt.
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I faCDﬁn-(D”_‘ﬁn n+2i+1)P=p Ain, O [fin. (n+2 P

+n+i-1 ln'(ﬂ"‘_zz—"z)q)—l_n-i-iz—-: n_:_'::_zﬂﬂ (ﬂ—{«g.n%)@
i _f—r Iz fin, (n+ 2 oi—6) P
npi—1 nepi—2 Bi—3
; et i—o i3 fin, (n+ 2i—8) P ete.]

" & L]
N+ i—1 A ri—2 WorIr—3 Ui—4

1L /2 ¢ fin. o coft (r+2 i+ 1) P = fin. Q" [cof. (n+2)D
i cof. (n+2i—2)P+ : = _cofl (2 j—4) P

hA1—1 T —I AE—

_ = i—2 —6
ﬂﬂ*:h-x'n—z-z._tug'n-i—l COf.(?Z—{-zz )q)
; ot i—e =3 _cof. (n+2i—8) P ete.]

Tk i—mf Heie—2 T +i=—3 NH+i—g . .
nL f/ B”(D,cof QO cof (n2i4-1) Q=L cof.O" [fin(n+20) ]
— - fin. (na-zi—2)P+-—_t . =2 ﬁn.(fz+2z_—4.)q3

n1-— nepi—r n4+i—

-— i i . P=—z ﬁ[l (n+21_6)(p

A Ai—I Tri—2 n-+i—3

i i1 22 =2 fin. (n+27i—38)Petc.] -

AFi—I RFi—z nAi—3 Bl
1V. fBQDcofCD"“I fin, (n+2i+ I)(I): mCO{]Q)" [cof (n+24) D
_cof. (n-+2i—2) P~ . I cofL (2 d-4)

+z n+i—X nA4i—

—_— =t ., iz cofi(n+2i—6)

nti—1 n4i—2 BAi-—3

i i — 1 j—z i—3 —_—
e n+_z_4c°f' (n+2i—38)Qetc.]

A

Problema fingulare.

Inuenive innumerabiles curyas algebraicas , quarumi arcus
indefiniti s ifta formula integrali exprimantur :

s=foQy (aafin. Q*"~* b b cof. P"—*),

Solutio,
§. 23. Cum igitur elementum huiuns curuaé fit

ds =o0Qy (aafin. "~ 4- b b col. P**—2),
E 3 eunidens




euidens eft huic condidoni fatisfieri, fi elementa coordinatarum,
quae primo fint X et Y, ita conflituantur &, :
IX—adPfin. Q" et 0Y =5 o P cofl. Q"3
gnandoquidem hinc ranifefto fit 0 X*—+0Y* = d s~ Verum
quia hae formulae, pauciffimis cafibus exceptis, non forent in-
tegrabiles , eae -noftro inftituto mipus inferviunt; at vero €x

iis alias coordipatas, quae fint x et J» formare licebit, vbi in~

tegratio certe {uccedet. Quodfi enim in genere ftatuamus 1

dx —oXcofw—o0Y{linw et
9y —oXfinnw-t+oYcoluw
hinc vtique fiet | B
dxt 0y —o0X*-+o0Y =25
Hae autem fingulae partes reucra integrationem admittent, fi
capiamus © == (# -+ 2 i4-1) ¢; quamobrem, fi loco 0XetoY
valores affumtos reflituamus, ambae coordinatae x et y ita al
gebraice exprimentur, vt fit '
x—a /P fin. P cof. (n -2 i 1) Q
— b [P cof. QP fin. (- 21 )P et
y—afod fin. P fin. (n+ 274 1) O
4+ b/ Pcof. " cols (n 24—+ i SXON
vbi hae quatuor formulae integrales ope noftrorum theorema-
tum algebraice exhiberi poterunt, ita vt, dum pro { omnes
pumeros integros pofitiuos, non excepta Zyphra, affumere licet,
infinitac curuae algebraicae problemati {atisfacientes affignari

porerunt, quarum fimpliciffima, {fumendo 7 — o, erit his formu-
lis cosntenta: .

x = 2 fin. Q" cofi 7 O L cof. ¢"col.n @ et
y =% fin. Q" fin. O —+2cof. @ fin. n P,

quae
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e ergo fuccindte ita referri poffunt, Vt fit
x = L cof. n P (a fin. Qr - b cof. @) et
= fin.n ® (e fin. P b cof. O™

Hinc patet fore

J — tang. Pot Y (x ¥ +39) = (afin. Q" + & cof. ¢P).
X
Vnde haud difficile erit pro quouis cafu aequationem inter ip=

{as coordinatas x et y elicere.
Corollarium 1.
~_§. 24, Elementum curuae
0s—=0QV (aafin. cp’inh—'ilﬁéb cofl. %)
in plures alias formas notatu dignas transfundere licet. Veluti
fi ponatur fin. p = v, ob o = 2%y, erit. :

05— V""‘—ui:w; Y[gavt "+ bb(1—2 v)* =1,
vbi operae pretium eft notafle , cafu n == 2 fieri
5= 2o Vea—bb)vo+bE]

(1—wW)

qua

qua forma elementum Ellipfeos exprimitur , ita vt ope huius
problematis infinitae curnae algebraicae reperiri queant, quarum
longitudinem per arcus ellipticos metiri liceat.
Corollarium 2.
§. 25. Pro alia transformatione ponamus
fin. =y =2 et cof. P =y ==,
: ___‘ Qv : .
eritque 0 O = — ——T_—, hincque crgo fiet
a (1 —o)“ "+ bk (14-0)

a 32t T
Os—— __2°2v
n'l/{I——q.zfu)]/ ‘ T gn—= _ ?

quae formula cafa » — 2 abit in-hanc:

o5
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e v aa+db{bb—aays
d4s T v - y

qua itdem elementum ellipticum exprimitur.

Corollarium 3.

§. 26. Quodfi porro ponamus tang. § = ¢, erit

— i —_— I
fin. § = 5 €t ol & =yl
tum vero 0 == 25, quibus fubfiitutis elementum curuae

noftrae erit o =

| (1+soy+r ’
vnde fumendo » === iterum prodit elementum ellipticum
. a“._—az}/.aaﬂ+66.

TESIE

| 'Scholion'.

§. 2%. Caeterum quoniam in noftris theorematibus
infiniti faores funt indicati, pér quos quaepiam formula dif-
ferentialis multiplicata reddatur integrabilis; meminiffe iuuabit,
in elementis calcnli integralis methodum tradi folere , qua ex
cognito vno tali factore inpumerabiles alii reperiri poffunt.
Veluti fi formula differentialis @ 2 », du®a in quantitatem p,
praebeat integrale /p v @ ¥ — g, tum, denotante Q functionem
quamcunque ipfius g, etiam miultiplicator Q p formulam pro-
pofitam @ 9 x reddet integrabilem. Gum enim fit p v 0 x == 94
erit Qpwvox —Q02g; unde quoties formula /Q d ¢ eftinte-
grabilis, etiam fagtor ille Qp formulam’ propofitam » 0 x red-
det integrabilem. Vernm 'perfpicuum eft, hunc cafum toto

coelo
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coelo difcrepare a formulis illis integralibus, quas in nofiris
‘ theorematis attulimus. Nam cum formula 0 @ fin. Q" ™, dufa
in fin. (n—1) O, praebeat integrale I fin. Q" fin. o, hmc ne-
. mo certe fecundum methodum mcmoramm rehquos multipli=
catores idoneos, qui funt
fin. (n -+ 3) ®; fin. (n + 57 P; fin. (ﬂ ~+7) @5 ete.
tum vero etiam
cof. (n ~+ 1) Q; cof. (- 3) CD, cof. (n -+ 3) ;5 etc.

elicere valebit, quamobrem illa theoremata tanto magis omni
attentione digna funt cenfenda,
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