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TRANSFORMATIONE
SERIEI DIVERGENTIS
T — x40 (m 1) X (1 1) (m 4 21) x°
-+-m(m+rz) (771—4—27:) (m + gn) x* etc.
IN FRACTIONEM CONTINVAM,

Audore
IL. EVLERO.

Conuent. exhib. d. 11 Ian. 1996.

§ 1.

‘ :um olim indolem - huiusmodi ferierum divergentinm effem
perfcrutatus, et veram fummam feriei hypergeometricae

I—f-}2—06—-4-24—120-4920— &tC.
aflignauviffem ope transformationis in fractionem continuam, mens
tlonem quoque- feci iftius feriei multo latius patentis :

I— X+ (m+n) X — (m—+—ﬂ) (m—+ 27) x°
+m(m+rz) (m + 2m) (m + 3 n) x*— etc.

cuius fummam inueneram aequari huic frationi continuae:
X
I--mx
I—+nx
I—+4(m—n)x
: I—-2nx
B 14-(m—2n)x




-~

e (§g) mm——

" cuius rei veritatem ex conuerfione aequationis Riccatianae in

fra@ionem continuam deduxeram. Cum autem haec demon-
ftratio nimis longe petita videri queat, eandem reductionem
hic ex principiis fimplicioribus fum traditurus.

§. 2. Primo antem iftam feriem generalem in formam
concinniorem contrahi conueniet ponendo mx=—=a et ax—b,
vt propofita fit ifta feries infinita: '

{—a+a(a+b)—a(a+-b) (a+28) +a (a+b) (a+2b) (a+3 b)—etc.
| Practerea vero vt fequentes refolutiones commodins peragi
queant, neque tot claufulis fit opus, ftatuam vt fequitur:

a—A,e+b=B, a+2b—=C, 2+ 3b =D, etc.
ficque habebitur ifta feries :
1—A+AB—ABC-H+ABCD — etc.
cuins fummam quaefitam defignemus littera S, ita vt fit

I S—=1—A-+AB—ABC—+ABCD— etc

hinc porro

:_[_— I
5§ [ i+ AB—ABCH4BCD— eic.

§. 3. Cum igitur fit 5> 1, poftrema aequatio redu-

catur ad hanc formam :

— 1 ] A—AB—+ABC —ABCD-I efe.
1—A-t+AB—ABC—-ABCD elc

" Nunc autem ponamus § — I -1, eritque

— F—A-AB-—ABC—ABCD cfec.

I—-B+BC—BCD-+BCDE efc. ?
quae expreflio cum iterum vnitatem fuperet, ob B—A = b
C—~A—26, D—A—35, etc. ea dabit

P —r bieebB-i-3bBC—qbscCcd i efc. .
— I—B-—4-BC—BCD~~BCDE— elc,

Ponatur ergo P =1 - eritque .
' E 3 Q=
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::I-—B-!—nc-——!;,C:D-I-B CDE - elec.
I—23-}3BCr—4BCD 1 efc.
vndé deducimus

— E—2BC—-3BCD—48CDE eic.
- I~} .
I=—2B4-3BCw—— 48 CD~ elfc.

. S —_— B % o
Hanc ob rem ponamus nunc Q =1 -2, ac prodibit

R — 1-—2B-+3BC-—4BCD - efe.
r—zc—t—scn.——.;cnn-—t—eto-

?

§. 4. Hic ergo tam in numeratore quam in denomi-

natore iidem coefficientes occurrunt, at litterae mainfculae in
denominatore vno gradu funt promotae. Cum igitur fit C—B
—=b, D—B=—2b, E—B=35, etc. fiet

R=—=1 1‘ 2b—2.,3bC—4-3.4bCDH4-4.5bcDE— ele,
I—2C==-3CD—4CDE+S5CDEF — efc.

Quod fi ergo ponamus R — 1 +2%, erit
S:I_—zc-}—Bcn—qCJ)E—l—efc. ,
I=—3C == 6COD —10CDE —+ elc.
vbi in denominatore manifefto occurrunt numeri _trigonales »
quae expreffio reducitur ad hanc:

S _— | Q= 3CD —~ {CDE — I0CDEP — efc.
I—3C 4+ 6CD — I0CDE —+ efe.  °

Quod fi ergo fatuamus S =1 -2, erit

T R 1-—3C+5CD-—Ioan—-]—Isanlf—efc.
I =——3D 4~ 6DE — ICDEF - I;DEFG — efc. *

§. 5. Ifta forma ob D—C—=35, E-——C:zb,
F— C ==3#&, etc. abit in hanc:

T_. p 36 ~2.6bD 4~ 3.100DE — 4.15BDEF - efe.
1—3n—+-6DE-—-:wn'.EF —~ ISDEFG — elt,

Ponamus T =1 - _, vt fiat

U e T~ 3D —~ E6DE ~— JIODEF -~ IsDEF G — efe.
I— 40— I0DE — 20DEF |~ 3 DEFG — efc,”

vbi in denominatore reperiuntur numeri pyramidales primi fine
fummae trigonalium , hincque nancifcimur:
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U=t nrre s e
vbi fam fupra et infra occurrune numeri pyramidales,
tur porro U—1x | + fietque

V —I—a4B 4 DE — ODEF +35DEPC — ofp. .
I—3E -~ I0FF — 20EFG =~ 35EFGH — efc,

Statua~

§- 6. Hinc calculum vt fupra profequendo, cum fit
E—D=4, F—D—1p G—D =34, erit
? 2 2
—_— 4,6——z.IobE—I-S.zobEF—a4.355EFG+etc.
. V"“rr =+ T=—4E -+ IOEF ~— 20EFG 1 SiEFGR ~t efe. *
- Sit V::I-f—:*fb,vtﬂa S

r

X — I—4E+IOEF'—-EOEFG+SSEFGH— ete,
I—SE—4I5EF — 357G + 70EFGH — elc. ?

quae expreflio reducitur ad hanc: .

.X—"I ’ E—sEF+15EFG—ssErcH+9tc.
- - 1—SE+ ISEF me 5EFG < efo—*
Sit X=1 —+ £ eritque
Y-—_.I-——SZE—!—-ISEF—SSEFG'-F?OEFGH-—-ef’c.
_'1—51?‘—}-IjEG—SSFGH—}-?oI-'GHI-m--erc.'

§. == Cum igitur fit F—E =3, G-—E'i‘—_'zla, H-~
E=3%, etc. erit

ST o 0
Sit nunc Y=1+:2 vt fiar _
Z T I SF A I5FG — SSFOW e 70Pe BT — ete. .
I— I0F 4 2IFG — 36FGH -+ I26FGHI — efe.
Cum igitur initio pofuerimus ¥ — 1 - = erit fumma quaefita
S—_T .

— —

5 tum vero faGae funt fequentes pofitiones:
I—-2

_ b } — B —_— 25 — c
P_I—l—a, Q=1+2, R.__I—l——s-, S.._._I-+-'-I‘—,

— ik
U =12, V.._"-I—i—-“i?, X_."“'I—i-%, Y

=1+, etc

b

quibus
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quibus valoribus ordine fubflitutis orxitur ifta fradtio continua;
S—=1 |

I+ A
| 1 —-4 .
1+ B
T -2b
1--C
Y
' 1+D
I+ 45

I - etc,

Quod fi ergo loco litterarum A, B, C,D, etc. valores aflume

tos reftituamus, vt nobis fit ifta feries divergens:
I—a-+a(a+b)—a(a+b) (a+2b)+ a(a+b) (a-+25) (a+g 5)—ete,

eius fumma exprimetur per fequentem frationem continuan ;
S—1

" I~-a
I-4
I-+arb
T424
I-g+42h
I4a—+35b
1+4b

1 -+ etc.
guae eft eadem forma quam olim dederan:.

§. s.




B

~ feriei diuergentis vero’ proxime faltem deter

R e e

" valorem accedunt. Tum ver
o Cartificia, quae multo promptius ad verum valorem deducunt,

- (41) == |

_ §. 8 Haec transformatio eo magis eft not
quod tutifimam ac fortaffe vnicam nobis vigm aperi

fraltio  continna more foliro i
1 T+5&

r

res quam valor feriei diuvergentis,

0 etiam fingularia olim expofui

§ 9. Practerea vero etiam notaffe inuabit, talem fig-

.- Gonem continnam -

It .. - S
I+ o o
Iy .
I--4 .. . ]
I - geic. '

111 genere {atis commode ad dimidium partium DUMErum ree

digi pofle. Pofito enim eiuts valore =S, eam im repracfen=
e licebit:

P14 P—=i1-v Q=1+¢
14— I—+40 4

P SQ K

atu digna,
t, valorem
mivandi.  Si enim .
2 fractiones fimplices refoluatur
Ty rrar ioe-p o ©fC eze alternatim funt maiores. ef mino-

et continuo propius ad iftym




eodem modo tertia praebet i

Q=1+:R =r1ae—ed  , ete ‘
R-+¢ {+ R 4
Hi igitue valores fué:_ceﬂ_iué fobftituti, producent hanc _nouam . @
fradtionem continuam : : ‘ o
S Wtwmart. I """"‘o’_‘aﬁ n . ‘ / - e

I-J"ﬁ+v-—'v5 S
1——%—-5-—]——5—52,'

I-d4n—mnb '

I+ 0-+1ete

§. 1o. Cum igitur noftro cafu feries dinergens

—1—a-ta(a+b)—ala+5b)(a+28)
-—i—a(aﬂ—ﬁ)(a-—{—zb}(u—i—;;b)—-—etc‘. :

perdu@a fit ad iftam fractionem continuam: g
S—1 ;
T -+ a e
| 15 oy
| I-a—b :
R I+ 2
¥ a1 2 b
143k ‘
I+a-—t+-3éb e
I -~ €tc. :

fumamus hic .
o a=—a, f=5, vy___a-aJ d=zz28b, e:a-+=°lr ete. 11

eritque ;
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8=t —uab .. : ’ ﬂ
‘ ' z~e—a-&~2b——2b(a+5) :
I+a-+4b6—3b0(a+2b)
, I+a+oﬁ-—+b(a+3 3]
I--8 = gtc,

Appendix.
De fra&ione continua Brouncheriana.

§ =1, Cum olim multum fuiflem occupatus in Ang« )
Iyfi indaganda, quae Brouncherum ad itam ﬁngulftrem fractio=
whem pérduxerit, quandoquidem mihi haud’ probabile eft i~
fum, eum per tot ambages, quales a Wallific commemoran-
tur, eo fuiffe perdudtum, tandem mihi quidem " fatis dilucide
oftendiffe fum vifus, B1ouncherum hanc formam ex ferie Leib-
riang 1 3§ —7 5= & 4=Cetc. quam magnus Gn’ga-
~ #ius, iam ante inuenerat, deduxiffe potius quam ex interpola-
tione feriei 1, ER %_i, =, s ctc. quemadmodum
" Wallifiuis ﬁlfplC‘lb‘ltur, fi quidem confideratio illfus feriei per
Tatiocininm ﬁus ‘planum 1d formam Blounchenamm manudumt.

§ '1'2 Hflec obfjﬂmmo autern nunc quldem eo mfumc

fiiam lgmu non -ita prldem chﬂem methodum expoﬁu iftaim
formam ex ferie x —5 31—t etcoderimandi, Geometris
- haud ingratum fore Eu”bltIOI‘L i, methodum inverfam in mmedi~
'Um protulero, cuius ope formulam Brouncherianam vicifim
ad feriem -Leibnizianam reducere licet. :
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§.°13. Confiderabo igitur frationem iftam continuam
quafl eius valor nondum efiet’ cognitus, ftataendo: -

S : I R i
I—t-I
209
L
o249
o 2 - 81
2+ etc.
quam per partes fequenti modo repracfento: R
S=1 T s P=3=+9 y Q=525 K R=9-+49 ;,"et;_:,
I—+1I. —3+Q =5+ R —4g+8

Ex bis enim partibus debite coniindis ipfa forma propofitz
- manifefto enafcitur. - ‘ :

§ 14. Singulas igitur has partes feorfim euoluamus,
.ac -prima quidem: reduta ad fraGionem: fimplicem pracbet
S —=I—%, ideoque S = 1 — I, fecunds vero erit Ae
Q3
T 5”K R DU Teligeits f gi‘:ff g ol » ] .
Q= %, Heogie § = 2§ eoflem ‘modo ex fequentibus
partibus nancifcemur }z=; —1, F=35—2%, etc. Quare fi ifti
, S_“:Irﬁ*-%frh.%r—-?-!;—'—é——-:ﬁ—'l—%w ete. E
“ita ita vt nunc certi-fimug effe =T, s

vnde fit § — ?3; <A ﬁue%, =3 -:g, ﬁ_{gﬂi’hg}gdc- pars tertia dat.
T R~=3 )
valores fuccefliue fubflituantur, obtinebimus hane expreffionem:

IS SRR FTEU T

§- 15. Simili modo etism aliasrum huinsmodi fradionum
continuarum valorem inueftigare licebit, Velut § propofita
o - fuerit




S=1 .

*,‘irnde fequitur fore -

S:I ;—:é,—'}-_é-.%——é' ' 3+ ete. :Zz.

141 |
- S e R4 AR :
o 9
C I-16"
. "I —— etc,
- ea fequenti modo in membra defiribuatur:
< 8Szx , Pzoag » Qzg+9 » R=4+16 ,ete,
' I+~1 —2+0Q -—3+R. Lo—g+ 8
— 14 '
‘his enim fingulis partibus euolutis reperisturs
o —— ‘-—-—I . -— v !
" S—I'-""ilio %-—-—ﬁ—‘é; :&-—-.‘E@_—x{wi % g: eicy

‘
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