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VBERIOR EVOLVTIO
COMPARATIONIS
| QVAM INTER :

ARCVS SECTIONVM CONICARVM
| INSTITVERE LICET.

Audore
L. EVLERDGO.

§ 1

Nouum fere ‘etiamnunc ef argumentum et minime ad~ Téb. L

huc fatis exploratum, quod in omni feftione conica,
fumto pro Iubitu arcu quocunque, ab alio quouis pundto
ciusdem curuae femper arcum refcindere licear, qui ab
illo arcu differat quantitate geometrice affignabili, Ita fi
in fe@tione conica A B pro lubitu accipistur arcus E F,
tum ab alio quocunque pun&o M femper refcindi poteft
arcus MN, ita vt differentia inter arcus B F et MN,
algebraice affignari queat: hocque adeo duplici modo - prae-
ftare licet, prouti a pun@to M arcum defideratum  vel
‘ antyoz-
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anerorfum, . vti M N, vel retrorfum, vti M abfcindere
velimus. Quod fi fe@io conica fuerit circulus, res ex pri-
mis elements adeo eft manifefta, vbi quidem differentia
inter binos illos arcus neceffario eft nuila, Pro parabola
antemn idem fam diudum a Bermoulliis eft oftenfum; quan-
doquidem quilibet arcus parabolicus per aggregatum ex
quantitate algebraica et logarithmica exprimitur. Quod
vero ad EHipfin et Hyperbolam attiner, quarum re&ifi-
cationem neque per arcus circulares neque per logarith~
mos expedire licet, talis comparatio vires Analyfeos pe-
nitus {operare videbatur, donec ab Illuftrifimo Comute

Fognani prima principia fiere patefacta, quae ad hunc
fcopum deducerent, et quae deinceps accurativs fum pro-
fecutus, ita vt ifta inueftigatio multo latius fit extenfa,
multoque facilius ad innumeras alias {peculationes accom-
modari queat.  Interim tamen operationes, quibus hoc
negotinm abfoluitur, tantopere ab operationibus. analyticis
folitis recedunt, vt ad fingulare calculi genus referendae

 yideantur, cum nequidem veritas iftiusmodi comparatio=

num motre folito per calculum oftendi pofit.

§. 2. Foecundifimum autem hoc argumentum in
pluribus  Differtationibus Commentariis Academize Petro-
politanae fufius fum perfecutus, atque adso plures metho-
dos detexi, quae ad eundem finem perducere valeant,
guae autem nihilominus ita funt comparatae, vt tog ifta
inuefligatio adhuc penitus noua et a valgari calculo analy-
tico plurimum recedens habenda videatnr, Huic eidem
argumento  ctiam fe@ionem pecnliarem in Infticutionibus
meis Calculi Tategralis tribnendam cenfui, vbi duobus Ca-
pitibus hoc argumentum prorfis nouum a pag. 42%. Vs-

quc
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que ad pag« 493. fum complexus, vnde praecrpua 0=
menta ad rectificationem fe@ionum conicarem fpetantia
depromarn, quac in fequente Theoremate generall fum
comprehenfurus.

Theorema generale.

§. 3. Si chara®er I:z denotet valorem formulae

. . . da (L + Maz 4~ Na4)
integralis '/V(A-I—sz-}—Ez*J , ita fumtum vt euanefcat po-

fito 2= o0, femper ternas huiusmodi formulas: H: b, H:g,
I:r ita inter fe comparare licer, vt fit

H:p~+-TO:g41I:r
=S TR (A(pp g+ —3Bppagrr)s
fi modo inter quantitates p, ¢ et r ifta relatio ftabilia=

tur, vt fit
po— =BV (A Cqg -+ Eg") — gV (B (A 4+ Chp+ Eph,

A —Eppqq
ynde fimili modo patet fore
p—-—qvtA (A+Crr+Er*))—rw’(A(A+qu+Eq*J}
A —Egqrr
. — P VIA (A Crr o BF4) — ry(A fA+Cj’P+Ejfll'
7= A—Epprr S *

Dilucidationes.

o 4 [ =
§.'4. Cum fit O:x—/ dj(jf %”fEiﬁ}’, integrali

ita fumto, vt euanefcat pofito 2 — o, patet fore [l:0=o0;

tum vero quoniam {umto z neoatmo valor formolac ine

tegralis etiam fit negatinus, patet fore II: (~2)=— I3,

vonde, fi quantitatum p, g, » vna, veluti p, fuerit negatiua,
tum in relatione affignata loce I :p fcribi debet —II: p,
Ceterum manifeftum eft, hanc formulam integralem ma-~
Acla Aead. Imp, S, Tom, V. P, 11, D xime
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xime fore tranfcendentem, cum beque per logarithmos,
heque per quadraturant circuli expediri pofiit, ita vt ifta
quantitas Il :z -per - nullas - formuias in Analyfi receptas
exhiberi queat.  Paucifimi quidem cafus hinc funt exci«
piendi, quibus eft vel E=xo (hoc eaim cafn formula per
fogarithmos vel arcus circulares affignari pofflet, quod idem
eueniret i eflet A=o); vel quando quaatitas A+Czz2t
fuerit quadratumn, quo cafu. iterum integratio vt ante fic
cederet; vel denique, it litterac L, M et N ita fuerint
comparatae, vt formnla propofita algebraicam ‘accipiat ins

3
1
1
i
i

tegrale, cnius forma erit a® V(A4 Czz+Hz) Quia

ade (A —2Czs = sExY fi fuerit -

enim eius differentiale eft 2237 oE N om—

L, -agA, M=2a2 C et N= gal, formula II:2 vti~
gque huic quantiiari algebraicae: o2 V(A -4 Czz 4+ ExY
sequabitnr.

€ 5. Qﬁémad‘modum hoc ar'gumentnm' in variis
Jiffertationibus traaui, in formula integrali numeratorem
L+ Mzz+ Nz* vitering per poteftates pares quousque
iibuwerit ‘continuare licuiffet, -eius lovo powendo

L 4+ Mzsz 4+ Nzt 4 0z 4+ P2 - Q 2'° 4~ €tc.
yerum quia quaelibet poteftas ad binas praeccedentes facile
veduci poteft, tali 'extenfione carere poterimus: femper
gnim ftatui poteft :

. g+ dz T : [

f-V(A—‘r Czz+ B2 ((A+Czz-+EzD)
PR ey

V(A4 Czz 4+ Er)

Erit ‘enim

ettt o A P ——— T T
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—— LIS (’1+T}A -—-=-“"(f£‘+ (v
&= oy A== e et B {n-f-sj’Ec
Hinc igitor fumto # = o fiet

[ ear -—-—rZV(KA—l—sz-F-Ez*)J

¥ (4 —p—sz—i—Ez‘")
f (& + 2Cxz)dx
3K V(A-f-sz-e-i:z'r)

quamobrem hic etiam in noftra formula mtegrah fermi-
nuom N z* omittere potuifflemus.

§ 6, Com igitur non obftante tranfcendentia for-
mulac II:2z ternas hoivsmodi formulas I P, H:g et \
v femper ita inter fe comparare liceat, vt earum fume ' | !
ma II:p~-H:g - I1:s asquetur quantitati aIgebralcae

I{Eqi" __{__Npqr( (p =g ,_*,_;«J._T s Eptg 1”),

24 YA
fi modo inter tres «quantitates p, g, ¢, ea relatio accipi~
atur, quae in theoremate eft praeferipta: haec relatio co
magis eft notatu digna, quod ternae litterae p, ¢, 7 in
illam formam aequaliter ingrediantur, ita vt prorfus inter
fe pro lubitu permutari queant. Cum igitur nullae adhuc
huiusmodi relationes in Ana]yﬁ fint confderatae, haec ia-
veftigatio vnque maxime ardua eft ‘cenfenda, ac nullum
eft dubjum, quin plurima mﬁlper myfteria analytica al-
tioris indaginis in fe inwoluat, quae eo magis abfcondita
videntur, quod a confuetis Analyfeos operationibus maxi- A

me recedunt. _ y . . ‘ 3

§. 4. Ternarum -autem «quantitatum illarum p, g, r ' ' v
‘binas pro lubitw affumeére licet, dummodo tertiae is valor : o
tribvatur, qui in theoremate aii’gnatus eft, quae relatio
quo concinnius exprimi ‘queat, ﬁatuamub breu1tat1s graua

Da S TyaA | ‘::i
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VA(A+Cpp+Ep)=
VA(A4—CQQ+E?*):'Qef
VAA+Crr4+Er) = .

tum enim, {i binae p et ¢ fuermt datae, erit r =y

fin autem htterae petr fuerint datae, erit g = iﬁp?r::;

fin autem binae g et ¢ fucrint datae, erit p e T

§. 8. Pro quouis autem horum cafuum etiam

- plurimum 'intererit valores litterarum mainfculdrum P, Q
oo~ _et R per binas reliquas exprefliffe. Ponamus igitur bi-  §
| nas litteras p et ¢, ideoque etiam P et Q, efle datas, ita |

vt fit *':r?—g}?pqql;’ vnde fi immediate valorem ipfins R

~quaerere vellemus, in maximas tricas calculi illaberemur,
ad quas euitandas ex tertia relatione, quaeramus valorem
ipfius R, qui erit Ro= =2 =B =R0978, vbi fi Joco ¢
et v+ valores fubftituantur et loco quadratorum P2 et Q:

{m valores fcribantur, tandem reperietur

R._...(ACpq+PQ_) tA—i-Ef:Mq)—f—zMEM{Pﬁ—!—aq)
(A—Eppgq?
Simili modo ex datis p et » cum P et R erit.
Q__(Acpr—]-PR) (A+Ep;&rr}+zAAEpr (PPt rr)
— (A—Epprrp3 -3
a¢c denjque ex datis ¢ et ¥ cum Q et R fiet

P = (ACGgr - QR) (A - Egqrr) + 2AAEqr (9g v}
- (A—=Eggrmrm?

§. 9. Cum igitor ifti valores tantopere fint coms
plicati, atque adeo duplicem irrationalitatem inuoluant,
maxime mirum videbitur, quomodo eos in formulis diffe-
‘ rentialibus fubflituere, multo magis autem, quomodo in-
?‘ ; , de ad formulas tractabiles atque adeo integrabiles perueniri
o | queat. Interim tamen hae tantac difficultates haud me-

i dmcn—



diocriter fubleuabuntur, £ differentiale, quantitatis » ex

——pO—gP e
ormitla = —A4° enoluamus. .
formula # = 2 TEpaas a

6 1o. Qui labor quo faciliug' fiiccedat , primo. tap-
tum quantitatem p pro variabili - habeamus, quandoquidem
differentiale ex variabilitate ipfius ¢ oriundum {ponte de-<
finitur,  Sint igitur folae litterae pet P variabiles eritque

"Jr:;_m‘Qdﬁ‘—‘qu%'zEqud?(po'_-l_-;-q_l';).:- .

A—Eppay (A —Eppagl 2

quia igitur:

AP ——ACHapy. 2AE P

T VYa{aA4-Cpp-Ep+?
calculo fubdu&o reperietur tandem

dy——=98iACPg +PQ)(A + Etpag) — 2AAEPqdp (b 4 qq)
- ' (A —Eppgq)l’ P =9

ﬁmilique modo. ob variabilitatém. .ipfius g colligetur ;-

dpr —=89(ACPa+PQ) (A4 Eppgqg) — 2AAEpgdy (bp - qg) *
o (A—EppqqPQ ‘ Ty

quae duae exprefliones inn@im fumtae
pletum quantitatis # pracbebunt.

- 6. 1i. Hic autem imprimis notari meretur, quod
in- vtrague formula differentiali pro 4p et 4 g numerator
protfus idem prodierit, atque adeo ille penitus .cum valo-
re pro R fupra inuento congruat (vide §. 8). Hoc igitur
valore {ubfBtuto completum differentiale quantitatis # eri

L Ar==—REPLRdg gy 4 fir |

. Q. b
dr __ __dp__dg -
R — 5T "

Hmc igitur loco P,Q,R fuos valores fubftituendo et per
YA multiplicando, erit | ' L
ap de L ay
e e e e -
T T+ T yETR TR ER U ER T + &0 T O

Da yode

differentiale com-
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o facilius fieri poflit in numer
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wnde fcqultur fore:

=6,

fV(A+Cpp+E;D+] +f1/(A+qu+Eg‘) +fV{A+Crr+Er‘)

fiquidem fingula integralia ita capiantus, VE euanefcant po-

{ito pzo, g=o0 et r=0-

| §. 1. Hac infigni proprietate inuenta,  inquitae
mus poOrro, quemadmodum inde punmpahs relatio in-

ter formulas I:p, T:g et M:7 oftendi “guear; quod
atoubus formularom. 00=

firarumn integraliom {umamus N = o, atque oftendi opor-
tebit, iftam aequationem integralem femper locum habere:

(LMD dq(r+M dr(L-i-I-IN‘) — Mpqr,
‘ f_i!;__._ _.|—f __1 = f 2
Quod i jam loco & fenbamus ~ 4. _E", acquatio ifta
hane induet ‘foirham: e

fd? o~ el U Mfffq(qq —rr) — }Ip-qr
ﬁue ad d1fferent1a11a defcendendo o&endx debct, hanc ae-

quatloncm veritati efle contentaueanm:

- dp(pp-—rrj_i_,dqha—rr)_pqdr+prdq+qrd§
' Q

Ql’jod i ‘ergo in dextra parte fcribamus loco d ¥ valorem
~Rip- 241, demonfiranduim eft fore

d?(ﬁﬂ—rr)+ dqtaq—-rr).— qdp (P — PRY e qu{ro--" 4R
e X AY AQ

fine

gplapb—Ary —qr¥ —|-~qu] ' di;'(!.k ggq — Arr —prQ —-I-ﬁqR)-
//f/hg + i - A O

6§13 “Cum igitur liage aequalitas fabfiftere debe-
at, qmcunauc valores binis variabilibus p et g tribuantur

"-neceﬁa eﬁ vt vtraquc pars {eorfiry nihilo aequetur; quo-
) o circa




wiid ) 3% (63w
circa oftendi debet fore tam |
AP p-—-—Ar r—gy P..g..,pg R = G

qram - .
Agg—Arr—prQa-pgR=o,
Harum aequationum pofterior a priore {ubtracta relinquie
AlPP~q99)~r(gP—pQ)=o, |
¥bi fi loco # valor fubGtituatur, fie
APp-qgq+egiiserod g,
Eft vero :

79PP—pp QQ =(gg - pp)(AA - AEppyy),

vide aequalitas manifefio patet. Tantum 1gitue fupereft,’

¥t veritas alterutrivs. doceatur, ‘Supra autem vidimus effe
| R:":.--—LQ"—*P“M»—E@ g.r r_,J, .. . .
. o a g N
qui walor in priore aequatione fubftitutus praebet,

A~ rqPpQ) +Eppggrr=o, —

deinde vero quia S L
IP+P2Q==r{A-Eppgq),

hoc valore fubflituto refnltat ' R
~Arr-rr(A~ Eppgg) +.Ep‘pggrr =0y

cuius’ veritas -eft manifefta, : '

, §. 14, Hoc igitur modo -ex noftris formulis veri-
tatem Theorematis generalis pro calu N —.o per multas
quidem ambages ob oculos poluimus. Facile autem intels
ligitur, fi etiam licterae N rationem habere vellemus, de-
monftrationem difficillimis calculis fore inuolut.am_,_ . quos
Vix quisquam eflet fuperaturus, nifi iam ante _~de'f_ver;iﬁtarc;
.‘ allerti

e I el DT

!
|
1-1
i
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affertl noftri fuiffet conunidtus, Tante.-magis igitur noftrum
Theorema omii attentione et .admiratione dignom eft cen-~
fendum, quod per covnfucta Analyfeos artificia vix vlla via
pateat eius demonfiratiopem in. genere concinpandi, multo
minus has fublimes veritates a prioti inueftigandi.

Applicatio.

ad. feiones - conicas.

—r'r- . S s ® - ‘- .
ﬁjﬁﬁ?ﬂ%mﬁdtremﬁHgatmﬁmmcmpﬁn ACB, cu-

Fig. 2.

ins - centrum fit- in 0, ac ponatur ferdiaxis transverfus
AO—BO—a c¢t {emiaxis copingatus OC=¢ Tum
vero duéta “applicata. quacunque . 7 x — 2z denotet - noftra

formula IT: 2, arcum ellipfis A Z. illi applicatae refponden--

tem; vnde patet, fi fuerit 2=0° fore etiam [Iz=0,at fumta
7 u2—=0Cz=¢, erit M:¢=AC, fcilicet quadranti elliptico
aegnale.  Hinc autem intelligitur , - eidem applicatae Zz
innumerabiles refpondere arcus ellipticos; praeter mini~
mum enim A Z.ipfi. conuenient -arcus 4 fl:6-1- AZ, item’
gH:c4AZ, 12T:c-+A Z. DPracterea vero, quia €x
altera parte etiam datur talis applicata Z! z', el quoque

coppeniet arcus A ZV = oIl:c— A Z; fimilique modo et
tam 6T :c—AZ, 1oll:c— AZ etci, ficque ifta formu=

la 11:2 erit funétio snfinitiformis ipfins z, feilicet in Ei-

lipfi; pam in Hyperbola® omnes ifti valores, pracier vaum
vel duos, eunadent i—maginarii. - o

]

§. 16. Pro arcu igitur A Z analytice exprimendo,”

yocetur abfciffa O z = et cum fit ex natura ellipfis
" BB s o el v o
ry - — I, €rig

9
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—— ‘! [ - 3 ‘ ‘ I ) f
v=2V(ec—-2z2), hincque . o
—_ axdw .
R
vade colligitnr elementum arcus AZ

——

VAV AR)=as Vi D55 _ gy esinnsgu

ce (cc-.:az)__ ' ca(gcg':;,z) #
guocirca habebimus '

D — dzv.f'c++{aa—.¥'ae)'z_ﬁ . . C
H-.Z-_f cYc — z3) ¢ : ey

§. 17. Cum igitur in genere ‘pafaiﬁ’emus': .

. ’_-._]"dz-rL—.I—Mz‘z—;-Nz*} -l ‘ SR
H-z—-»f‘?f?%=

M -

ante omnia noftram formulam a4 eandem. formam redys
camus, dum feilicer eins humeratorem et del}oml.natprﬁﬂlg
multiplicamus pey V(e 4~ (@a—c¢c)z2), tum antem pro<

I — dz[a'r‘-p_(gg-cc)zz}” i
I z—"fCV(Ce—ézz) e+ 4-faa —Gcjzayd

vnde patet, pro hoc cafu fore L=¢, M=ag-p, et
N=oc; deinde vero A—gs, Ci:c“(da‘-z'”) et ¥
Ec~c¢e(na—ey) Vade, fi vt fupra breuitatis gratia ponamus

Z:‘VA(A+sz +E2Y), erit. - . - . s

Z:cﬂ/(ccn-wzz)(c‘—}—(aa—-—cc)z'z).‘ g
His. igitor formulis eodemi modo Yti conueniet, Vti'in ge-
here eft monfiratum, ‘ - o

-

5 18, Quo has formulas concinniores reddamus,

loco litterae ¢ intreducamys femiparametrum ellipfis, ‘qui*

it =4, et ‘cum Gt ce=qap, fier primo ,
Z=@OIVE (ah— 2) (406 +4-(a~b) z2),

48a dcad. Tmp: Se. Tom. yr PIL. R . | hinc-

¢
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hincque fiet ipfa formula” ™
) f :Z:fﬁ'zﬂabb—l—{a-—blzz)

vbab — &%}
Practerea vero erit L= aabb, M—a (a—8), A= at b,
C—=a"bb(a—2b) et E=— aab(a—b) Loco femiaxis
transuerfi @ infuper introducamus excentricitatem ., quae

Gt — 1, et quia ex elementis conflac efle g == s hoc

valore fubftituto fict
7 — b {bz._b(:-nn)zz,)(bi+b'nnzﬂ
Ty = n‘n)s ] e R'TL -

Vel potins hanc totam redudionem a pri_ncipib r;petamﬁs,

et cum fit
T o b — ‘dz Y((bb 4+ nnEn
H_'z"fw/(bb‘“—({—nn)zz)’

hac ad formam generalem redudta fit

N:z— dz (85 = nnz =) - i i
& fﬂc‘:b—-knn.zz) b —(—an 2z’ ,

ideoque comparatio -pracbet L —bb, M=nn, N=0;
A—b, C=bb(ann—1) et E——nn(1—nn); tum
wero erit.c . . - 7 TR
‘ Z::bb]/((bb—i—-fzﬂzz)(éb—(:—nw)zz)).
Atque nunc haec formula aeque valet pro omnibus fec-
“Yionibus conicis. - Quando enim # < 1, habebitur . ellipfis;
cafn m— 1 parabola; at fi # I Pr\odiphyperhola; pro

circulo autem exit 7= ©:

~ .§~g. Statuantur nunc ternae applicatac p, ¢, * in-
deque deripantur valores deriuati, o . L
P bbVpbnnpp) (b= (x=21p8);
QebbVpbnngqbb—(x—17 79)3
R:bb?’(bb—}—nﬂrr)(bb- (x—n'n)rr); |
\ A tum

™~
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tum vero ex binis p et g tertia # ita d-e'terminetur, ye fit

— . = PO —gP i

= Fr e g Ctitque

R —— (B8(enn=1)pg4PQ) (6% —t-n (1~ 5 n) ppag ~ 2B n 't LR g (pr-tga)
- bt 4nn(i—unjgpggr

quibus pofitis habebitur fequens comparatio ternorum at-
cuums _

H:p-—]uﬂ:g—!f-ﬂ:r:”—-_____“fb‘?"‘,' .
vbi binos arcus M:petm:gq pro lubitn affumere licet;
hinc enim femper aflignari ‘poterit ' tertins I:r, vt omni-

um fumma fat quantitalegebrai&a%dﬁmmedﬁﬂmier.ur,

horum arcuum femper vnum duosue fore negativos, cum
it O (—2)——T.:g, -

‘T'ranslatio formularum

praccedentium ad - alterutrum focum fe@onis
, - ‘ conicae. . : '

§. 20, Sit nunc P alteruter focus nofirge ellipfis
feu fe@ionis conicae in genere, “qui quidem -vertici A fit
propior; atque ex elementis conftat, pofito angulo AFZ=o,

~ . - _ fb . . -
tum fore diftantiam Fz_mm, ‘vnde colligitnr ap- _

plicata Zz:‘z:;—f%;_fm, ita vt nunc fit arcus

AZ‘:H:,Z:H: 8 fir.

TFae '
qui €180, cum nunc fpeetur vt fundio anguli @, defigne.
tur hoc chara®ere: AZ=T:0, ita vt fit

P vp— b - . ’
Mis=I: 2t —p.p,

Videamus igitur quomodo ifte arcus per angulim ¢ ex-
primatur; conflat autem pofita diftantia FZ=wv, fore ar-
m AZ=/[V(dv 4 py 4Q?), quare com fir

- B 2 V=

j
|
i




wiS ) 36 (  Tede

— 5 .
q; I-‘_b—'—!— 1 caj q), Erlt
= n b d- (Dfm
do— Lot o5, vnde fit
dv: —r r bji‘f{;{gﬂ’ , cui fi addatus

vod — i_:b_-bn—dcg_q),, erit fumma
o bbd®r( ~-ancof P+ nn)

- —_ (:—-}-ncoj.cp)i- )
ficque erit arcus -
A Z= M0 =T 0= s V(s 2o, -4
mbj'd¢1l(:+nn+zneaf¢3 . .
"’““‘ (v + ncof D)

Hinc antem pdrr—o colligetur.
—_ ‘h‘-f?!@ {nn—0[ oL
z___;ﬂ/(x At ) (= (Iﬂw*’_@m),

fiue

=G -i-nz:;f ¢)= VA I—i—mz 251 cof.) (4-nn +ancof, q>+cof oY

fine

Z bt [1: oo cof, @) {3 b 7 - an co)‘a(D
- (1 5~ n oL O

§. 231, Quod fi iam in calculum introducamns
ternas applicatas by qgetr, quibns refpondeant anguli ad

focum &, W et 9, ita vt fit
bfind g AR — bl
PErnw Y T O -T“—W’

fum vero
P B”n~+—naffj¢f;-—4—nn+=ncaf§
) T~ moati g ‘
‘Q"‘*”" (n ~=cofi} Y (1 -+-M..—1_—zn_0¢f-_n) .
- (x = = cofi ) ’ o
Rt cthp)y(z s-nn + 2 mcofd) . '
- T AN

hinc iam, fi inter ternas applicatas p, ¢, ¥ relatio fupra
indicata ftatuatur, haec arcuum comparatio obtinebitur:

- . ) non b fin. . finw fin 6
I‘ ‘g +I"W+r . o - (I—’}‘“H.GCU g} (I--|-TI-CDJ n} (,!"‘f"nco_j' s)
§, 22,




W8T )37 ( $ifa

" § 22. Relario autem inter I'it'tcrés Py g,'r ftabi-
lienda.2d noftros angulos traduta erat . - .

PO nn(t—nn)ppgg =—, Q-yP,
cuivs membram finitrum faRa fubflitutione induet hanc
formam:

‘ ? ‘55ﬁn.9((Arz—,f--zfs(cof".Z%«coﬂyy)—}fm( 1++cof'.é’coﬁn—f—co'ﬁé'—-’coﬁ?y"))

’ ) -I-zrfcof{c‘o_f.ﬁ (cofé’—l—cofgy)-ﬂz‘(coﬁé’z—{- cof. n’—-—I}.

(x-+2cof] 9) (1~Fncolidf (x+zcor. 7

membrum vero dextrum ad hanc formam redy

ucitur:
— BlfinSlntcofn) yirtmn e amcopay) Bl ntn -0l (1bun oun iy -
B TR e o g

e (T Gy g
- Hic quidem viringue per 45 diujgi poteft, neque tamen

hinc patet, quomodo angulus § ex binis reliquis angulis
¢ et y definiri queat, | ' '

Digreﬁfo ad Parabolane.

| §. 23. Quoniam igitur non patet, quomodo in
genere ex binis angulorum ¢ et 4 tertivm determinari o-
~porteat, hanc inueftigationem ag Parabolam transferamus,
ponendo # = 1; tum antem membrum jllgg finiftrum ab.
PR " fin, 8 —_ IA. .
it In i —tang. 1 §: membrum antem, dextrum . eyadie
N . N (R ln) - fin, MY -2 cof. @y ‘
, IR (5= 0of, ST 3 ea), 1k
B tang, ! tang, I n
T
cof iy col. ;¢
ita Vt aequatio nofira prodierit

tang,10—- (AN€.34  tang.loy _fnil~finiy
a VT ————— T — —'—-T.______.‘—J-_._. ‘

E g

3
o
;
|
Y
e‘;1
¥
ok
i

it AR
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4 24. Quod quo clarins - appareat notetur  effe

p__é tang. 5 4, q.== b tang. 3 7 r.__.btang 4,
practerea vero

b - b+ - E,-@

— - — , R=
~ cofu; 2,’°Q cof tn coflﬁ

;=.,_-Cnm igitur etiam pro hoc. cafu prodeat R =p Q*-[- P Q
erit "

1 __u,x—i—ﬁn.;Zﬁn.;'n
col.2¢ = coliigcofiim

anfe autem 1nuen1mus, _
~fin. 14 — fin. £
cof. 2 { cof. 2%
"zr‘e haec aequatio per illam diuifa praebet
fin. 26 — — fn 3 ¢ —fin.: M. fine
- I—r-ﬁn.,i;im-
ﬁn'lé—i—ﬁn.gg—}—ﬁn +ﬁn.2€ﬁn.a77ﬁn-9—“o,
in qna acquatione. terni anguli ly 7, O funt pem'lutabﬂesj

quemadmodum rei natura poftulat, quae pwpuetas in va-
lore fnmo inuento non tam erat manifefia.

tang 2 =

§. 25.  Quod fi ergo terni anguli g, s 6, ita a

fe invicem pendeant vt fit

fin.? & - fin. 2 v --fin.2 ¢ ~—in. L7 fin.t v fin. —6——0,'

tum in- palabola terni arcus his angulis 4, %, ¢ rcipon-
dentes {femper ita erunt comparati, vt fit |
T i1 § = b tang.} ¢ tang.} ntanbzé.
Hince £ dati fuerint bini anguli & et g, tertius 0 ope for -
mulac primum inuentae facillime definitur, qua erat

I3

tang. .

Tt
|
|




T fue fummam duorom reliquormmn nihilo a@qum1ﬂucﬂ1~

=533 ) 39 ( %c%«

—~ {‘n t¢—finty
ceof. f4cofl Ty
quae exprefio per meros factores ita exhiberi’ poteft
— 2 fin, £= == cof. f Ak
fin.i¢ cof. iy
vnde patet, fi angoli § ety fuerint pofitini, tertium 4
neceffario fieri negativum, fiue arcum .ipfi refpondentem

tang. 6 — ,

tang. £ § = ;

negatiue capi debere. Ceterum patet, fi vnns horam an-

gulorum, velati £, euanefat, tum fore fin,20-fin.;p=o,

ternm - alrerms fieri pegatiuum,

- Problema
In quadrante Elliptico A-O C, ‘fumto pro lubitu ar-
eu AQ, ab aliero termino C abfiindere arcum C R, qui
dllym arcum A Q_‘ ﬁ:peret quansitate algebraica. .

So1ut10

§. 26, Sint hulus Ellipfis, femiaxes ¥t fupra OA‘

—aet OC=¢, et cum fit arcos CR=AC- AR,

Tﬂb,. I .

requiritur vt fiat A C— AR — A Q -quarititas algebraica. .

Ducantur ad axem O A perpendicula Q ¢ et R r,  quae
vocentur Qg=—g et R+ —r, quae refpediu. formularum

fupra inuventarum capi debent negatina, quia arcus refpon-
dentes A Q et AR lic negative capiuntur, Cum igitur.
arcus I:p hic fit quadrans A C, erit p—e¢ A=¢",

C=c¢(sa—2cc), E=—cc(aa~ce); pro applicata
quacunque % vero erit formula refponders o

Z—=¢ V(c-—z,z)( +—(4a”0€}zz)’~ .
vode

A

|




wig ) g0 [ ke

vnde pro cafn z==¢ flet Z=0, quocirca pro praefenti
cafu, vbi p = ¢, exit P=o, Delnde antem fi loco g ibi
eribatur - ¢, fict . '
Q=c"Vic—gq{t+{ga—cc)g9:
| ~§. 27. Sumtis autem littetis ¢ et ¢ negatiuis,
gum in. genere inuenerimus. o o 0w
., —t0—gP f— o et P— :
r= A_F_qu,_ob =¢ et “P — o‘ﬁet _'

. I - Q : I
Rk = e et ideoque . o e

"

o ylee —qg)feti-{ag —cc) 4.4)

— T g% - (G~ 0C) g9 4

quo valore inuento erit diffrentia arcuum CR—~AQ fine

bl 4

Mic—Meg—Tir= 70 pgr =55—-97;
quamobiem- fi loco '# valorem inuentorm- fubftitnamus, ha-
bebimus | '

e - ._-(M'—-ca)qv{cc'--ﬁnq)(c_;'-l--(aa-—c':)q).
CR‘ AQ"‘—' ¢ (6 + (a8 —6¢) 5q) Lo s

Hic igitor quantitas ¢ arbitrio noftro eft reli¢ta, vnde ar=
‘cum A Q pro lubitu affumere licet, hincque punétum R,

feu applicata R =1, ‘ita eft determinata, vt differentia
arcuum CR— AQ fiat algebraica; formulae autem inwen-:
tac manifefto reducuntur ad -has fimpliciores : e
: - - ee ¥ (cc -—-Q‘t]) - i , . o . \
; r__‘\/(c*’i‘(ﬂﬂ-—ncﬂqq?’ ~
et differentia arcuusm .
- CR — {20 —ce) g Ve —
CR—-AQ=; 14)

xf_&cﬂ- = (g - ol gq) }

vbi notetur effe arcum

- - dq\/(_c"-i-(a.a—cAc)qq)
AQ—""I e yfee—~qp "

W N §.' 23.
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§. 28. Quoniam pun@a Q et R inter f permu. o,
tari poflunt, fiquidem et CR — A Q=CQ ~AR, hanc '
permutabilitatemn  etiam  valor pro 7 inuentus oftendit,

Sumtis enim quadratis obtinebitur i aequatio:

,'c'“—-,v“:(q‘q-%?’ff)f——'(aa“;cc)qqra‘f:o,
quae manifefto reducitur ad hanc formam concinnjorem ¢

C NS N Y P G- T 2

"(6‘6‘ EQ)‘(c'c T’)"‘" ce 2
vode §i flatnamus g r=wmw, wt fit ggrr=u, ex hac ae-
quatione rerit

GIrr=w—Tm—cc)y

quare, fi 29 r=2wuy fine addatur fine {ubtrahatur, colli-
gitur fore ‘ '

(ag—ce)ut

GHr=Veeq 2 i —MEETIUE et

T ——————— e —— e —
Gq—tr=Vie¢e—ouy— (i—eow

wvode fumto % pro Iupbitn ambae }quantitates g-.et r fimili
modo -expritnuntur.  Hoc modo etiam facile ¢ffici poteft,
vt ambo pun@a Q et R congriant; fadto enim g—r=o

. — o Ctdacs
fiet wu — Ta—zp: ©HIL €rgo wel |
P . | v — s
WU = I, Wei,ﬂﬂ_-'a_c-,..
fum autem eric -
7 oy —— 3 - o e e c¥
’q {i'—_g...g_"é'ﬂ ve}'??""m\a..c ?

quorum walorum pofifinum fumi opoﬁef; ,i"QU'fﬂ( avtem ¢
fuperare wequit ., priot tanmm walor focum habere poteft,

quo et gg= 5

§. 29, Convenjant igitur ambo haec pundta in- Tubh, I
. . T - F— EVC : i, .
puncto U, ita vt fir applicata Uﬂ_;_{,%_—g;:a tum vero erit Fig 44

Ata dead. Imp. Se. Tom. V. p. L ¥ ar-
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arcuvin diffepentis B
!_"‘ CU—= HU:‘:"“ ”-—wgg-.-c,

a-f=c
ita vt haec’ differentia J{?q"wtui iph dzfﬂ_rentrae axinm O 4
et O C. Hinc igitnr exit AO+A U=CO+CU, vhi
manifeftim eff, fi efler ¢=¢, tum punétum U in medinm |
arces A-C imcidere.  Ad hoc punétum U clariiis intellis
gendnn quaeramus stiam Ilif\tt‘.ld’ll 0% O w, et cuin ﬁt

vt ‘_Ouz Uu___ . T L) 2 J— a¥ | -

TR S et erit Qu' = a g =35 = 5, |

yode vpatet fore 2% —=C°Y° ‘guat ‘erpo eff tangens arguld
Qn aya? : =

|

AQU

§. go. Quia in Ellipfi ambo iemzaxe& g &t ¢
Tb. 1 funt permutabiles, quemadmodum arcus A Q definitur. per
Fig 3. applicatzm Q¢ ==¢, fimili modo permutatis axibns arcus
C R deﬁmetm per applicatamr R s == Or. Pofita igisur

R s == 5 erit per formulam integralem: arcus

dey{ar-(ag=ce)ss) — . .
CR -/ aV(na ~55} ?. S '

ficqué erit
fdsd{a*-n\aaacc}ss) fdgifﬂwl—(rm-cc)‘qq )
‘ ayfee=s58) . cv¥(cc—-qy)
(anmcd‘)qr_._. fo & cc)nv(cc_gq} .
- cs g (et (B a—=CE) gg} "

Videamus igitur quosiodo s fe habear refpediu g; pnsn@
- g8 rr
autem em E—&-J,w“ r, vade fit
_ aten
gt (gg——t0) g g?

‘ _ ss=—aa—%2r r‘ =
confcquemez

¢ ss+(aa~ff)§gss—-mgg:o-v
vnde patet, permatatis leris @ et ¢ ctlam permuta-
gigers, Vi rei matgra poitulats. - o

§. 32
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AR § 3:. Hing - 1gxtur colligimus- 1ﬁud "Elieoremsy
analyticam:

’1 heorema. -

..._.._ aeq .
Si caplatm e St ey erit differﬂm‘:la ma‘
rum formalarem’ mtcgralmm femper algebraica:
jd:'\i(ﬂ* ~{ag-ce)ss) - J/’dqvfﬁ-—}—fan cedagg) (nd»cc)g«lfc"c-gg),'
ayian=5a)- cv(cc¢qu e/t +{aa-ce)gg) "

§. ‘a2. " Operae igitir pretxum érit per euolutios

nem calculi’ hanc egregiam reductionem oftendiffe. Pr:mg-

igitur cum fir

- aayq 2
§= T W (et - (za—cc)gg)? erit . &

— . acy{ee-~qq) - it
V{ea—ss)= Ty et ,

-ﬂ/(ﬂ —{aa~— €&) 5:) = W¢+f$f.mqw i

vnde fit pro prima formula integrali

Y{or—({aa- ccjes) o ¢ )

¢y (aa-s5) -;/(cc —gqs° _ !

Deinde vero reperimr : !
Y- agactdyg :
ds = — ‘ =5

(4 (aa—ce)qq) |
bine igitur formularnm iategralium prior erit .
fdarV(a‘—-(aa——,cp‘)s.r)__" _ aac"a’q
eV {aa—s3) ﬂ(c‘*-s-(aa-cc)qq) V(w——qq)
ab hac igitui fi fubtrghatur altera f49V(et--(a8—co)na) g,

ey (ec—~gq)
rentiam integrabilem effe oporter. Facta autem redu&ios

ne ad commubem denomindtorem haec differentia fic: .
Jlaa=co)dgle =2 gg—(aa—ceiq) -

c(c*+(aa—-cc'}qq')EV(c—'q)g6 )
" Foa cuius




w53 ) 44 (Sl
*nis 3 ; . . (Fa—cc)av{cemygg) i
cnius Integrale ergo effer debet HE (it Teny » quod tens
tanti mox patebit. Nullum autem ef dubium, quin-ifte
cafus, fi probe perpendatur, Iargumy campnm fie aperturys,
huivsmods inueftigationes adcurarins excolendi,

© § 33. Sclutio autem iftins problematis elegantiug;
fequenti mode adornari potef. Cum fig Q¢= g, erit
Q¢=2V(ce~qg¢), fimilique modo op Rs—s erit

fir aequatio=

Os==V(aa—ss); quare cum inter g et & iffainuenta

+ — aaeg el
§ = Y{ett(aa~ce )qq) ¥ rify |

cess(ce—ga) —eagg(ae— s} ideoque:
29 ce Rs_ea Qg
ﬁ(ﬁa'-'s S)._—- V(CG-“&'Q), ﬁue. z . o5 — & I8} Q;" 1
Hinc i duci intellignntur redae. O Q et O R et vocentu
anguli A O Q= et COR = Ysesit g tan g:;.\p::.‘%-_ﬁ‘_“"tgng,. ;.
fiue hitanguli ita fune comparati, vt fit tang. \srtang. D=a™i o7,
ficque: ex angulo Q pro lnbitn affumtoer facile: definityg
augulus Ju : ,
§& 84 Deinde cunr fnventa fit arcuum différentia:

CR-—A Q:-I'“a"“cc)q"lf(cc_qtz_): Obr .

elet+{ar—ccigqg)? )

C 5 J—

a.d .

_ - CR—-—A. Q_:(aa.—-,c e)svicc—gg) — 'Z—V (ﬁ""‘“ g %Dlﬁa_‘:?;‘g‘i/(‘-c_gg)}

—S$¥i{ee—gql gv{se—ss)__ _ . Vicemg)  ¥(aa-ss)
- c. A a — g4 ( ca, T as. ),

av{cc—gq). .
ad” hanc formam, reduciturs g 5 (<62 — @by

. . . g — a s
quae:. expreflio ob- tang. = ——S2__ er tang.. R T

- -
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Ry
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