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tem eft doblum, «Quin ea patefadta multa -praeclara .incre-
menta Analyfeos expectare liceat. Com igitur prior forma
finita euadat, fi fuerit g — (¢ — 74} (B + {f -+ 1) J), intel-
ligimps etiam pofterioris valorem rationaliter -exprimii
poffe, quoties fuerit

f=@—iy) 4G4+ —ap+3)

f=ifd-gy~G-+1vd),
denotante i numerum integrum quemcragne.
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‘DISQVISITIO ACCVRATIOR
CIRCA RESIDVA
1EX "DIVISIONE :QVADRATORVM A m..h.womﬂé.uc.qﬁw

JPOTESTATVM ‘PER 'NVMEROS PRIMOS
sRELICTA.

. 1.

wm - prupoerns “quadratus «¢a ,per ;numerum primum p divi-
.datur, trefiduum ‘reli®um Jittera -a indicetur ; -Amnilique
-modo *litterae .8,y , 9, etc. -mihi -denoraboae refidua in
.dinifione nnadratorum .bb, .¢c, -dd, -ete. relidta.

t§, 2, [Erit:ergo;g==ae—n}p, quia refidaom 2
-prodit, “fi -a ‘quadrato -aa multiplum “numeri Jp auferatur,
idque -maxiraumi, vt refidvum ¢« ‘ipfo dinifore winus
reddatur, ‘Ninil ;autem tmpeiit, quominus multiplum # 9
maius -accipiatur -quadrato «a 4, wnde refiduum o proditaie=
gatinum, ficque weius walor <infra 5 «deprimi polett.

6 3 dem igitur refidunm o wultis modis exhi.
beri poteft, quoniam cun&ae hae formae a - p candem
naturam continent. Perinde filicer eft, five reliduum ex
divifione-quadrati.gn permumerum P ortumm dicatur e, five
Euleri Opuse. #Anals Tom, L Q wtp
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H * 5 -~
2 -, fite @ 4= mp, denotante littera #- Bumertim inte-
grim quemcungue.

§. 4.- Innunmera autem quadrata ea, per numernm
p dinifs, idem relinguunt refiduum «, quae omnia €X co-
gnito vno ga facile inueniontor. n_:._mnm. w.mnn.mnm.mnmﬁ
ifta forma (g4 mp) vel (mp - a) contineri enidens
eft; ficque fufficit refiduum ex harum forma minima, cus
ins radiz non excedetp, notaffe: omnia fcilicet rmmn qua=
drata (mp + a) refpe@n npumeri p ciusdem indolis funt
cenfenda,

§. 5. Quadratis fecundum ordinem naruralem di-
fpofitis, refidua per diniforem p orta ita fo habebune:
Quadrata: x, 2% 3% 4% = = (p—4)H{p~31H(2 —2 ), (p—~1}
Refidua: 1,4, 8,16, - = = 16, 9, 4y I, .
Quadratis ergo ad (p — 1)* continuatis, fingula refidua bis
occurrunt; et quia p eft numerus primus, corum numErus
eft par, et bina quadrata media (%) et (RETF, idem
m»w:ﬁ....g%__sﬁnll...

+ .

§ 6. Omnia ergo refidua, quaz quidem ex dini-
fione numerorum quadratorum per numMErymM primum p
refultave pofiunt, nafcuntur ex his quadratis:

aNnmn_.. I, h..- 3% A..‘-u .- - Am...uﬂl.g.

Refid. 1,4, 9, 16, - - - = Rozatdk
quorum numerus eft —2—L. Negue ergo omues nu=-
meri divifore p minores, quornm muliitudo et p — x,in-
ter refidua occurrmnt, fcd corum femiffis inde certe ex-
cluditar,

: $ 7
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g e guadrata

B eri enidens

| ninima, cus
g ;¢ hace gua-
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g tralem di-
E Lunt:
B (p—~1)
.
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B | Nisnerus
wuu idem N
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§ 7

Ivmr)n.w u Xy A m..mmnl

5. 7. Continuatis autem quadratis ad (A==t )Y, rea
fidna inde orta omnia func digesfa: neque enim vilum
vsque ad hunc terminum bis cecurrere ‘poteft , fiquidem
divifor p fic numerns primus, Namgue #i bina quadrata
aa ct bp nevtro quadratum (B2 ) excedente, idem da-
rvent refiduum r, dificrentia corum 2g—% b, idecgue vel
a—& vel a5, perp dividi pofic. Cum antem neque .
2 negue &b fuperer 22, etlam fumma ¢ <~ 5 minor erit
euam p, ideoque fieri omnino nequit, vt ea fumma, ac

multe minus differentia 2 — &, divifionem per atmerum g
-admittat.

§. 8. TPropofito ergo numero primo p omnia re<
fidua ex his quadratis x, 2% g5 4% . ... (&=} obti-
nentur, quoram numerns cum fit T £, et refidua ome

nia inter fe differant, numerernm ipfo p minorum, quos
sum multitndo eft p— 1, femiflis certe inter refidua oc-
enrrit; femiflis vero inde excluditur, et claffemn non-refiduc~
rum conflituit, Pro quolibet ergo wumero primo p refi
dpa a non-refidnis probe funt disceruenda.

§. 9. Si enim a inter refidua occurrat, prosun-
ciare poflumus, innumerabilia quadrata dari, quac in hac
forma np -~ e contineantur, ac minimi eorum radicem non
cxcedere vumernm L', Sin autem numerss ¥ inter re-
fidua won reperiatur, pronunciabimus nollem mumeram
quadratim in forma s p-i- 9 contineri,  Quouis auterm
cafu  tam refiduorum e quam non- refidvorum # multitus

do eft = ﬁmﬂ...

Q 2 . § x0.
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§ 10.. Quodfi refidua,. ex dinifione- quadratornm:s

per nomeram: primum  p- oriunda, fecundem hunc ordinem.
naturslem. disponantor, primo occurrent pumeri quadrati
I, 44 9y 16, etc; donec: didifibne per- pumerum- p-ad mi-
nores numeros redigi poflunt: poftremum vers:eorum erit
22—tpk:, ypde: numernm g, quoties fieri poteft,.-auferri:
oportet..
: 6. 11. Ad: lioc pofiremum refifuum agnofcendum -
duos. cafbs. contemplari. contuenit, prout numerus- primus p-
fuerit formae. vel: 49+ 1, vel 40+ 3. Sit primo-
P =4 g1 ideogne 2! == 2 4, ct vltimum: refidoum
4 4 g, quod- fubtra&ione wuldph. g p:=—= 4 ¢ ¢+ 4. rednci--
tur ad —g; fen-ad 3 g4 22 Altero vero calis pr= 4 ¢ 3,.
fen 2=t = p gt 5, Vitimum: refifiom- 4 ¢ ¢, 4 g1t
ablatione. multipli: ¢ p.= 4¢:¢ - 3 ¢y reducirur. ad g4~ .

§ 122, Simili modo penultimum. relidoom;.ex.qna--
drato (22} ortum,. reperitur:,
Pro-cafiip=4 g+i+ 1y 4474915 fen — 5 g1, fEr~—gf-2-
Procafli p=4g-4-33 499411, feu —3¢; feu ¢-43.
At .antepennltimum-, ex (22%)* ortum;. ita- prodit:
Procafupoggt- 15 409 —8 g4 40 .0ev — 9 gef-43 fen — g-1-6
Pro cafd p=4.¢4 23 4.49—49+1, lon — 7qrt-1 feu g4~ 7.
Quod vero antepenuldimum: praecedit,. linc: modo:
Pro cath p=494-1; 4g99—~x294- 9, fen —139-4-'9, feu —g-1-12
Pro cafn P=494+3; 499 - 894, fen —114—4, feu g-13.

§ 13,

adratoriums
: ordinem.
quadrati
p ad mi-
orum erit
& 1, -anforri:

k ofcendum-
E primus p-
§ it primo
E refidunm
e 7 rednci--
| 4913y
i 49 X
4T

f 3-C€X quan-

- getean
45,

%
jo—g+4-6
0 g7

f —g-i-12
19413,

§ 13,

w833 ) 225°( &
§.- 132. Hos: igitur’ binos- cafiss* diftinguendo , refie
don- fequenti’ modo fe' habebunt::
Cafs p—=4 g 1.
Quadi: %3 8% 8% 4% +-u .-(2g=a)'} (2g—2)'; (ag=a); (g
Refiduar 1,45 9,36 c-. o mgd-32) mgt 6y —gt2, —g
fen 39-+13, 84-F7, 8443, 3¢r.
. Cafe p=49-+ 3/
Quadr,  1;2%3% 4. ... (2g-2), (2¢2-5)%, (2g)*, (2¢+0)
Refiduia: "1, 4, 9, 16 ..o . g+13;. ¢-+7, 4+3, g+5
Briori’ ftilicer: cafir in’ genere occiirrit refiduwm —g-+nn-+8
few: 3 g+nn-1, pofteriori‘vero g-+natn-ti1.

§ xge Quohic refiduorum’ ordo " clarius per(picia-
tur, exempla fpedtanda :proponam, - et prime quidem pro
aymeris: pricis. formae p= 49 4 i

%.Hm M.HM p,.
FTTX N, 4
fen: £§~—xt

w_,ﬂ,.:m m..: ».,.a.,+wun.%.
g 305 4 9y 8y X2, XO
fets 33 4o =4y Fr —F —3.
= H.Qm..nm 2%, 3% Aluu. m-_, a6 7% 8
.mu.H 4385 4y Oy u.ma 8, 2, 315 33
feu 3, 4,—8, =¥, B, 2,8, ~—4.
p= nwm.uuen-.ma-.. 45 556% 7H8% 9%,10% 1 1%, 12%,73%34"
g§== 7' W4 9; 16,25 15 20,.6, 23, 13, 5, 28, 24 22
fe0 1,4, 9,713 45779, 65,—6, I3, 5 —1y=5=7

Q3 . p=
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»nﬁrnwm"l._m,.,.q,..ﬁm..8“.:“:»“.aﬂ.“.w.m,.axﬁ.;,
mﬂmmr? o, 16, 25, 36, 12, 27, 7, a6, 10, 33. 21,11, 5. 34, 30, 28

fen 1,4,0,16,-12,~ 1, X2,-I0, ¥,-II, 10,~ 4,~10, X1, B;75;,* T~ 9
%“*umnunuumuu £, 5% 657, 8% 9%, 807115125180 14% 15516, 175,187 19 ag*
g=10) 1,4, U, 16,-25, 36, 8, 23, 40, 18, 39, 21, 5, 33, 20,,I0, 2,37, 35 &I
feu 1,4, 9, 16,-16; - §, 8,18, ~ %, 1.8, - 2,-20, 5;~9,20,10, 2,-4,- §~10

wbi obfervare -licet, in refiduis per negativa ad minimam.
formam reduftis, fingolos numerps bis, pofitive -filicer er
negatine occorrere,

o 6o Sequentia exempla -pertinent ad pumeros
primos formae p— 44 -4 3.

=38 w L | p=7 wu. 2% g

g=odz | gz=1l1, 4 2 .
feu x,—8, 2

pe1r w.rp., 5% 4% §°

g= 2 (XI,4, 9, 554 8

fen 1, 4,2, 5, 3

%Hubvmfw»u mﬂm.-»m-.m-udd.u_ba
4= 4 L1, 4, 9, 16, 6, 17, 11, 7, §
feu 1,4y 0,8, 65— 2,8, 7, §
p=eg Mf 2% 3, 455, €47 8, 9, 10h1r
g= 501,4,9, 16, 2, 13, 3, 18, 12, 8, &
fen T3 4y Gy —7y 210, 3y 511, By ¢
ﬁuuw“ﬁu»ﬂaa. 4 5%6% 7.8 ¢hrohrat, xah1gnT4NTst
g= 75,4, 9, 16,25, 5,18, 2,39, 7, 28, 20; 14,10, §
fets 1,4y 9,15, -6,5,-53, 2,12, 7,+ 8,5, 14 30, 8

=

3,145,555 16% 17°, 1 8%

5+ 84 30, 28

6,11, 3,-3:~"Th-9

3%,16%,17%18%19% 20"

2, 37, 35, 3¢
2, = 4, - 8,-10

Pk :¢ minimam
E iue -fCilicet et

ad nmumeros

E 238N 441 5*
§o, 14410, B
1,34,10, B

=
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Tn iftis refidois ad minimam formam reduéis omnes pla-
ne wumeri ab- vnitats vsque ad 2 g-+ 1 accurrumt, alii
figno pofitionis, alii negacionis affe@i. Verum has proprie-
tates obferuatas demonfirari oporiet

§ 16, Yam fipea, p. 69, demonftrani, f inter refidaa, ex
divifione quadratorum per namerum p Orta, cccurrant nu-
meri o ot @ ibldem quoque reperiri produdom xf, ac
proinde quoque ‘hinc formam latius  patentem o B
Qriantur eénim hace refidva ex quadratis 22 ot bb, i
vi fit a=mpta e bb—up+p, aque manifefum
eft ex- hornm qnadratorint "produdto:

acbd—muppi({mBrue)ptaf,
cuius forma et M p -+ @ B, nalei refidunm aB; fimilique
mudo ¢X quadrato a'™ 4" provenire refiduum o™ (% fen
a" @'~ Mp, vt ad minimam formam reducatur. Quin
etiam notari conuesit, hoc iplum refidanm o™ @ nafti ex
omnibus his guadratis: (a" * 4= Np)y feu (Np-3- ar iy,
idcoque ex quadrato, cuins lacus 6™ 6% N pfeq Nj~a® 8"
minus erit quam g fh.

§. ¥, Denotent litterac o, by eo & - v o v o o !
omnes numeres diniforis p femifle §p minords, guorim
ergo mulimdo oft =2, fotque & By de .0 - A
refidua ex cornm quadratorum @ &% ¢ 4 ... . W T
per numervm p divifione relitta, quorum tiudo jti-
dem eff =25, ita ve ox omuibus nemens divitore p

mi-

%, 95,00%, 110,320 8% 145354165, 17 185,107,
—10{1,4, Oy 16, 25, 36, 6, 2X, 38, 345 55+ 15, 40 24, X0y 41, 51y 25, I%,E5,
for 3,4, 9;316,-18,- 7, 6, 203 5 T4y = By 15, =3y -297°10, - 2, -12y723, 17, 1 3.
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minoribus, quorum multitude .eft--p — 1 , -fotidem rex rréfi-
dnorom ordine excludantur, quos pomine non -refiducrom
complexos livteris 9, D, € D,.. . ... 2€ indicabo. No-
tato ergo maxime dignum eft, .in-ordine refidnorpmez, 3
9s 8 o o o o0 o Ay cctiamfi eorgm multitndo tantum eft
—*%=1,-tamen omnia.eorumdem -produca-ex binis plu-
ribusque, . atque _etiam ; fingnlorum . poteftates omnes.occor-
sere ; figuidem avferendo inde, -quoties;fieri poteft, dinifo-
rem p, ad .mivimam ;formam ,EE0cEntay,

-6, .18, (Qub ;magis 'hace . illuftrentur,, sanimaduerti
oportet, ratione .cuinsque .diviforis ;p omnes .nnmeros 4n
totidem fpecies difiribui ; fcilicet ratione diviforis -2 .duas
_habentor {pecies numerorum -parium et jmparinm;formolis
2 & et.2x -2 contentorum. ;Dinifor antem-3 ‘tres-prac-
bet numerorum :fpecies -3 ¥, 3 & ~i- X (813 X ~-:2, -et.di-
nvifor 4 has.quatuor 4 &, 4% -1, 4 X -2 et 4% 43,
quaé divesfae fpecies -in ;numerorum ;dodrina -fullicite .di-
flingui folent, -:Simili .ergo .modo -ratione .diviforie cuins
que p, hae dinerfae ioumerorym fpecies .conftituuntur:
DX DR A DX A2 P XA B0 L PIAP—3
quarum multitndo eR p.  +Omilaicrgo ;prima ifpicic p &
mukipla divifosis p .continente , .reliquarum <multitudo et
p—1; ac §i p fueric numerus ;primug, ‘has <peciey sdn ditas
claffes dinidi conuenit, wiraque 2= dpecics compiedteate:
Pra px B px-d-y, pxd, ..o pXED
P4+ px B px+C px+Dy 0L px+E
ita ¥t nmnes nuimeri quadrati in priori claffe contineantur,

pofterior vero ciaflis naturae quadratorim prorfus aduer-
fetur.

. O. ﬂu.
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 tidem - oX 1 refia

- refiduorom
ndicabo.  Np-
fidboruem 2, 3,
o . fantum .nm
2x binis plu-
Omnes . oceyra
_poteft, dinilo-

E , animaduerti
B !5 Dhmeros -in
E tifisls -2 .duae
3 rium formulis

T3 tres prac-

.. X2, et_di-

.4 x -3,

E 2 follicite dis
g initoris cuius-

Heaunzur:
Py ..*...wu_..i £
1 ipocie pa

[ o ulnndo et
e in duas
g compledionte s

£ - P

SRR e o
contineantur,

g rorfus aduer-

§. 10,

g ) ves { G

§. To. FPro qualibet erge -divifore privo p his
duabus clafibus confticonis., quarum wraque 2= fpecies
continet, et quat ambae conjuntim-omnes plae pameros cons
tinent, exceptis mulriplis ipfins4g, quippe guorum fudicinm et
jn promtu, omaes numeri -in priori -claffe contend hac gau-
dent -proprietate, vt produita ex bikis in endem cleffe
coniineantar, in wqua ergo fimml won Ialam poteflates fin-
gulorum quaccungne, fed .etiam produdta -ex binis pluric
busque harem  poteltatum occuprwnt.  Prior Igitur clafis,
quam ‘voco reliduornm, numeris @, f, Ws By - L6000 A
determinatur, dam altera -cladhs non -cefiduorem numeris
B ED .. € définiton

i, wo, Pemonfteani -deinde etiam., fi s dafie re-
fidnoram occurrant due wumeri r ot vy, quornm ille ¢
huius £ fit fador, ‘tum -etiam huius dlresum fadtorem in
eadem claffc reperiri,  Lvm .enim dentur dvo -quadrata
a.a et bb, vt formae ma—w et b & —ry figt per nume-
rum primom  ditafibiles , exiftentibus nomeris a et b
ipfo p minoribis, etiam ‘forma.aas — ¢y per p oft dini-
fibilis, ‘hincque ctiam differentia &b —aa s, ¢t (3 4 np) —aas.
LCum auntem « ot 5 Ginr ipfo » micores, femper 4 ita ag
fumere licet, ve fiat &~} p == ma Ex quo ralis forma
mmaa-—ags dabitur per p diniGbilis, adeogque &t haec,
8y itn VL fit 8 =y W P, AC proprered NUmMerys €
inter refidua reperiator, Hinc fequicur, fi + foeric vefidn-
um, .at & nob-refidown , tom  prode@om rs certe fore
non-refiduum 3 fou prodafa ¢x quouis refiduo pey vone
refidvum ‘fafta, velud <, w®, §9U inter non-srofidua
reperiuntur.

Euleri Opuse, Anal, Tom. X, R § a.
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§ zr. Si igime ¥ fuerit non-refidunny, omuia
haec produftas e, BY,. vy N 8Ws —- = - 29, eront
non-refidna, quae cum fiar diverfa. inter- fe, etiam reduc-
tione ad minimam formam- fadta, eorumque. Dumerus
== 2=, in iis. adgo. omnia: non-refidoa; continentur, Bx
quo iam perfpicoum: eff produdta ex: binis pon -refiduis,
velatia R A Y; ad claffem refidunorum effe referenda ,. quu~
niam « @ eft refideum;. et Y Y, vipote: numerus guadra-
tus, per fe inter refidua- occurrit,  Simul vero- patet pro-
dufta ex teenis. non-refidnis, vii YBE, iterum in claf
fem non-refiduorum  cadere, prodicta vero cx quaternis
inter ipfa refidua reperiri, et ita poiro.

% 22. Pratterea vero etiam obferno ex datis bi-
nis reficnis. & et (. per -dinifionem novum relidunm oris
ri, et flakionem F inter refidua effe -referendam.,  Etfi
enimy fradtiones ex hac ratione prorfus excluduntur, tamen,
quia aumerns.-a acqnivalens cenfewwr hoic formae generas
Y, 'a--up, vninerfam fpeciem continente , numerum »
vtigue ita accipere licer, vt &%%% fist numerus integer,
de quo effitum eft intelligendom, quod feilicer inter re-
fidua reperiatnr. Hine crgo~omaes termiol hoins pro-
greflionis geometricaet

ay By B, BL, B etc.

@? o’ ary
ex binis refidnis & ot @ continnatac, in claffe refiduorum
continentur, fi fcilicet finnuli ad formas integras renocen-
tr., Quodfi enim fraltic £ acguivaleat oumero intcgro
¢, flatim fequentes numeri integri obtinentur: a, B, gr
B+ B Brhy etc. qui ad minimam formam reduéti non
plures quam £=! numeros dinerfos pracbere poffunt.

T & ade
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et f

Br
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fidna
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fign.
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dam

omy
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etia

el

wul
Fex
et
(5.1
cac

—_—

o aum, omnia
N - A 9§, erunt

etian reducs
jue Dumerus
nentur, Ex
non ~refiduis,
‘erenda, fuu-
erus qoadra-
ro paret pro-

arum o clate

ex quaternis

ex datis bi-
efiduum ori=
ndam., Etl
inter, tamen,
rmae EENETim
numernm #
wus  integer,
cet inter Tee
3 huivs pro-

fe refiduorom
gras reqocen-

imegy ntegro

oty ﬂ- ﬁ-_.o

1 redudti non
poffunt.

§. 23
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§. 23. Confideremus ergo hane progreflionein geoe
metricam: a, B, By G175 BN @74 et er cum omues
termini  dinerfi effe nequeant, pracbeant hi termini f§¢°
et B+ per p divifi idem rtefidunm, jta vt differentia
R — By™, ac plopicrea 1°— I per p fiat divifibilis,
Tam ergo eriam termini B et 8¢% atque etiam a et
@ r*" ratione refidui .convenicnt; €X quo patet, plura re-
{fidua* dlueefa prodire non polle, quam quae - oriuntor ex
his terminis initalibus: @, B, By B - - - = 777,
quoniam ex fequentibus B8, B B 1 ete, eadem
refidua codem ordine Tecurrnit; guoram ergo refiduorum,
fignidem fuerint .diverfa, mounltitudo maior -effe  nequit
quam Rly -quod enenit fi #* fit minima -poteftas ipfius 1y
quae vnitate Mminuta -per p -dinifionem -admittat. Hire

patet munernm w cewrs non fuperare BTty ac fi fuerit
T

=i, omnia plane wefidua gbtiacate,

. §. w4, Sin awem TX terminis w, B, §n
- e =« B¢""%, non ompia refidua prodeant, fed quag-
dam omircantur, facile oftenditur, ad miniwum totidem
pmitti, quot adfunt, Si coim refidoum 4 inter ca non
occurrat, qund etiam per 4 repracfentare licet, quoni-
am ry - m p femper ad formam ad reancari puteft, wm
etiam neane B3, neque mu? neque 301, etc. intex ea
refidia reperietur , quac cum fint diverfa, exclufo vio fi-
wal 5 exduduntie, vode 23 numernm omninm Bomt fige
perare nequit,  Krir ergo vel 2 ;o= vel 29 B8,
et pafteriori caft adbue de mouo ad minimum g refiden
excindrntor,  Quare cum termisi progreflionis geometiie
cac a, §, Br Brs - ~ - {077, quorum Buferss eft 5,

Rz vel
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vel omeia refillisa contineant ex quadratis ortz; quoram mulis
tudo eft = lml. vel inde excluforum. sumerus fit=n, vel= an;
vel = g4, “ete; enidens eff nnmerum #. peceflario pare
tem afiguotam ipfins. £=¢ effé debere, 1deoque minimem-
exponentem #; gno mannwmm # vnitate- minuea per p die
vifibilis. reddatur,. vel” ipfi' numero. 2%, vel eiusdem. parth
chipiam aliquotae efle. aequalem.

§& 25 Sine autem fit 4=, flne cins parti

suidarn aliguotae. aeguetnr,. femper: forma. £ 114 D s
dinifionem admittet per numernm primam . Popamus.
p=2gete 15 vt fit B2 =gy ac fis ex banis- quadrarorom
refidnis. guibuscongue & et By fomendo- 5 EE"F, formes
tur. haec- progreflio. geometricat

& fi Bry. B BF - = v v« fP,
terminorsm numero- exiftente — ¢, tum Hinc vel’ omnia
refidoa. quadratosumy o4 85 v, 5. &4 =~ = = - ¥, refuleas
buut,. vel. corum tantum femiflis, veli pars: tertia vel' pars
yuarta aliaue aliguota: fimulque- perfpicitnr; quot ab initio
diver(a- prodierint, eadem deimceps. eodsm ordine conti~
nuo- repetitom irkh.  Semper autern  termini. fequentes
Bri—*, g4, Brt7, etc: eadem refidua. reproducent a,
B, pr, quae initio- habentur. .

§.. 26.. Quoties ergn ¢-efll numerms primus, ex-
ifiente p-—2 ¢4 1, tum progreffo geometrica éx binis

quadratornm  refiduis quibusque @ et § formata ¢t ad ¢

terminos continnata:

LT

{m

£XC

5, .
b £

pofi
teft
tam:

Ies |
g 13

dif!

po
fpic §

onig
&aog
hiby

pro

quo

peri
e

puon
prox

derr
Yert

ta, quorom multi-
15 fiv—n, vel = 21
8 1 neceflario par-
j icoque minimum-

munata per P di-

| vel ciusdem parid

1, fiue cins parti

; p—1
PV e N

f i B, monmsﬁ.
f nis- quadrarorum

e m.llﬁ. F,. forme=

b (1,

hine vel omuix
= = Xy refaltas
s tertiz vel pars
i, gquot ab intio

 sin ordine conti-
E rmini- fequentes
‘1 reproducent o,

j oros primies, ex-

metrica ex binis

formats et ad g ,
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omuia plane quadratorum. refidoa exhibebic, nuflo neque
exchife seque repetito,  Ofnnig ergo veliqua- refidua
3, 8y = = =~ X ctum tali' quoplam término @57 vt fit
#<3g—¥, conuenitnt. Sin awtem mumictus g fuerit’ com-
pofitus, puta gy et poam g -3, um edenire po-
teft, vt ron omnia refidua’ quadratorum fic prodgant., fed
tantum einsmod pars- aliquoca ipfis g0 qualem eius' indge
les adwmittir, Qlod fi.viw venit, tota progrefio geometvica,
¢ termimis’ conftans, quafi’ fponte in dio ploraud membre
diftinguitury in quibvy eadeny refidua recurrnme.

& 2y Gome fit 8=y ideoque Bimsav,. nofira
progreflio - geoinetrica: won mode expreffa- magis iz pore
fpicuas:-

Gy G AYY QI - - T
cuius omnes termind qoia fint per « mudtiplicatl, hoe fa-
Gore communi prastérmifo, - progrefio mEE_Eum ita gx-
hitbeel potelti- Flopofito: feilicet dinifore’ primo p=2g-4m,
fi refidoum: quodenmque  fherit @y finguli- wrmini  buing
progreffionis - géometricac s

Iy @y a% o g4y m » o - pgd
quorioy. numerns: et o= gy inter- refidus badestorma’ red
periontur; a¢ {i omnes” ad diwerfas- fpacics pereineants, etle
am- vojvetfam  reGdiornm  claffem implents-  Piedizonrem
putelt, wti vidimus, vt non ompia refidua- hoc mede
prodeant; fid totius claffis tantum pars aliquoth,- duns sas
dem: poft cercam  periodusm iterum  sepetiimtur, reliqua

© vero hine prorfus excloduntur,

R g3 § 23.
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6, 28.. Sive aptem -omnia..guadratornm refidm
ex hac_progreflione .geometsica .nafcantur, five quacdam

tantum pars aliquota, .3, quae terminis iftins progrefSo-
nis_eontientur, tam infignibus ;proprietatibns funt prae~
dita, ‘vt bperae .omnino pretinm fit.eas accaratins esol-
vere.  Primum igitor obferpyo, fi haec progreflioc geome-
trica vlterius .continuetur, terminos -fequentes of, a7,
.&..TJ ete. “asquindlere primis x, 2, @', etc, propterea
Quod o7 — x dividi cerfe potet per diniforem prinmm
Pz 244 1. Adieto erge termino Jfequente g wnitak
‘acquinaleiite, dta vt~ habeamns

R,y &y = e g8TE PA3 gl g
aygia:produdivm ¢x primo termino in vitimom eft = 1, eX i
tyca progreflianis geometricae: .fequitur, -etiam produdia .cx
fecundo & in -penultimum &=, item ex tertio o* in .an-
te-penultimum w71, et in genete :ex binis .ab cxtromia
aequidiftantibus ™ et 47" ad wnitatem sedaci.
- PN *

§. 2p, “Dafo, ¥rgd quoctigue weliduo « fnter ro~
Hqva “voore Péeriettd B, ita vt produ@em z @ voirad
scquivalear, “fow’ fif' @ = 122, wnde id facile inucnitur,
Quia igitur haec dup refidva « et B tali vinculo inter fo
colligantur, ea fociata noininabo; ex quo fuperiars pro-
grefonis geometricAé bini termini ab extremis avquidis-
tantes hoinsmodi bina refidva fociata fuppeditant. Termi-
ns: feilicet pendltimus 2’ aeqnivaler ipfi §. antcpe-
nultimus a7—* jpfi (' et ita porro, vndc fi fuciata fub-
feribantur hoc modo: ‘

Ay e,y ety e - -2 gt =% g
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fum
vel
hne

handl 4
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giti
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[ entH]

redy

in ¢ |

dratorim  reidoa
r, fiue quacdam
iftins progreifio-

@ aribns funt prac-
i accoratius exol-
g rogreffio geome-

pientes af, afty,
» €iC. proprerea
[ nilorem  primum

P :quente @f ynitag

Qv,w...].u B 4
i eft = 2, X M
- jam produdla ex
tertio g* in ape
b inis ab exoemis
redncis

- Gdno o Inter re-
aum # S voirati
facile inuenitur,
vinculo iuter fo
v fuperioris pro-

g rremis  acquidise

aditant, Termi-
ipi 3. autepe-
Ie fi fociata fub-

s &7 2

k., % 1
1 infe-
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inferior {Eries: congruit cum foperiort retro foripta. Seme
per antem refidvom. voitati affociatom: guogue, e vnitas,

§. zo. Confideratior horum' refiduoruny fciatorem
aperit nobis viam ad. infignes- proprictaces: dategendas.
Com enim, pofito dinifors primo. p— 2.4 1, fit pume-
rus omnium refiduorem == ¢, quorem ceiliber; praciec
vhitatem, conuenit fuum fociatum, vairate exclufy reli-
goa, quorim aumierus et = g« x, feeundem hane (oci-
ationeoy in paria ditteibui’ poffanr, binis fociads Insicem
inngendis, Hince f g — = fuerit numerds impar, ac pro=
plerea ¢ par, necefle eft v in ha¢ diftcibutione 'jdem: refi-
dunm, puta §, bis- occurrat;, Vermm idem refidonm & duo-
bus' dinerfis refiduis affociari: veguit: £ enim effer &d=p
et 8=z x, refidon o et 8 non diféreparcnt. Cudes His
hil alind relinquitne, pifi vt idem reffioum § fecunt 1g
fom affocierur, firque idcirco §3 =13, vode fit vel § = &
vel 8 == — 3 {id guia voitas- jam eft fepofica, necefle oft
hoe ﬁm,: quo ¢ cft numerus par, intpr wwefidag reperick
~ 1y vel poy, ‘ S e

§ gr. En crgo egregiam  demonfrationem veris
tatis  fupra iam vbfernatae , quod fi .dinifor primus 6
P=qm--%, ideogue gzzaom, inter.tefidug negeffang
ceearpat — 8, o femper nu:mvn_.m.mmnun.,.ﬁ_m&.ﬁ::s ad,
¥oaa--'1 pey Blam anmerbm primum p=ogomo-- &
divigi pothr,  Hise fanol parer, i intet velides fir nus
meius a, ibidam qnoque produdtom, - z,a, newps — 4
ocewizere, hinegue - omnia refidon ad. migimam -fermam
redufta tam pofitive .quarm: ‘negyuive adefe, omnino vii
in exemplis § 14, allatls perfpicitur,  Simal veso etiwm

patet,
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%Rom, fi fuerit p'= 4-m -+ 3, ‘itlcoque sefidurornm -muki-
tedo impar, -ibi —4 locum thabere ‘non poffe, -quia -tum
fingula -refidna -vtrogue :figno -+ et — cccnrrerent, ideoque
eorm -pumesns -impar effe -non -pofict. “Ex quo Tequitor,
per ‘huinsmodi numerom primum S 4 M43 nollarn bi-
porom_ quadtatorym -fummam dividi pofe.

§. g2, Pro Ainiforibus antém primis formae
p=4m-t1, 8 quadratum g2 det refiduom .a, aliad
fernper .dabittis .quadmenm b5, pracbens refisgnam —o; fic-
que horum guadratotum fumma .g¢ 8.6 per ilinm no-
pemm primum exit dinifibilis, ita ¥t nec a aec & fu~
peret 2 m. QOperac pretium erge cxit his «afibus bina .re-
fidna figno diferepantia jundtim £xhibere, Jfimplque qua-
drata, ynde mafomntur, adferibers,
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B rcliduorum muli-

1 pofle, -quia-tum

B currerent, ideoque

‘Ex quo eguitor,

E m -+ 3 nollam bi-
i 1.

 m primis formae
. refiduom o, alind
B refisunm — o fic-
E b b per illnm on-

g t nec g nec & fum

¥ 1is cafibus bina .ae-

t ¢, Jimelque qua-
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§.38 THine evidens eft, pro divifre prime
P 4me X tot modis, quot s Codrine vnitates, Bina
quadcaty, Fadices limitem = ..pon fuperantes habeatia, af
fignar] pofle, quorum,\ g, At divibilis per-aumeruny
p- In his autern binis quaduatizowaila -lex, qua dnter {&
cohacreant, -perfpicitur, aliornmgue femma mado . major
repéiithr ‘Wullo miivoy, mc minimd guidem vbique ipf
niaéro p ¢t zequalis; Num -autem femper tlis bing-
¥iith  quadratoriitl fimma divifori p aefualii detur, hinc
non facile denidnftrari poffe videtur. ~ Cum hntem ex a-
jio fonte demonftranesrim, bivornm quadratorim. fifmman
slios non admittere -diuifbres., nifi-qui ipf fing binorum
quadragorum  fuwag, cguoniam hic enicivm elt femper
dari binorum, quadsatorim, fymmas, quac fine-por nume-
M pEmpm P 4 1 -4 31 divifibiles, iem certo, couftat
omnes pumeros, primos formae ¢ M -3 <ffc foamam du-
orum quadratorum,  Praefens awtem Supplementum  de-
monftrationem huivs propofitionis mirifice contrahit. Olim
enim,, nonnifi  per: mulgas - ambages oftendi, dari -femper
ciusmadi binomum  quadratorom fomings » | fguac 4 it per
quemlibet mwmerum primnm formae 4.0 - 2 diyifibilesy
id quod hic in aprico it pofitnm. _

Ty

aa-+bb per_ humersm primom p, dluighili, albs inde
LN .- ey

§..34 Data antem duorum a:ﬁaﬂﬁaﬁ, fumma
i
Euiéri Cpuse. Anal. Tom. L s bino-
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binorum quadratorom fommas. idem pracftantes: facile re~
perire licet,

1o, Si nomeri a et & commimem habeant diviforem,
vt fit a=#¢ et b—nd, etizny {oioma quadsato-
ram ¢é--dd per p cxir divifibilis.

2% Si numeri a et b ambo fint impares, ideoque ¥
et 2= nomeri integei, etiam horem: quadratorem
fimma per p divifionesn admitety ferhiffis auem
€a ¢ft praccedentis, =~ - "

3% Tum vero etiam hae .quadratorum fammae: (p—4)°
“+(p— Py vel "+ (p—B) per P equnt dinifbiles;
yode fi ragices. communem. fortiantue dinifprem,
eo ad formam mingrem redigi pofunt.

4" 8i orgo fint amboimpares a=2¢+5 amuum.._..rcv.

p= 47431, hornm ghadratoruin furma, (2m—e)*
+ (2 m—dY, erit divifibilis; et fi alter par 47276,
alter ‘impar b=2d+1; haec famma, ¢o-4(3m-d)y
erit per p divifibilis; hocque odo cdittinno plu-
res huitsmodl bitorumy quadratorum fimmas in-
venire licet, - -

§. 35. Exemplo haec fient clariora. Sumto igitur
divifore p =41, inneiita fit fumma duorum quadratorum
29 - 13" per com dinifibilis, vt fit a==17 &t =11,
atque per has regolas fequentes valores alii pro @ ¢t b
seperientur:

P41 am=37--2414  |te-40]%
s N Xiesgo|ge-36|9--33]s T

quon

m q
voita

lantes facile re-

sant diiforem,
wnma. quadrato-

. l: ideoque: k¥

i m quadratoram
| femiffis autem

8 rumae: (p—a)
Rk rrune divifibiless

M ror divifbrem,

E unt.

g st bmad+1,0b
g mma, (2m—a)
§ lter par ases,
k| cot(am-d),
| » continno plu~
i n fumiias  ins

B . Sumto igitur

j m quadratorum
i 17 ot by,
galii pro a ¢t b

;- 4°1{s

- 324
Tam

w53 ) zas ( §Re=

Tam vero porro <X -caft quo alieenter momerornm off
—u, dher valor -quicvmgue 4ribed, aiterque dta definid
pore®t, vt infra g p fubfiftac, Seilicet dnvenro cefp ¥ ==X
<t & =9, fatisfaclt quoque a==m et b =g m, vbi loco
B Tami potet o 2 — P, fou wp—9m, ita vo b inffa ;p

deprimatur; ficgue peo < -onmes numeros accipere licebic.

azt) J a#._.. J ] J 8 .e_-c. xsfrs)sg um._uw 33

S=oleglag(slalaglolaofs] slvyias] O] sisn]a0
&ic.

Defiderstur ergo methodus, dnter ommes hos binos walowe
itierarom @ gt & cos Anveniemdi, quarom: quadeirorm
fomrea, fit minims, vt deinceps demonftrewur, hans fume
mam dpf divilori 43 certe fore .acquaiem: guod quidem
peaclenti cafu -euenit, £ litterarum s et 3 walores fint 424 5.

: % 36 Reuertor autem ad gam wolidgotam 2%
guadratis oriundorom difpoliticnem , qud ‘ca oundum
progrefinem geometricam ifponi pofie oblerasei. Sic
igitny “divifor primus pr=2y -6, ot rcfidoa nde ox
quadratis -orta ordine quocunque Tedpta T 12y Vs eaaly
quornma multitndo <ft == ¢, atqus foquontes progeciioacs
geometricac omaes in his sefiduis cominebuatur: ’

T, 0, 2t 8, w -

N Y R ERRE

T L AR bR i

2, 8,8, 8, Jtae- -7t

£1C, .

in quibns omnibus termini fequentes of; B4 4% P L
vuitati acquinalébunt, quippe qui omincs vyiftate minuti
per  diviforem p erunt divifisdes, Hiifemodi ergoe pro-
52 grofli-
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ahp, fed¥tantiry €orhin: Yol fen e, vel nzaﬁnn: vél eiiam
guampiam partem aliquotams, quod qoibus- tafibns contin-
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.. 38, Hinc ejdens efy %.mi&a Harnm, progres-
mo_._na geometricarum  seliquas facile formari polfe, dum
X Hnma Pt faltum . tranfiliendo, el Naum, wel duos, vel

._ﬁw...um. a ¢ Mmﬁﬂn-

w

no
N

§ um §tadT6E

¢ voitates-il
minGs OCCHEE
a = = A XEE

B 12 eft often=
sicae., etiamfi-
¢ cfidua praciie:
i o, vel efiamt
f afibus contin=
: mﬂam.amﬁm..mow
E. ¥ 43:&
i Bnnaamu%&?

e oebakralt

g os ) quaclibet

#indmero ¢

isque “erides
aanidF m::

{2 o, A9

[T

L+ W.u:m
E 'y mab¢
B 5y 4

.

pragter  prie

.__wuﬂﬂw. progres-
i pofle, dum
. vel duos, vel

plures

Ve { e

plorest terenings .4 teemifi excevpunsar, <ag: numerdtione,

cum |ad fiveay -fugric. prerentin,. itenon- &b EE@‘EEEE.

H.—..n:..bu..awéa..r RIS, MR um.u_..on .ﬁ:m LT mmmﬁcw
» S =T M, 2, —. 19 8, 5 —iX 3 mn@m:“

m.ow_n mnoﬂonznw mro_.amﬂ.“_.. nm_Em ﬁnna:. dm_mnmm iniferibo,

Gy ._

5%&»&&? u&mmrw.o« termiols per ar m&msa nnmnwni_ mx

= 1l H 1 (S-S ht at
mw?mn _aﬁ__mm_-: decent proEte mmnm.,_: O
wn wénmﬁn,. £ T e MR T
e PRSP
Mﬁu&nﬁou i u?s? A28 ?: { ,?.m.mo
Siih :.n._:%r.ﬂ 1 N 8T -HL: i ..._n_.ou

- Qilndices og: ully &r.:o_ ELIER R Rt BT il
A PEOBD BTt By R, nIBlaaIn S B B ¢ T

. .iwm_wmﬁmﬂ.r T ..m... .v. :mh.: ww._ Jna%.:_:; u.m“_ Mg ...u.w..
wm:.wﬂ. T, -5, 2,10, "4, 3,765 .;.w...wr i
o w.__a_nnm O, 4 8, T 5 WM 3,6 10! § o

Progih 1, 8y 9y +. 1Y ._.o, gyt w.:&.m .mm T

5 ¢ludiceso, 35, 10, +. 9, .m._ A .mm q. n...m @
:Ngnu.% 5,.8° _.Q,_ m, .a::.“ﬁ_ mq +_ Ly

:m_ Indiceso,, Gy o7 _m.:a? i .ar ...3%, 195 |ofne
ARTOREC Ty ) Byr 4 BWTy -5 HiBe TS Qu1ofsmifid &
Fadicds'a;. vy, - 3 ha, 8,7 w; w& A ::maam.:...m% N

i Prbere £, 8; ¥ s nnp ..J.. n%.::::..w,a _m.__.wl
.l AL, i LTV &
g:" Jadigesiny 1805y, %2@ .?.ﬂ_ ofd 87652 @)
‘- m.nowu. I u. In - o.u L 8 & 10 & 5

q —q!

T

m CINGICCs 0, 9r . T 55 b B 1 B Gy 9] @
AProgt, §,-19y §,-3F, qm, 4 G BB W E
Vi 9,




S ) 242 ( g

uo ._._Emmnn,u_on »oa ..99‘4-93.*.“...,»» .n.ﬂ 0
* {Progr.a; 6,10, .9y 8, WpILo0g; -8 <7

uum_na feilicee ‘hic wltta’ 31 afcenfuri fubtrahendo 21 funt

mumnna Hic potro .cbfernari nannnEn “bina refidua, . auo-

fum indices uuu.wn faciant 21, Touin gengre g, clledater fe

hanﬁnm... eort ¢ produ@um ynitati acquinalere. Hoc
fiempe -¢aln Tefiduia fociatafunt 4; = 3 ~$; §3 — I

65 —10; 958; =

§ 9. ﬁvummﬂnEE nune quoque cafiis, quibns
et numerus, ac primo. qoidem duplus -chivs-
piam ﬁuﬂnﬁﬁg... Ab exemplo cxordismor quo p=13
et g6 = 2. 3, o0 Tefidua haec: 14— 63~ H— 3
viide hie quingue progrefioines geomerricac formenturs

L hedh~h—b—3
T 1L .Hul.%. @m.ﬂu HE
LM 4,3, ~ 4535 —4
. w.. m.lmoa..ln..awl.n

Ve 2= By =1, 8,4
Wi primia ot quinta omuia continent refidua; fecunda
Yero; et tfrsia corntn tantem femifem 1, — 44 3, qUc
bit w.nan:_ug: 3_5-5_ —1, + 4, =38, exclufis: quarta
Yero-duo tantum ‘habet, 4z et — 1, ter repetita,  Similis
tatio deprehenditor in caft p— 29 ¢t ¢ = 34 = 2.7, Q00
refidua fUnt: 1,7 X, 4y~ sy 57— 5, 66,7~ 5, — 9
33, — 33, ‘Ynde hae progreffiones geometricac formantur:

L s} 3,1 1, 3] 1, -n_ 1] 1, -3 1,3
Non, 415 6, -3, 90 7 ~I, ~4,13 -6, 5 -9 7
8. 5, -4r38 -6, -5, -8, d._ uu 423, -6, -5, .9—4#

A

-~

et
bin

Wi

qui

me

N

FRAIP PRI ANATS A NIy

Baese, mSdaan

PN S S

5 2, 11 e

g "5 -7, ki 1

——

f shendo 13 fant
g a refidua, quo-

g 7. cffecinter 16

| quiuglere. Hec

—5; 33 — 1
9; 83 2.

-cafus, -quibus g

,” n deplus cuivs-

- DOT quUo il

Sy Iy &
» formenturs

’ %ﬂﬁmﬂﬂ.

efiiina; fecunda

} — 4y Jy qUac
yxclufiv e quarta
Similis
142=%,'7, quo

=70

aeformantor:

3, ~1] I, =1
=6, 5, -9, =7
-6, =5, -9; 7

1vV.

=2 ) zig ( Sife

. 1, 8 =4y 9218 °% -6, *Tp -5 4 B3, 7, 6
Vo 10 -5, ~40 =918, Ty =G X, 4§, gy -DER, 7y 6
VL 1, 6, 7,28 "9y 4 5 %, -6} -FL8y 9, o4, w
VIL 1, -6, T5Fs 0y =y ..mwﬁ By <8 Trildy -0y -4y -
Vi1, <, -9, 5, -6,+15) & 5T ~Dl -5 8,013, |.u.
I 5, 75 =9y 5 -6, 28y »ds =15 Ty 9 633, 4
X3, 0 -6 4 T 5033 Ky ~0y Oyl -7, -5,13
XL 1,70y =6y =4y Ty -5I3) I, ~9y By -ky Ty -5p18
XiL 7, I3y “Sy "y ~hy Gy 9y “I~LY, By-h Ay -6, 9
XIH. 1,718y <5y ' =4 -6, -9| 118, -5, 7' ~4a ~6)
§. 40. buﬁaﬁ_ﬁ hinc qoicquam  Concludimus ,
cuofamus- etiam: cafum., quo g eft mmsm.*m.ga ox aliis
binis numesis primis.. Sit’ ergo &z:.ou PRt e gy
= 3. 5 Quo cafir refidlin fame:
Iy 45 93 15— mu 57— 18 D.......nh-.?.la_l. L8, 14, 50,8
vide masnugu progrefliones geometricas fotmantur,, vhi
quidem. cuique fuam fociatam retro dispofitani adiongo:

L 5, 4,15, 2, ,MHM 415, 2 &l T 415, 2, 8
IL 1, 8, %-15 4|7 B 2715, 4 alr, -8, 215, 4
WE Xy 9712 T5rIT,-6y 8,10, -3, 4 5, %4y Si5 7

I, .Nv 15, 2: 14y 53 4 -3, 10, wv.._m...nuulhmunnmu s
m » I 4y Br1S4 X, 2, 4y Bou5) X, 29 4y 80X5
<H 1 umﬂ 8 4 2|1;18 8 4 21,15, B, 4, 2
WS_ L, "8, G, 4r1Z) 5,155 14918, 2,613, 8, 7,10
V1L, 1,50, 7, 851836, 200, E4s35, 505% 45 B -3

WHN I, 5 -6| 1, 5,-6)) Xy 5 -6 5, 85 -6, ]
X. 1, -6, 51 1, =6, 5 1 -6, 50 1,6, M_‘ i -6, 3
XLxrxz, =3, 2, 9,70, 45713713, 8, 5, Tri5i 10 14

(XIL 1, 14, 10015, 1,8, By=12y-13, 4.6, 9 2 -3yIX
wmnﬂ Xy12,13, 8 ~5: 5 2 T 9y=15,"0,10; 4y X4,°T3
XIV.az,-13, 34y 4y 3070785, 957 ‘% 5y -0 8y um- .Mm
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. § 44, Has progreffiones geometricas intnemi mox
wpatet, caram aljas .effe. comipleras , ;quagum sermini: omnia
refidua exibganss, Alias, «vere-effe periodicas., gmae -filicet
Auabus plucibnswe perigdis -confignt, -in guibns eadem ‘fefi-
_dua-eodem ;ordine recurrant, quam diftintienem inter pro-
greffiones completas et pariodicas. -prebe. motaffe . junabic,
Peripdicae Giligor Jocum . inueninnt, -quando, pofito, disifore
prime == 2 3 14 numerns- g in duos .factores efi- refilu-
bilis, vt fit 4= n; tum enim cinsmodi progrefiiones péo-
mefricae -dabuntur, guac continent m periodes - qualibet &
vefidua -compledtents 5  ac tales gyidem affignari poterunt

tot, quot. numerns. #.0- 3 continet ynitates, Com enim ju

LTI D 4

eadem ppriodo cpiusque. termid] -omggs potefiates occar-

“vant, euidoné’ et quémque pro denofuinatore fimtum fimi-
Jem progrefionem periodicam’ prodicere, nifi forte perio-
dorym sumerns adeo_ duplicetur, el muldiplicerur, hoe eft
in duas plupgsue periodos, fibdinidatur, . .

6 43, 'Ex progréfiione Suten completa, quaechn~
que &3 fit, ‘facile’ ieliquac” orihes, fiie fint completae fine
periodicae formanfur. Sit_enim diuifor primus p=24-+t
hateque wnohanaq.moﬁ_wmﬂw" o o

© Indices, 0. x. 2.. u, .T 8 - - - g-x

. m.momﬂ ER n.“‘ o q,..m.._ PRI A (ah
_fi hinc excerpaptor per: faltus: aequales termini: -
© M. 2N 874l = = = = HE—2N
o ot elthett & - - = gtt?
Haec progreflio érir ‘comiplefa, fi pmmerns » ad ¢ fiierit
“prithus; fin auterh # ct'g habeant communem diniforem,
puta 4, mm haec progreffio totidem habebit perigdos, in
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| Rores et relaln-
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mmnm.._mw _jpoternnt

Com gnim jn
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B¢ completac fine’

imus p=2g4-t.

- - Ql“
- - pm-'.—-

minj: -

- Hg—=n

- aﬂmlﬂ i

us # ad g fiierit
unem diviforems,
ebit periodos, in
.. g

4

w3 ) 545 ( Silew

quarum fingolis eadem refidna mumero -3 recurrent, relie
qua antem inde prorius excludentur. Numesus autem ha-
rom periodorum maximo communi diuifore inter & et g
definietur, At vero viciim ex progreflione periodica
non licet progreflionem complesam formare.

§ 43. Imprimis autem hic norari meretur, in
omuibus his progreflionibus fammam omninm terminorum
femper effe nihilo aequalem, fen per diviforem p divifibi-
lem, quod hoc modo demonfiratur: Cum «7-x per p di-
vifionem admittat, hasc aurem forma in fa&ores refolua-
i a— et t-hatotdal e .= e 40T, qoorum
ille @ — 1 certe non per p eft dinifbilis, neceffe ot hunc
alterum, hoc eft fummam totivs noftrae progrefionis per
numeram p divifionem admittere, Ac fi progreffio habeat
periodos, termini cuiusque perindi inn&im fumd, feu fam-
ma omnium refiduorum inde orinndorum per p erit diuifi-
bilis, id quod in exemplis fupra allatis per fe ¢ft mani-
feflum.

§. 44. Ex codem autem fonte colligitur, fi pro-
greflio geometrica fiterlt completa, et ¢ habear fattorem =,
vt fit g— mn et dinifor pricus p =2 m n -} ¥, tum ob
formam &™* -~ 1 dinifibilem per o™ — x , quae per p di-
vifibilis non exiftit, quia progreffio alioquin completa BoR
foret, quotum inde ortum:

h+9§+9-5+9u3|+l P I ] !*lﬂ—:!i-ua
per diviforem p fore diuifibilem. Quamobrem fi tota pras
greffio in membra diftribuater, hoc wmodo:
I TR L PN R M T N e
" Euleri Opuse, Anal, Tom. L. T que-
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quornm membrorm numerns cft #, haccque membra ita
fibi fubferibanturs . .

17, a, a . ... . &
aa—u aﬁ&n-u ﬁ.ﬁ-Tu - & " @ [ et
h.:a» han_..—-—u R-!.T- . o gEW—s
. L] ., -
- L} . =
L [ ] ’ * L}
L] . L] -
n.?.r:_au Rﬁalaa._a. n.?l.ma._..u . St

tum fummae terminorum in qualibet columna verticali po-
fitorum ad nihilom reducentar, feu per diviforem primnm
P =2mn-1 digifibiles erunt. Tot autem diuerfis modis
progreflio completa in huinsmodi membra dilkribui poteft,
quot numerns g habuerit dinifores,

§ 43, Prima autem celumna verticalis fimul da-
bit periodos pro omnibus progreffionibus periodicis. De
his numeris enendum eft, €0s non folum effe refidua qua=
dratorum, fed ctiam altiornm poteflatum parivm. Scilicet
£i divifor primos fic hujus formae: p == 2 w2 4~ 1, quem-
admodum inter numeros ipfo minores, quornm muliitndo
et —2ma, tantum femiflis = » in refiduis quadrarorum
occurrit, rotidemque inde excluduntur, ita potefiates ex-
ponentis 2 # per enndem pumerum p dinidendo, tantum
n dinerfa refidna inde refultant, et reliqui omnes, quoram
multitedo ¢ft (2 m— 1) n, ita funt comparati, vi in forma
a*® - ip nullo modo contineantury few nolla exhiberi poifie
poteftas cxpouetitis 2 m, quae vilo iftornm aumerorum
minuta per sumernm primum p = 2 M 2 - 1 fiat dinifibilis,

§ 4&
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rati, vt in forma
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f 1 far divifi
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§. 46" Neque vero haec proprietas ad poteftates
expotientium parinm eft adftrita; fed in genere provun-
clare licet, fi divifor primps fir formae p=ma--x, oni
feilicst vnirate minutus in fadtoves m et # relolui potl,
ac poteftates exponentis 4, nempe:

1, 2" 87 4™ 5™ 67y -~ = - {p - uu....
per enm dinidantnr, tem inter refidua tantum » diverfos
numeras occurrere., quornm finguli m vicibus repetantar,
religni antem numeri omnes, quoram nwltitndo  eft
{(m— 1) #, hinc excludanrur: ¢x quo infignes proprictates
pumerorum, qui funt poteflates, ratione dinifibilitatis per
nunieros primes, agnofcere licet.

§. 47. Quoniam igitur nullum eft dubivm, gnin
hinc multae pracclarae numerorum proprietates erui que-
ant, excarpla pluriem numerornm primorum hic .adiicere
vifum cft, pro fisque vefidna, quae ex dinifione potefia-
tm nalcontur ¢xhibere, vbi quidem fociata inn@im e~
pracfentantir:

1. Divifor p— 3= 2-}-1{2. Dinifor p=5=2.2--%
Poteft, Refids Potet, Refid.
&) x _ &) % ~1
a} =

m.Ur&c—..ﬂﬂan.m._..u+.UE=,cnsﬁ:Hu. w+m
Potelt. Refidua Poteft, Refid.

1 n, =2 . I, 41 5
awla _aw

a') I,— I — a) 1,—E
a') 1 a) x
vH 2 M- MUWI
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3. Dinifor p=13=2.2.3+1
Pozeft. Refidma

81 4 8 —1X
aw -5 —4 u

T

6. Dipifor p=ry=2'412
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& I, 25 4 wulnu
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. Conclufio,
de poteftatibus cninsque ordinis

et refiquis in earnm divifione per numeros

primos relichs.

& 45, Quemadmodum in his cxemplis refidna
pro fingulis poteftatibns per progreffiones geometricas funt
exhibita, quae fimp} retro continnatae bina refidua focia-
ta iuné&im repracfentant; ita idern pro poteftatibus primi
ordinis fieri poteft, ubi quidem omnes plane nuwmeri divi-
fore minores occorrerc debent, ita vt fi dinifor primas
fit'p = 2 g+ 1, multitudo refiduorum dinerfornm fit= 2 ¢,
quac ad minimam formam redudta erunt -1, 12, +3,
=t 4 etc. vique ad —-¢. Hazec wero refidud omnia quo-
que fecundom progreffionem geometricam difponi poffunt
ab wnitate incipientem, dummodo pro €ins denominatore
feu fecundo termino einsmodi numerus accipiater, qui
omnes plane numeros producat, quod euenit £i s ita fue-
rit comparatus, vt nulla cius poteftas, cuins exponens
mivor fit quam 2¢, pro refiduo wnitatem relinquat, Tas
les autem numeros pro quonis divifore dari certum eft;
eriamfi eos affignare -maxime difficile videatur, eorumque

indoles ad profundifima numerorum myfleria fit refe-
renda, . .

§. 4p. BSit igitar in genere pro divifore primo

P —=2g¢+ 1, littera 4 ciusmndi numeros, cuins poteftas
tes per p divifac omnes numeros ipfo p minores pro re-
fiduis relinquat; mneque in feric geometnica t, a, a*, 4%,
a*, etc. vnitas ante recusrat, quam ad poteffatem
fuerit peruentum, quippe quae femper per p~ag - x
: diui-

1w

BY ot b i PSP e A e

inis
2 10Meros

[ coplis refidua
E _ometricas {ung
¢\ refidua focia-
g -cllazibus primi
f ¢ aumeri dini~

digifor primus

E orom fit= 24,
$ -1, 42, 13

ua omnia Quo-

g difponi poffunt

. denominatore

E ccipiatur, qui
i i §s ita fue-

pins exponens

j clingnat.  Ta-

i certum eft;

§ tar, eorumqgue
E texia  fit xefe-

k divifore primo

cutns  potelta-
inores pro re-
1,4, 4,4,
- potefatern 41

- p—2g-11

wids ) 193 { Sl

inifa vnitatem relinquit, ficque omnes proteflares hac
minores diuverfa refidua producant, Cum igitar poteftas
o1 aon relinquat vnitatem, ot @°¢ — x == {a? -}- 1) {at—1)
per numernm p divifionem admittat, erit a?-- 2 per p
dinifibilis, et poteltas @' refiduum dabit —z; tum vero
fequentes poteftates @* %', o1, &7 ote. dabune refl-
dva —a, —a*, — &', etc. qnae ita Tane comparata, vt cumn
antecedentibus &=, &7, a3, ere. ordine juncta bina
refidua fociata exhibeant, quorum feilicet produdtam a*¢
vpitati aequivalear. Sequenti ergo modo haec refidua per
affociationem repracfentare poterimis:

indices o, ¥, 2, 3 4s g—5 ¢-2 g5, §

t b 1 : - ™ o
ay, @&, & iy -~ gl et g

b § - - -
u'&a -.¢-I..am - I.hum uu]hnml..t l..huu |nuu -8

—3i

indices 2¢, 24-X, 20-2, 243, 20-4, -3, 942, 441, ¢

wbi bina refidua fibi fubferipta funt inter fe fociata, ex-

trema vero ~+x et — 1 folitaria, quippe quae &com ip-
fa fociantur,

§. so. Teli propreflione geometrica conflituta,
quae omnia refidua ex poteftatibus primi ordinis oriunda,
hoc eft omnes plane numeros compledtitur, cx ea omuia
refidua pro poteftatibus cuiusuis ordinis innoteftent, eo-
dem fcilicer dinifore primo p == 2 ¢ -~ 1 retento,  Refir
duz nimirum ex divifione quadratorum orta erunt:

I, & a* &% a' cle, » - - - g,
quae indicibus tantum paribus refpondent, et ita per affe-
ciationem exhibentur:

Euleri Opusc. Anal. Tom, 1. v X,
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¢ @ 3 4 5 @ 5y
u.ul.b.ml.u. Ilm._|,.m ihmlnm — gy . -
in quibus ergo — % reperietur, fi g fuerit nmmerus par
Pro cubls autem eos tantom terminos accipi oportet, quo-
rum indices funt multipla ternacii 1, &% 4, & etc. Vnde
patet, fi exponens 2 4 dinifionem per 3 admittat. wmuolti-
tudinem refiduorum ad trientem redigi, dum reliquis ca-
fibus omnia plane refidua occurront,  Simill modo refi-
doa poteflatum quartaram obtinentur ex indicibus per 4
dinifibilibus, fea ex his poteftatibus: 1, &, o', @, etc. €t
refidua poteftatum quintarim ex his: z, 4, a°, a'% €lC.

§. s1. Tantum ergo opus eft, vt pro quolibet
divifore primo p—2 ¢ -+ 1 idonei numeti pro @ habes
antur, ex cuius poteffatibue omnia plane refidua reful-
tent; ad quod antem nullam certam regnlam  mihi efle
cognitarn fateri cogor. Hoc fultem. obfernafle junabit, fi
vnus huinsmodi nomerus a foerit cognitus, eius focium ,
qii fit 5, vt ab—3 per p fiat dinifibile, quoque pari
proprietate efle pracditum: vidimus autem hune fociom &
vel per &1 vel per — &' exhiberi pofle. Ex quo
concludere licet, tum etiam pro ¢ quamuis eius potefta-
tem 2%, cuins exponens # fit ad numeram 2 ¢ primus ,
accipi pofic, vbi quidem fufficit pro s numeros ipfe 2 4
minores afumfifie, cum ex altioribus poteftatibus eadem
sefidua repetantur. Quoniam vero certa lex adhuc latet,
pro diniforibes fimplicioribus idoneos nomeros pro 4 al-
fumendos, ex cuiny Gilicet poreftatibus ompia plane refir
dua nafcantur , exhibebos

Diuif,

MMerls  par,

yporeer, quos-

g~ erc. Vade
g rrar,  mali-

reliquis ca-

j i modo refi-

icibus per 4

f, 2", etc. et

1%, a', etc.

pro quolibat
- pro 4 habe-

»fidua reful-
n mihi effe
3 iupabit, fi

t sies  focium,

jnogne pari
nc focinin &
. Ex quo

 eins potelta~
- 2 ¢ primus,
ros ipfo 2 ¢4

ibns. cadem
adhuc latet,
s pro g af

2 plane rcfir

Diit.
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Dinif. primd, [Numeri pro z affumendi

Pz 8 g xj—1

T 5 gz aita -2

= 7 4= 3|—2,+43 .
XL, g7 528 —4y— 5
p=r3y g= 612, —2,46,— 6

2217, 92 8143, -85 — 5k 6, — 6,4 7, —
%..IIIHW. 4= 9l2, 48 —44— 55— m“.l B. P
228, grl 8y — 8y~ §o= G,4- 7y~ 8§, @, -F10,+12

P20, gz )2, 2y b5 Gy b 8, 8, b33, —I, Fray =Xt E g4

PEET, g5 185 =Ty —9y —10, 17, 18, 418, —14

P37 a8 {4e, -2, 45— 5, - 538, L5, =I5, 017, HE8,18

P43, gm20 | -6k 7kt a2, 15, 5,4 17,4 X9

. § 52« In caft poftremo p =41 ergo patet. pro
@ minorem numeram quam 6 affami non pofle, com in
_u._.nnnﬁu.n::w:m progreflio  geometrica ex minoribus nume-
rvis formari queat: vode pro hoc disifore p—4x ilta
progreffio geometrica ita {e habebit:

I 2 3 4 § 6 7 8§ o110 ITI T2 IF Y4

+0,~5+1i,— 10,14, —2,—~1I2,4
1, ¥ ¥ y 12,1019, 91T, “hgn—1720
+7,+8,415,-18, —§-20,H1y, l.a._.._aumu.._(bvihb..luougﬁnnh“ -._.NH
. 15 16 17 18 I9 =20
+8ot18,—15,—8,—7
A1 41 6— 2 15— 6" —E

Hine fi ii numeri. excorpantur, qui indicibus paribus re-

, w—.a.amun. habebuntur refidna ex gquadratis orta: fin au-
tem ji excerpantur, gui indicibus vel per 4, vel 5, vel
8, vel 10, vel 20 conueninnt, rcfidua pro eiusdem no-
Va minis
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minis poteflatibus obtinebuntur, eaque ipfa, quae iam fie
pra funt recenfita.  Simili:que oft ratio omminm reliquo-
TUm numeroruin primorgmo.

§ 33. Quod autems ad multitndinem horom nu-
merornm 4 attinet, obferuo eam quouis caft p=r2g-4-1
acqualem cffe multitudini eorom  numerorum  iplo P mi-
noram, qui fint ad 2 ¢ primi: atque aliv loco oftendi,
ad hanc multitudivem inueniendam wumerom 2 g in fac-
tores fuos primos refolni debere, ita vt fi fuerit 24—
58" B b, fir ifta moltimdo . ‘

==L g-1)a" (b- )P~ (£ —z) k==,
Definito antem pro quonis namero p—=2 ¢ -4-1 hac mul-
titudine, fiot ipfi nomeri ad 2 ¢ primi 1, « B Vs & ete.
atque fi datus fuerit vous numerns g quicunque, reliqui
" ideoque omnes erunt:

2, & =np; F—np; ¥ —np; & —ap; etc
fumendo # ita, vt omocs i numeri infra ? depriman-
tur, Haec foreafle confideratio viam  aperiet pro guouis
cafit hos numeros inucigandi,

el g A A B — Y e e o
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DE EXIMIO VSV
METHODI INTERPOLATIONVM

IN SERIERVM DOCTRINA,

B

H_. methede interpolationum elusmiodi relatio inter binas
variabiles x et y quacriter, ve 6 alest « fcceflive
dati valores o, 4, ¢, &, etc. tribvantor, altera y inde
guoque datos valores p, ¢, #, 5, ete. fortiatur ; fen quod
eodem sedit, aequatio pro eiusmodi linea curus quacriter,
Quac per quotcunque pundta data tranfeal. Quo maior
ergo fuerit hormm pun@orum numerns, eo pagis linca
curva - limitatur: intesim  tamien iam alia occafione obfez-
vani, etiamfi punorim numerss in infioitcum augeatur,
chmam per ca tranfeuntem non prorfis determinari, fed
femper infinitas adhuc lincas curvas exhiberi poffe, qnae
aeque per cundta eademm pundta fint tranfiturac. {Juare
cum methodus inrerpolatiovem “pro quonis cafi lineam
coroam foppediter determinatam, folutio haec femper pro
maxime parriculari erit habends: veram haec ipfa dircum-
ftantia fingelarem  quandam indolem  foluelomis inuentae
jnmit, quae accuratiorem confiderationem mervetur.  fm-
primis auten iftx folutionis indoles pendet a ratione, qua
interpolatio inftitvitar, fen a forma, quae aequationi ge-~
nerali tribuitue, in qua aequarionem quaefitam  continerd
Va : opor-
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