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VARIA ARTIFICIA

IN SERIERVM INDOLEM INQVIRENDL

mmaac& facpe ocemerunt fories, quartm orige etfi fatis
eft peripicna, esrum tamen lex progreflionis et natura
maxime eft abfeondita, et nomnifi infignibus adhibits arti-
ficiis analyticis invefltigasi potet. In geoere quidem bu~
insmodi arificia vix ita proponere licet, vt coram s
Iuculenter perfpiciatne; fed poting eorum vis in exemplis
commodiflime oftenditur, vade fimul ratio ac neceflitas ¢a
excogitandi multo clarius intelfigitur. Serfem igitur feu
numerorom  progeeflionem  ommino fingularem hic cons
templabor, quae oritur, fi poteftates trinomii Lo -pxx
ettoluantur , - atque ex fingalis termini tantum medii, qui
maximis pumeris afficiuntur, in ordinem difponantar: ita
enim enafcitur namerorum feries eo magis notata digda,
quo minus lex progreffionis perfpicitur. Ea attem explorata
pulcherrimae affedtiones  agnofcuntur, in quo negotio
maxima ¥is artificiorum analyticorum potiffimom <érnis
tur, Imprimis autem haee ferics memorabile documentum
exhibr, guanta circumfpedions in indudtione, cui plernmi-
que in huiusmodi inuettigatiombus noi parum teibin fole,
verfari debeamus, cum hic ciusmodi inde&tio occirrat. quis,
etiam{i muxime confirmata videatur;, tamen in errorem
inducat, .
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Ex fingulis his formls terminos wantnm medios excerpo,
qui hanc fuppeditant progreflioncm:

X3 a4y AT 29 0 5T %4 243 27 ot
enins watram hic inueftigare agE?w vbi quidem, omiilis
poteftatibug ipfivs », totum hegotinm ad hawc progrefiio-
nem wnmericam redueiton:

T, B T I 51y 143 398, €I

Confideratio 1.

Seriem lanc perpendenti mox in mentem Vpait,
quemlibet terminum cum miplo praccedentis haud Incon~
grue comparari pofle, guia hane ferfem in infinitar cous
tiguatam com progreffione geometrica tripla confundi des
bere cx eivs origing eft manifelum. Ml ergo, ad duos
terminos vitra contifivatae, terminos pragcedeittes triplica-
tos fubferibo, Indices verd fuperivg noro, hoy modo:
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Indd 6323 4 5 6 % & o
Aci1,1, 87519, 575 341, 393; 1107, 3139
B... 585,25, 87 158, 423, 1570, 352%

C... 2,0,2, 2, 6, 12, 30, %=z, 3Bz
D... 3,01, 1, 3, 6 15 36, ox
mooo Hq Om Hu Hu 2, mu m» ﬂ.v RW,

wbi feries A cft ipla propofita, quae a ferie B, illivs tri-
plicata, ablata, relinquit feriem C; huius vero terminis bi-
fedtis prodic feries D, cuins finguli termini funt nomerd
trigonales , quibus fias fubferipli radices, vade ferics nata
eft E.

§ 2. In hac ferie E terminorum ordo ita come

paratos  videtur, vt quilibet aequetnr fommae bisorum
praccedentinm, atque haec conclufio, ex infpedtione nata,
quoniam per decem feriei terminos confiematur, fta cerfa
videtur, vt neque dubitare liceat; quin omanes rormini fe-
viel D fint sumert trigonales; néque quin corum radices
feriem recurrentem illam fimplicem, qua quilibet termini
eft aggregatum binorom ancecedentinm; conftituant. Saepe
certe Fi hoius generis Eznn_mﬁcegu E.ﬁao& an&?
nibys confidere folemus, quac midus firdio fun ioin-
nituntore

§ 3. Si haec induBio veritati effet confentanea,
pro inuento maximi momenti éffct habeada, com inde
adeo terminns mrmmmmwm feriel propofita¢ A aflignaci pos-
fet: terminus feilicee indici n refpondens foret -
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et noftra progrefio X fequendbus toibus Griebus revur=
rentibus nafeererurs
. Stala selaclonds
ATy 3, 5 35 41, Y235; 385, 1003, 3283 . .. 8,43
Bave 28 918,47, 725, 823, 843,2207 .. . g, =1
Covvmn @ 4 T 17, I8, 29, 47 .. bt

D ... 5 535, 35, 93, 253, 705, 1005, 5535, vrdiv, per 3
B.oi %y 3 7190 53,743, 593, 2107, oM

Ex fericbus nempe recwventibus A, B, € per flugolotmm
teeminorom  additionem maitiue fordes D, ecuins termint
per 5 dinifi prodocunt ipthim softram progreiionem; fil-
wm ad decem torminos,

§ 4 Qnomodo nwﬁnn,aﬁa buius termial B
neralis erverith hand autiner docere; quandoquidem ine
dudtio foperior, goantumuis fundata videame, tamea verls
ol repugnat,  Statim enim ac noftra progeeflio vitesin
coniinpatur, €% égﬁ_an% vii § 2. Inflicunacer, ve fequis
tor: _

Ind. 5 6 W B D X6 1L,
Ay 51y 14T, 308, 2307, §1359, 8955, 25055
Burs 37,353 423, 1579, 8321, 9417, 26849
Civs 6, 12, 50, 3, 182, 404, %206
D... 3. 6, 15, 34, 91, =22 6935
E.oo 2y 8 5 8 18 + 5 o

in fedie 1 termini 232 ot 603 non amplius funt erigonales,
neque adeo lox derlei B vieerivs waler, Hoe sigo exems
plom induifonis - illicitae g0 magls off notatu dignan,
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quod mihi quidem eciusmodi cafis nondom obtigery, in
quo tam fpeciofa indu&io fufellerit,

Conlideratio Ii.

§ 5. Repndiata ergo omni indu&ione progreffio-
nis noftrae indolem cx ipfa eius natura ferutari aggredior.
Ac primo gnidem enidens eft, fi in hac ferie:

X, 34% 78 19X% 51X% 14145 303X, €10
terminus indici # conneniens ponatur = N &%, fore N a®
ipfum terminum huins poteftatis ipfins x, qui ex euvlyrio-
ne formulae (I -+ x°)¥ nafcitur.  Trinomive fgirer
I -~ % - x ¥, binis prioribus partibus junétis, tanguam bi-
nominm trafto, eritque:

{2 X2 X)) (1 42 Lo x (4P R 4 (1 o )P

+”.mal.r“...:a.n.!.alu x° AM ...T.ﬂvalnqlT ere.

ex cuius fingulis membris poteftatem x* elici oportet, in-

deque fumma omnium collecta dabit noftrom fertminum
quaefitom N x° .

§ 6. Ex primo autem membro {r-~a}, feu
(x 41}t oritur fadta enolutione, x%; pro fecundo autem
membro, ex euolutione formulae (x4 r)}—' raxminus
fecundns 2! &> capi deber,qui in ¥ * ductus,dar ¥25zd 4%
Pro tertio porro membro, ex formula {x 4~ 1 )% peptius
terminus ‘222l2=2) g4 iy fadorem HEztler duius
pracbet Mr=tln-alE-3 4t ficque de ceteris memuheis;
vnde nancifcimar
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ro integro # fit finitus; ficque valor termini N facile as-
fignari poterit. Facilius eadem expretiio reparicur, {i potes-
tas trinomii ita -eunoluaturs
(e (x4-a)F ) == x® (x b 10 (5 o x)
n{n=—1} otl== 4T -
A LT (1 A R et
vbi poteflatis a" cotfiiciens ex primo. membro fic 1. ox

fecundo % 2=, eX tertio HE=R (Eo2ile=2)ore, vt fupra,

. Confideratio Il

§ 7. Inuenta expreflione, qua in genere coefliciens
poteftatis x* in noftra progreffione definitur, primgm ob-
ferno, ¢am nullo maodo ita fimpliciorem reddi pofle, vt ad
formulam finitam reducarur, Etfi enim inventio numeri
N ad acquationeri” differcntio~ differentialem renocari pos-
fit, ea tamen itaeft comparata, ¥t nullo modo refclutionem
admittat. Com igiter ompis labor, in expreflions pro M
inncnta commodius exhibenda, iputiliter confumerstur, in
id hic :ncumbam, vt legem eruam, qua in noftra progres-
fione terminus quilibet ex aliquot praccedentibus definici pofiit,

§. 8. Hunc in finem progreffionem noftram ita repracfento:
X 3K, 7X, 19X, 54X - - - - paTT, qa"T e

inueftigaturns, quomodo numerns # per praccedentes g et
p determinari poflit. Valores awtem p, ¢, r ex fuperiozi

feric pro N inventa habentur, ques quo analyticas ope-
rasiones recipiant ita exprimo; :
p=1 v_..?wl_w_ .3.7_;1 Pran ﬁaﬂwvnuﬂuvﬁm”»vgﬂmu ot - ote,
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vade, quemlibet a fequente fibtrabendo, primo colligimus:
o T L L et 1 o 11 3 rr} e 5) (8 &) (2 5] {7 o
e et SR da b0 e,

b4 i

wiﬁﬁu?i:?ﬂ&?ia nniu:ai&?!wﬁm.:!&n
Ln ..nunT o -t e r.wau. u.tan 2 &fC.

13
. § 9. Valoribus antem 7 et # differentiatis nan-
cifcimur:
W%m" .l,-.m_?.ln_._uIT?M“.H?H&?I.&?:J&Hn\T &ic,

% x

4r X (g o L I 1 s
u.mm.la J g oK -Maunw &a...mm...»iwwhu!mﬁ.ﬂﬂh,_
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quae feries cum praccedentibus facile comparantur, <um
manifeflo fit: . :

(8 = 3} (g e $} — 54 i} oo B
il 2t oo Bz ot

vode concludimus fore
dg==(n—1) (g~} 5F et dro=nlrmghis

§. 10, Delnde vero formae pofteriores §. pracc.
differentiatae pracbent:

anln — & h+?lammﬂum. Herd) ¥ o ..nmnw.mwlm%l £ ete,
59 = (- ) s el g peoie e don o o,

quae a primis hoc ‘tantunt diffiecant, quod hic coefficicn-
tes voo faftore abundant; ibl antem per differentiationent
_ildem factores facile adiici poffant, hot mado:
T . . B Lty P} T " Y
m&t‘nn“ J....ﬂ...l?luunﬂlw o () W W.Zal.bu...lw
_ (r-2) (=3} {—4) (a5} (n-g) ="
. 3. & &
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vade manifeflum oft fied
&%{l&ﬁ “«mﬂﬂd. .Wﬁ.ﬂl&. iy ] ﬂwﬁfﬂ\%ﬂ ..ﬁ.#ﬁ?um.wﬁwlﬂ.«.mﬂtﬂ
pyr == e =0 et ywr . = fnma,

ot fadta euolutiones
dgudpridszdp—gp=2)pzda=o
Apedygtr pundg=4{B—1)gsdz=o,

§ 3, Cum dgitee fopra iovenerimos differeniia-
fia dgq ot dr pec 4z oxprofly, § hos valores it pofire-
ma acguatione Tubflitvamus, impetrabimus:

M) o Bl e g 3) (gP) 44 {9~2) g ¥ 0,
ita vt differenciadibus fublacis hic relado finita joeex 9, ¢
¢t v fit eruta, goac ia e haber:

*owlreg)m ) g 422) F 4 (-a)gan

‘www
nlp - g) 22 o= %) (g - pla 22— 3)).
§ 1z, Tnuenimus zrgo ey teraos valorgs com-
tinudk Py g, #, eivstnodi relationem, eulus ope ox binis
datls tertins facile definitur , Doeque mulie gensralins,
quam pro noftro caft ops eft, cum it velato pro guo-
cubgue pumero % valear. Quenism igiter nofiro ealis
et 2 =1, cxit _
nlp—g)={— 1) {g+aph fu r=g4+22 74 0p)
cuiug
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cujus formulae beseficio nofira progreflio facile guonsque
libuerit contingari poteft, in hone modum:

A, I, 85 Ty 19y, 5%, T4%, 803, 1107, 8130
B.. 3 9, 23, 57 153 423, 1179
C.. 6, 16, 40, 108, 2¢4y 816, 2286,
D., 3 4 5 6 7, & G
E.. 2,. 4y 8, 18, 42, 702, 234
F.. 4y X2, 32, 90y 252, 714, 2033

Seriel feilicet A, quonsque fam fuerit continvata, fubfris
bantuy jidem termini triplicati, cos vno loco promonendo,
quae oft feries B; tum fumma A «f-B dabit fesiem C,
coi fobfesipta progreMione arithmetica I, dinifio C: D,
praebet fexiem E; vnde C~E foppeditat feriem F, cu-
ivs quinis terminus, ad termintm fopremum frici A ade
ditus, cins fequentem fuggerit,

§. x5, Hoc ergo modo nofttam progreflionem
viterins continuemus:

A, xx07|3159] 895325653} varse]srager|sxdaay
B.. 11793521 | 9417{26859 76059 [222367(

C.. 2386 6460| 18370 52512 | 150748 | 434308

D.. 9l ro 1| 1a 4914 74

E.. as4! 646} 1670] 45961 rrsg6! groas

F.. 20325814 Haqoo__*mﬁma_ 1390154 | 405980

vnde adiunctis potefatibus ipfivs x, cum terminus ipfi
&* gonveniens certo fit x, vti ctiam ex lege progreflio-
nis inuenta liguet, nofira progreflio ita fe habebit:

1, 1x,

| FELETY

f facile quousque

[, 1107, 3139

. X179

k., 22385,

* k)
Fa RSL
| » 2032

PR inuata, fobfcris

2 promonende,

I sbit feriem C,

divifioc C: D,
feriem ¥, cu-
b feriel A ads

progreflionem

w&.ﬁ. 61622y
11g67]
34508

[ 23286

| terminus ipfi
ege progreflio-

z, IX,

=3 Jsv { Fle

£y I¥, w.ﬂ.w 73% 19 xY 5ESY R484% p83S,
TIOYPRY JI0x%, BYsaw", 2565987, YSIPR"Y
LEEDAT R, Sufany ™, ot
r. w W e %%ﬂilw@ ..%m.ﬂ.ﬁrwﬂv tﬂﬁb
et Jox progreflionis fia oft comparata, ¥ fit:

Pyt g 3p) = aq -5 =1y 32}

§ 14 Tnipriwds antern hiv woretur ardficlum,
quo per differentialic ad fam rlationsm  Intee tovpod
twemings- fequentes portighmosy < evora bic bullive
warigbilitatis ratio habeator. Yem gquidem havd difheulior
animaducrtimus, sandein selationem fine differentlatione crud
pofle, §i in ternis Tericbus §. 8, hage muldplicacio adhibe-
aur, vi fiar (A-an )P Bg+ Crao Padle cnim
patehit, litrerls A, 4, B ot C, ciusmodi valores gribul
polfe, vt ombes ipfius = pote@ates b nibllim abeant,
quod efficlendo ipfa fhperfor rclatlo obilnersr,  Verndm
initlp xerg conlideranti hpe «erte minus obiivm videbatus,

“‘Confideratio 1IV..

% x5 Youenta hae progecfibnie Tege guschio don
mings corlofa occuirit, qua. closdern groguetivals in i
fiitnm comtiowaiae fivionm fomeltigdon  Potatibe dige

P R LT L TR E el S
ot cum ingewerimnis w{re 2 pig ) - g 3P IR0,
u_u%% mequalitatetn  differentiondo  introduccmny Lol
modo;
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Ex hac acquatione colfigitur

AF e ARy 2d'n . e .
T ?laa.]-uu hincque integrando
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$ 16 En ergo novaml ofiginem noftrae ferdei,
enmmq quac 25:. exX cuolutione hulus formae:

(s ~ax—g2x)" %, wnde cilcufp inftitato haec ipla fes
ties refultare %E&K:&En.

184 3 2B A b LA 4T 2 et
Simul vero hinc: apparet; quantz futara fit fumma huius
feriel in inficitom continuatse pro quouis valore ipfias
x4 Ybi quidemy notandum eft, f it vel ¥ =1, vel
a..t... fommam fore :.mm:na,_ at k.Vm. fumma eft
itnaginaria.  Finifa autem - erit fummma; £ % contineatur
dntra limites § et — 1: et exrn hos Eu:ﬂ prodic. Eﬂwﬂ
fumma imaginaria. Tta fomto..x =} esit-

u..T + 545

. &
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1px=t
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feriel,
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Confideratio 'V, .

§ =7 “Hace inpeliigatio ad ferlera terminorwm
mediorpm, &X' gublarions "oceltarem teinomil Latius ac-
ceptiz hiTma.L.. £ %% extendi poteft, Pofito enim in ge-
nere N &® pro rernino medio poreftacis (@ = bx-cx8),
valpr voeficlentis I ita: decerminari;poterit: Cum fit

?@«f&%&.l&a@uwa..&wi.m ax = MErexpr
L...;?}rw a ﬂ..lqu By ﬁu.—zlw ol BiC

T h
tx fingulis membris colligantur SHEE poreltate »* af>
felti, ac reperietor:
Nz o= ¢ alazied m.:aa gt et
fen, pofito - brévitatls- gratia’ §3 == g, erit .
z D n amA a?!.a h B _.?r...v?l& ?law' o nnn\_w
#

Vide cam fomto #== o fiat 21: £ hane propreflior

nem ita repracfentemuns o
k+>%+w&_ui—.nﬁauﬁzuaﬂ&rﬁu.euh—(z.&a&uhgu

hi coefficientes ita & habebuni:

A=by; Do b s 4 52 g+ 658)

B=b (1-n0g)y B b (s 20853088

C=¥ w;tnmr Foo b (34904 - 90 85 b 30 2%

6. 8. VY inucltigemus quemodo quisge terinie
#ys per binos E-un&uﬁa %Ea_nnﬁf foriem ita 6X-

- ponamns? -

b ",?.,Ewu_.@ﬁ_ (x462) Pk, =, g b Ll
H 2 %8
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et pro g firibendo, y z habebishus:

n &ua?...u:-i«__ n.ﬂTfmnIa:-.ln ?.....&9....&».1.!*. nﬁhn

n-vﬁ. i+ 5§ Eyi¥% 7

T =2 +ﬁ¢]amlhhv«ﬂl$na*nw?‘ THLLY) nl_l&hp!wl ﬂnﬂm

5 4 1. 3

r—x ...Ta?l_ P nTa«aa.a?i.u?ta z ﬁn.

I Is

quas ferfes font esedem, quis fupra iam tradlani; eritque
érgo -

A== =2}l p (p 38— 2))
Loco 54 ergo reflituendo g, in feric nofira terminus ¢
ita per ambos praccedentes determinatur, vt fit

r=2 g 355 (4 (a g~ ) 2)y fou

r=3g-+4g= 10—+ g~ 00k

§ 19. Ponamus +nlu!? w l B tarectl, ox
tum kx progreflionis pracbeat

t=eq+bp-=i Q..Tvur
et omifis poteftatibus 5 +* binl terniinl initialés fint a
et z, progreffio nofira ery:

95 = 3 4 5

1, u- gl .....v. :.rﬂm...-vv a.w!w&...-

l#ll

3.

yode famto wla feries ante traltata -.&..__Bn. Sio auws

temn caplatos bz 3, fen & =0, omigs termind in vni-
tatem alicant, id quod ¢x relacione x(r—g¢)=(s—2) {g=p)
liquet; fatln enim ac duo termini contigni P et ¢ funt

- Mequalar, amper ﬁ.ﬁtﬁ&n fiant, Recele oft
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Confideratio VL

& g0, Inveftigationem fumwas hulws progrefios
ais mnln generating in(rnamus, fitgue
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