University of the Pacific
Scholarly Commons

Euler Archive - All Works Euler Archive

1781

De mensura angulorum solidorum

Leonhard Euler

Follow this and additional works at: https://scholarlycommons.pacific.edu/euler-works

b Part of the Mathematics Commons
Record Created:
2018-09-25

Recommended Citation

Euler, Leonhard, "De mensura angulorum solidorum" (1781). Euler Archive - All Works. 514.
https://scholarlycommons.pacific.edu/euler-works/514

This Article is brought to you for free and open access by the Euler Archive at Scholarly Commons. It has been accepted for inclusion in Euler Archive -

All Works by an authorized administrator of Scholarly Commons. For more information, please contact mgibney@pacific.edu.


https://scholarlycommons.pacific.edu/?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works/514?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F514&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:mgibney@pacific.edu

*-%%)31‘(%«. R
~ DE MENSURA . - . R
A.NGULORUM SOLIDORUM. SRR

g D R Au&orc
g L EULER.

P ' -t . \ -

A}

Y . i . . . :,',,., e 7' o R

‘.i.. -

O '@.ucmadmedﬁm\. anguli plani menfurantur: per arens ciee
\ culares eos - fubteﬁdeﬂfes, fi fcilicet vertex anguli in- ceps .
tro circuli' collocatur: ita naturae rei confentaneim wde&
tur, . angulos folides per portiones fuperficiei fphaerlcgg
. metiri, quae eos quali fubtendant, fi vertex anguli in "
‘centro fphaerae collocatur. Ita fi angulus fohdus ex tri- e
bus anguhs, qui fint @, & c, fuerit ﬁ)rmatus, et circa ver~
ticem fphaera defcribater , - cuius. radms Vhitate €xprimay -
gur, menfura huius anguh folidi rite ftatuctur areae . trians
guli (phaena aequalis, cuius latera fint illis angulis a, &. et ¢
aequalia; quandoquidem haec latera funt menfurae 1ﬁoru.,1;1,1
angulorum planorum.. . Fodem' modo fi ‘angulus folidus.ex
¥ . quatwor vel pluribus angulis. planis fuerit formatus, eius
& menfura erjt .area quadrilateri- {phaerici, vel polygoni P]f“",,
rium laterum, cuius fcilicetr fingula latera aequentur angy; _ _ ‘
lis planis, quibus angulys folidus. componitur. Hac 1g1t}n:¢ S
ratione dimenfio angulorum folidorum reducitur ad inue- : ' v

ﬂxganoncm areac tnanguh fphacrm, vcl polygoni plunum
late~
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laterim ,  cuins ]atcra ﬁmrmt data, Cum igitur: ares ¢
iusque trianguli fphaCﬂCl facﬂhmm ex ¢iug ang,uhg cogng_'
featur,: quemadmoduny Jjam dudurm * ab; -acutidiimo Gcomenm
Alberto- Girardo eft - damon[’cratum banc ipfam demoniftra-
tionem, quOhiam noD muulgus facis nota videtur, hic
apponam. Lo :

- - ' L &

'L emma.

§. 2. Area porsionis jj‘)baemae, imter duos meridia-
nos, angulo o inuicem inclinasos, contenta, fe babes ad fuper=
ficiem totius [phaerae, v angulm o ad 360°. Sint ACB
et ADB duo femicirculi maximi In fuperﬁme fyha,cncﬁ g
mutuo - in ‘polis “oppofitis A- ot ‘B fecantés, etiinaicern it~
chnatl angulo C-AD vel C BD =%, €t eu1den‘s e, ar”
eam’ huios {EGori3 fphaeiim ACBDA’ totles contineri -
EDES ﬁlpelﬁt‘.le fphaelae tota, quotles angulus - contmetm
1n~ 360 gxadxbus.l SRR R B R

o
B i1,.». - i

T

P e ¥ i‘.:; BN

: Quod ﬁ e1g0 1adius fphaei... ponatur —~r,
_qu:a faperﬁmes totiug fpliaerae el __4.7”*’;, detibtaiite: ®
peupherxam “circuli, . cuits dlamcter = g, Lerit'ared! -noﬂm w
{ectoris’ fphaerlm'-:;}arr'r 556 5 i - ouldem iaggulls al'int
gradibus exprlmatur at i o detur in- pambus radii ;i qu
fémper viitate expnmatur ‘ob g6c° == g erit ared fedtu="
- ris’ iphaexim R a sy vynde i 1ad1ub“iphamae parlfu.
- vhitati. aequahs “frarbatur, - iffa drea ‘etit 202 o Hod gl
tur modg- area Sfiins feforis per’ ﬁmphcem angulum ‘pes
.Praefcntaﬂ potcmt dum tota fuperﬁcxes e{’c____.;m. e

s < 4 i

. I
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‘Theorema
Alberti Girardi.

§, 4. Area srianguli [phaerici- femper aequalis eff

-angulo, quo funema. omnivm. trium angulorum irianguli [phae-
“¥ici exvedit duos angulos -rectos. N

A
-
b 1

~ Demonflratio. :

~ Sit ABC triangulumn’ fphagrienm propofitum, cue

jus arca - quaerityr, einsque angnli denotentyr literis o,

By, lam primo latera A B et AC in fuperficie {phae-
_ - rica producantur, doncc fibi mufuo jterum oct

polo 4, ipfi angulo A oppofito, et quia hi arcus ABaetACa

“tanqnam ‘duo. meridiani fpedari poffunt, -a’ fe inpicem an-

Tab, 11,

Fig. T4,

oceurrants in

‘giilo o diftantes, erit avea iftius fectoris A CaBm=2a. Deinde.

eodéem modo bina latera B A et B C confinugntur vsque
in' 5, quod, pundum itidem  erit. polns, "ipfi B oppofitus
‘hdipsque fe@oris B A b C area erit == 2 3. - Denique pro-
ducantur etiam ‘Jatera C A ef CB ysque in polom "ipfi €

oppofitum 'in ¢, eritque. iftins. fectoris C:BeA-area = 2 .

#Hinc -igitor fi avea itrfanguli A-BC: quaefita. vocetur = S;
inpotefcent Aareae fequentinm triangulormm : ‘
| ‘. aBC=2a4-8
I, $AC=—23-8 =
;o A cAB=27y -5

\ 84 .Quia‘ nune, punda €, by ¢ dn -,";‘.Ig'u.-pcrﬁcic
Hphacrae punitis -A, Biet-C e diametro funt -oppofita, inter

Me etiam easdemi‘renebunt: diftantias; -etiamfi~in figura longe
Ciliter videswur, +Rinc duéiscarcubust a by gy ca, erir.

iﬁ&q Acad. Imp. Se. Tom. IL P. IL E - abi=
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ai‘::AB, ae—AC et bc::B C; vnde et huius tri< -
in - regione fphaerae pofteriore fiti, ‘arca .
§; ita vt lam tota fuperficies fphaerae con~
la”ABC==>5:et ‘ab¢=75; 2° uiangula
BAC—=2p3—=S et FAB=2y—S
ngula a4 C , acB gt

anguli ad 7,
quoque erit —
tifleat 1% triango
aBC—=2a—35,
Praeterca Vero. ﬁgura continet tria
b¢ A, quorum pofteriorum areae €X . fupcrlorxbus innote~

{cunt ; .namque Pro. triangolo a & C pumo eft latus ab=AB,
latus ¢ C = Acet b C=Br¢; - vade manifefto hoc trian-

gulum abC—=ABr=2 'y -S. Eodem ‘modo intelligi-
wur fore triangulum @ ¢B= - A C b —2f—95; ac dcmquc

bcA.__BCa:_.—zm-—.S‘ R

§ 5 Quare cum tota- fphacrac fuperficies bic
_ dlﬁ'ed'ta fit .in ofto triangula , guorum fingulorum, arcas
hic exhibuimus, earum fumma: acqualis. effe debet toti fiu-
perficiel - fphaerae == 4 m; €X qua acquahtatc area quacs
fita' S definiri - poterit. Smgula igitur haec tnangula cum-
- fuis areis confpectii, exponamus: - _
I ABC=S|IL aBC—‘za.——S VI Abc::'zd——'S“

II abc-—S V. 5AC=28-S |VIL Bar=—2p—=S
. V.'cAB—-zfy—-S VIIL Cab:z'y-—S

(a+f3+wf) 35 + 2(a+ﬁ+v)-—ss

“odto trlangulorum fumma colhgltur
o aequalis effe debet

Surm'na'—‘ 2 S+ 2

ynde omninm
__4~(a—-i—(3+'y)—-+5 quac _erg
4, vude per quatwo

1deoquc S
ompium angulorum triang

duorum reétorum, fine 1

—u+(3-—}-'y——1r, vbi. m—ﬁ—ﬁ-—]—ry et fumma

uli pl‘OpOﬁtl, et =«
§o° ﬁcque area tr1angu11 fphaen—: .

r d1u1dend0 orituf a-+ﬁ+'y —S=m

eft menfura :

C!‘:
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ci pfnp‘qﬁti reperitur, fi a fumma ~omninm  anghiorum
%+ B+ duo redi-fen xso°. fubtrahantur, prorfus vii
Theorema declarat, -~ - - . T
§. 6. Totum ergo ne.gotiuxh;_xpro.m‘cn{'ura".‘ angu:

© forum —folidor—u_.m huc reducitor: 'vt ex .datis ternis lateri-
bus trianguli fphaerici ‘eius area. definiatur; quamobrem"
fequens Problema’ refolnendum- fuscipiamus. . -
. . Problema generale, =

" Darisin triangulo [pbaerico ternis lateribus- AB =¢, Tab.IL.
" AC=b et BC=a, inucptigare aream buius rrianguli ¥ig 15
Sbhaerici. - L o L

. § 7. Denotent literae A, B, C angulos huius_trian-
guli, ponaturque eiits area- quam . quaerimus =S, ac mo-
do vidimus fore S == A -~ B - C ~ 180°. Hinc ergo. erit
fin. § = —fin. (A+B4C) et cof. S=—cof.(A4+B4C)
‘hincque tang. S'— 4 tang. (A - B | C); ficque tantum
~opus eft, vt loco angulorum A, B, C .latera 4, &, ¢ in
calcolum introducantur, At vero per praccepta trigono-
metriae fphaericae anguli’ ex datis lateribus ita definiun -
. tur, vefit: S L
L ol Amamalbaie. oof B wlb—dalaco .

S fimbfine TV L Jnafin T 2
y Y —— tofic—eofu cafh . . - o . .
cof‘- C — -"—-‘—_\ﬁn.m.‘-—- ) . "‘ . . R -

m angulornm

fin, A — YU —0oof &® —cof.2 —cof. 2 -2 cof. guouf, beofel
teh B B m e S
! ¥ (1—cof, a? —cof. 1 — cof. ¢” —w cof, a e7f, B cef, ¢} .

-ﬁlL B '_' Jin. g\ T . ?

Ez . gnc

vade porro deducuntur finus eorunde




'ct ad calculum -contrahendum, \pro numeratonbus ftatnamus

: Hdt fadto El‘lt

“ac reperiemus

- Quod {i nunc tertium angulum C coniungamus, erit’

JaBEe
5

! . g
aE ar . I
o L L] : .

-»?p% ) 36( 63

—_ — 0l u’-—-cof b2 — cof, &2~ c’-{—:mf a eof. Elcoj'
Iin. ¢ — =t Ry

vbi, lodo’ 1ad1tahs ponamus . S
“V'(xmcof a* — col. b’wcofc 42 cofacofbt:ofc)'“fe.'

_ cof. a — o, cofb_ﬂp et cofc'——'y,‘_‘
vt fit -
M:x-w—-ﬁﬁ vv—l—wﬁv

33"“’ _y—ef.

col. '—'jzn bfnﬁ;’ CD[.B._-jm ajmc" COf C""-ﬁ ajin.b?
R kR

ﬁn A“"ﬁn ”{;jm t ) ﬁl‘h “"'J’m r jm c’ ﬁl‘l C "'_'J'zn .0 Jin. o 5

5. 8. Comungamus nunc Pﬂmo a“gulos ActB

. fin. (A+B) fin, A cof. B—}-coﬂAﬂn B= kjEr:;-j?ngc}:_g) .
cof A—!—B) cof, A cof. B —{in. A fin. B-—fa—-ﬁ'mﬁ—-aw)—u_

J’m ajm & fin, c®

fin,(A+B-+C)= —fin. A cof. B cof. C ﬁn.BcofAcofC
" 4 fin. Ccofs Atol. B— fin, A fin. Bfin. C;

cof.{A+B+C)=cofl A cof. Beof. C—cof. Afin. Bﬁn.C
—col.Bfin. A fin.C —cof. C fin. A fin. B.

Tantum igitur fupereft , vt in his formulis loco dliterarum

m‘aluscularum A B, C, valmés —modo <ffig nan {obfti-
fuanturs - o

Pr;ma In'ueﬂ:iga'tm',
" pro :fig, S. -

§ 9. Cum fit, fin, S =— —fin. {A - B+C), erit

fin. S = {in. Afin. Bfin. C —fin. Acof.Beoll T
— fin. B col Acoi‘C fin. C cof. Acol. B
N quac.
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guae e’EP_r?ﬁ‘O, ciim .conftet. quatyor membrxs, ﬁnth feor-
fim eyoluamus. = Trit -igitur:

Afi k3 . ...__.k(r—-n:m—-—G[3 ")")!4*:-.&(3?7
. I ﬁn 'n Bﬁl] C_fﬂ- ag-ﬁn bzﬁn cz g T fln dz_ﬂn b'z."n cz "

II ﬁn ACO{'BCO{- C-—-—k(ﬁ—-d?)(?—dﬁ) k(Bry=— thB a'yw+ma'i3'ﬂ
Jut. q® fin b2 fin.c2 T finca? in. b® jin.c®

III fin. BC()fAﬁOf C—*k(m—B?J('}'——aﬁ).—.k(a'}, Boie— {3')"}’-1-!33‘&,‘}’)

LT, BT, b’ﬁn ¢ Jin a? fin, b? [inlc? T

IV ﬁﬂ CCDfAf'QfB"‘“k("‘—BW\fB 02'}')—?2(01[3 'yocu—-fyB[B.{.yq;ng)

JRTaT i BE il et T fm a’_}zn b‘ﬁn.c’ o

Quia ergo vaque idem habetur. dcnornmator ‘
fin. > fin. 5* fin. ¢* = (I—aa)(x—ﬁ(s)(x—fyfy)
tria membra po{’renora, in, vnam fummam colle&a, dabunt

© l-‘"—ﬂw-)(*—ﬁﬁ)(l-"}"l’l

UL

g, 10, Ad li_él_q f'ormulas tra&ablhorc& reddcndas
ponamus breuitatis gratia:

m—}—{f&-}—*y‘ ?a “§+av+§‘y—"q et ap'y._..r,,

'\hmcque erit
M—i—ﬁﬁ*-l-vv P?"QQN
Yndc fir .. : -
_ kk—"x—-pp_{_gq_l_z,. ‘
~Deinde cum it -. . . -

- erit

aa(ﬁ+v)+ﬁ13(u+ VYA yylat-8)=pq—37%
qmbus valoribus {ubftitutis terna pofteriora membra ium-

im ‘pracbent ; _R(q—pgoi- ST pT)
tim p G tay i APTLyw» duae fumma, a primo

membro = “’“PP“"‘!**'” : fubtrad’ca, relmqult id quod,‘

— =2 —HT— W
guaeumua , {cilicee:

fin.§ — '“*+q-—-r-s>p+pg:_1&1.
T G=aa) (T=BRiL—yY) ¥ .
E g - vn

pg= a¢13+aa’y+£313a+ﬁﬁv+ﬂ/w+«vvﬁ+“ -(3%- .

!

e EB Y By 8B — e VY =Byt d i = B*v:a—“uﬁwﬁ- By,




R ) 38 ( %a%« o

vbi obfcmaﬁ'c luuahlt, qma pofito a1,  denominatof
euaneftit , eodem ~cafu quoque nnmieratorem enanefcere
debew, quod idem quoque -euenire debet cafibus B=1
ita vt~ numerator neceffario habeat faftores.
géum com fit 1 —p+4—ry
‘et divifione facta
per. eundem

et Y= I,
L)X —-ﬁ, I—Y s quorum prodt
per hoc ﬁmul fiumerator erit d1u1ﬁb1hs,
guotus reperitur == I - P, denommater Yero;

. diviforem dinifus, fit .
(x-4a)(z +6)(1+7):=+P+9+"’

5 cquc refultat ifta f'ormula* L . B
' .——__k_{_!_-l—p) I e e

fin. § Ewre Tl
{i ue. valorlbus reftitutis

— tr+ac+ii+'v)V(r—w-—BB W—l-wﬁ'v)
ﬁn S . (1+a}('+li1{l-+-?)

cof. &3 v» ,cof. ¢ Hancque for- :
phs Illuﬁrare

vbi denotat d, cof. a; £
mulam operae pretmm cut ahquot exem

L§4 Exemplum primim. Sint latera boet ¢

quadl‘aﬂtcsa 1ta vt fit B o et y = O, eritque fin.S=V(z- aa)
ideoque fin, S — fin. @, ‘confequenter ipfa . area S =
pando - autem ambo latera AB et AC funt quadrantes

et latus BC = a, ‘tum ambo. angull B et C erunt redti;
et ob cofi Ao -—cof. a, erit’ angulus A—a, hinc--

- qie fumma omnivm angulomm 1§0° +a 1deoque area
quaeﬁta S—a ‘

6 a2, Exempiym ﬁzcundum Slt trlanvulum fphae-a
ricum A B°C ad A re@angulum, et cumn €X {phaericis’
Gt cof. B C — cof. A B cof. A C, erit cof. 2= cof, b.col. ¢
ldeoque “""‘ﬁ'y, quo valme fnbmtmo plodlblt o

fin. §




-»893 ) 39 (. Se%w

ﬁn S — fz+ﬂ+v+ﬂwwrl —*33—')"?—1—{3 B'}”Y)-— vrn—ﬁ B~
: BG-GBy

+Cum igitor itV ('~ BR)="fin. 5, et
_erit pro area trianguli rectanguli

._'fmbfmc. J’mb!mc ] ‘ T
ﬁn's 4+cojbcqfc ':-i-cofa"r -

YY) .
137 .

V(I'—T-q/fy)-__fn.-é',.

61 Exemplum zerzzum. Si tnangulum fuent
-aeqmlaterum, fev a =B =, ecius area ita’ exprimetur vt
it fin, S —. "*‘”"’fi;‘;jf"“-"“’), vbi’ formula radicalis Fa&o- :

.res "haibet (1—a)f(13-2 a), vnde crgo ﬁet

-—f=+mn:-—-aw(-+m) | . ;ﬂ;j'g : S .
_fin, 8§ St ‘
Hinc fi terna. Iatera fuerint.

',ent fin, § = r, 1daoque S =7

quadrantcs, Ideoque %= 0,.
_ R AP -

6 14 Exemplum guarmm . Sint omnia latera
trianguli, a, b ¢ quam ‘minima,” quo. cafu . -triangnlum fphae- -
ncum abit in triangulum planum, et cum fie

_a—-cofa:l—-aa—l—m—a — etc,

ﬁmlhque modo SRS _ e
= —ibb LB — et et'y_.r-—;c Ct¢ '_etc. e |

facor rationalis ‘noftrae - formulae fier — 4 — i ' |

= a=1, negle&xs o :
. : ) S
feilicet partibus minimis. At in. formula irrationali non S

folum partes finitae fe mutuo deftrpunt, fed etiam termini,
vbi 2,0k, ¢ habent” dunas dlmenﬁones, qQuamobrem fin-

~gulas  partes vsque ad quatuor . dimenfiones euolm
fet.  Habebimus €rgo vt. fcqmtur ' ‘

opox-

GA T Xgg ! gt 2f3=1—aa- !;Zr+nza‘+jb‘+ aabb ldeoque
ﬁﬁ_.l-—55+ &t ar.ﬁ'y—x——haa—‘bb—-c.s-i—~~a“—}- YA c"
"}"}'—-I-cc—{-i —l— aabb+ am:c+ b&sa :

Hinc




uS-E_’:;‘Q ) +{3 ( %%«cm

Hinc igitur colligitdir gquantitas’ po& ﬁgn“um ‘radicale vt feqmtup
— o+aa+bb depeslat—ibts
+9.—-aa-— bb—cect-5a +T=b*‘+,,c

:/ I ' " hrgabbiiaacets bbhees U |
oy : ' quae, deletis terminis fe dc{huentibus, reducitur ad hanc:
e - . ladbbs dace—13 bbc‘c——-a - ’b" et

lli e . - o
] ' Quare cum etiam area S it quam hinima , 1de0que
fin. § =S habebimus arcam quaeﬁtam

W r ' S — V(4 sabb-A-rTaace¥s bbcr-—{d — bt ';ai)? .
. - - - fwe - -
' | | S—-"}/(zaﬂbb——i—zaaﬂa»\—25666‘-—-3%“b‘w—f"a,

{ : o quae eft formula notiffima-pro area ztmanguh pldni.

\ o ) | | ‘Tnueﬁigaf‘ia fecunda,
| ' : S - pro cofinn S, -
R 6. 13, 'Cum fit ‘cof. § — —¢cof. (A +B+ C), erit

,_ R " cof.S=cof. A fin. Bfin. C-i-cof.Bfin. Afin'C
i —cof. C fin. Afin. B—cofAcochofC

mquae “quatuor membra feoffim . enotuta dab‘tm*t
b h{a—--BY)
L col. A fin. Bn. C = gmo e
J— kk([3-—a'y) .
1. cof. B fin. A fin. C= E
I cof. C fin. A fin: B ,_Jm’“’w““ﬂ)

a®)in, 6% o, 6%

Pro termmo poftremo’ érit primo

cof. A cof. B — Lﬂ:.@})(ﬂ~m7)_a{3—a'afy 2B e By
f. b= i, fin. me.c= ""— jm aJm bJ’m ey 9

hmcque
COfACOfBLOfC_aﬁv’“ aBp-ae 'Y'Y“p‘B'Y')"f-tt BT’—!—OLTB':{-E? uf ’"anﬁ gzw'z .

- Jin, a4 jin, b{un 2

§. 16,




n->°-o-,;.‘) 3 41 ( %cgau

,‘ - §. 16. Quod {i iam nmum pofiatnang ot-—i-ﬁ—l—-'y by |
t  aBdeydBy=g et afy=s tria membrapriora, in

0 _BE(pema)_ .
; ynam fommam colleda) dabunt T b Wigl,mum Al

tem membrom, fi hoc fuode repraefentetur:

afy~geBB—-aayy. Bﬁvvwi—a@?cam+ﬁﬁ+vw)_aaﬁﬁww
Jin. o® fip B Jen g2 , .

j'._ @b aa+ﬁﬁ+vyrpf-2g et
- ﬁaﬁﬁ+a¢yy+ﬁ@vaqquzpm
_fndnet hanc formam: L ‘

) r—qq-—i—aprﬂ—fx;’:r,—aaf-—r:r
i Jm, 5, Jm c=

Quare cum fit kh— 7~ pp Aog + 2 r,, Bmmbus mem-

“bris coltedtis habebimus

— [P —a){n -—'-'PP"P'aq-i'-\-ﬂr.'ﬁ-—rd—ﬂqm—aﬁrmpjrrﬁ—agr—d—r;r
QCOf‘ S Jin.aZ ], szm e ‘

auae for. mula enolita fit
gof. S — P—‘fw_tizwnt—ppqs—wm-qq-q,w._ﬁs

ij, a2 fine b fin, 6 B

5. 1. —Qui—a Tic tesum denominator evanefcie
cafibus quibus a =1, 3= 1 et oy =ux, mecelle o vt dis-
dem cafibus etiam DUMETAOr f.:uzmefa,at‘9 Ldeaquc iftom
factorem habeat : S
(ﬂ—ﬁﬁ(lwﬁ)(l-—'v’)—‘l—fﬁ-ﬁ*ﬂ—ﬁ
4 Fafta igitur hac diuvifione pro pumeratore nancifcemur

qQuotys erits
(r+m)(1+ﬁ)(i+yJ:i+p+g+fs

ficqne naéh fumus iffam egpreiﬁonem,

i — PP,
cof. S s F

+aC; pro teris ;p, g et r xeflitngis va’lmlbuS, exit
" AGa dead, Ifﬁgp S&'. Toss, I, . IL O F cofe .

hune guotum : p — Lg.ﬂ.H- P p, pro denominatore antem
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. cof S.__. e e = 3
ﬁue gtiam : ,
- @SBy xatpioyy el nyt By—ab
COfS T (ke SR
6. 18, Exemplam przmum ' Gint duo latcra b et g
quadrantes ideogne B =0 et ¥ =05 quo Eergo cafu pro-
dibit cof. S __.f‘(,‘:m“)—'a—cof as; confc@ii’entm erit ite«
urn vt fupra S=—a. ' : L

: § 19: - Exfmplum fécundum
ricum re&angulum,
fupra, yidimus, cof. @ =
fore fubftituto reperitur:

Slt mangnlum fphae-
¢x1ﬂente angulo’ A te@o, eritque, Vi
cof. b cofs ¢, fine =B v;

quo va

B yeBY 88y y BBy BYY fin

< cofi 5 =2 N ::E*ﬁnrp—%—';y A » e

"‘E'y' By e B S
COFS__.( )('+'Y)l +BY) T L0y } o

“Pro codem vero cafu fupra 1nucn1mu S.:?’,-—(f,:“—@——'-;ff-é—'i‘—'—e”?’,

quod egregie congruit, cum hinc fiat
’ ‘ 1+’EW+BBWW——- 1.

fin. §° 4 cof ST = “_,_13%
P § 20. Exemp]um fertium.
1atcrum, fue a =B=7Y>

Supra “iifein intfenimius: pro hoc: cafia

.-_-(!+sa)(t-a)1’(t+=a}-
fin. S = ()

ad quarum cxpre{ﬁonﬁm -confenfiim oﬁendendum fuma-:
prod '

rmulae quadratum, ac
9¢a+36ﬂ3+zou+_—1ga5+¢5 et

et At

(14-af)
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cof. $* ==
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{r+wid

fin,
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5. 21, Exemplum quarium. Sint latera trlanguh |

guam . minima, €t quia etidm. area quafi fit eunanefcens,
erit coL S—1—}S S; hinc ex formuld, per literas p, g. 7
exprefla, erit x —}8 S:_f_’—"-:-"—-”—’:ﬁ-?” vnde colhgxtur.

— 2—}-4:}—!—41‘7-?—91:1)
$S= g Tty

et reﬁ1tut1s pro p, 4, valoubus ﬁet
. Q Q i - s hF :

: """"(l-t-ﬂ)(l-i-ﬁJ(lf‘l—'YJ’ ]
¥bi in denominatore pro literis «, 8, 'y fufﬁmt feribere
* vnitatern, ‘quo fa&o denomipator erit. 8. Supra vero vi-

dimus, pro numeratore fieri k= V(I—- au—Bﬁ yy+zefy)

=V (jaabb+} aacc+ bbcc-—’a‘. ’é" —F)s‘

quo valore pofito rcpeutur

S S —_— zaabb+:aucc-—i-gbbcc—a*—m—-ﬁ y
1‘

wnde fit vtique .
S __;'V(zaabé—i—zadw-{—zbbcc-—a --b‘—c )

- Tertia —"muef’flgano 3y
. pro tang. S et tang. 18

. 6 22, Poﬁquam pxo area noftsi tl,langulx fphac-
.rici tam fin. § quam- cof, § muqmmus, {ponte fe prodic

tangens iftins areae, fcilicet: .

= i ol 2z o +W)a/(r-aa—fﬁﬁ-—*w+~a6m
fang, Sz “+f3+w+§nu»rﬁﬁ+*y'y+a@+ay+p y—d@y ¥

fﬂ*“%m fors ‘Jlﬂl?l fyccinGins in gcgerc ;cxlmmcw non. hcet.
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. 6 28 Verum tangens c'hrmdme areae, ﬁue tanig,

LS, multo concinins exprimi potent. Cum enlm fit

g ﬁus ot
tang. ,,‘ —“!'___'——kco_f&"

retmea,mus initio. 11t€1a5 1), g et r

S

3 Lta, \H: pro numara.tore:

Tiabeamus. . .

——-r P\I‘(r-—-’ﬂ:-i— +=r)
ﬁn’ S P +q+r§

at VEro' pro denominatore, ob’

. Y () e _ g ¥ etk
cofS T TR ,em;

e G PF e
I cof. § = —i%prqra’

quare his. valoribus: fubﬁ'i’twtis reperituy
1/ (r—bp e g r)
tang' B S — . 14 P = »

. gL reﬁrtutr& valoribus,
4L —ma—ﬁs—wvn*-zaﬁiv}
tang. 3 S = VTS T ey

quae formula ad vfum vthue eft aptrﬂ"rmm

§. 24 Exemplum przmtmz. Si bma ]fa,tcra‘ b et ¢
fuerint quadrantes, ideoque F=—o &L 7y '—o, erlt

T _.-\rrx-rzoc)._- fin.a
taﬂg"‘"“ T e 1 Avcolia¥

'mde tanifeftum eft fore tang. ;S =tang 3 4 1deoq;ue S,.,az!
. yti jam fupra inuenimus.’

.6 85, Exemplam j%mfmé'um Sit fri’aﬂg‘u[‘mf fﬁhae«

ricumr ad A re&aﬁgulum, ideoque cof. g = cofi & cofic

et a=={y; hoc antem valore fubfticute réperitur

tanig, ._.v’(t-B{3 VYABBYP e Y= BRI~V
¢ S IR AYBy T (!"i‘ﬁ(l—i—w)-}?

guae fradtio; fupra et infra dm1dendo= ec ¥V (x I
reducltun a.d hang P ( +3)( 4 )
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tang, S yf:—ﬁ)c:_w '

GAB(rEy T
" Ef Verg:
‘ r-Bf_._... r — cof]
V:+{3_-V'J+ca_jb_mﬁg 5

gl mlhqtre modo V& 5 Stang. ey quor:n:m ref'ultat fequeﬂl
fo;mula maxime memorablhs : o
tang i85 = tang._ b. tang.a ey .. .

dltur.

_ enius confenfis cum fupra muentxs haud diiﬁculter oﬁem- |

, 6 26... J: xf:m@]zmrJﬂszfx.
acquilaterum, five &= ="y, erit

— V(1= ——=zaf _._-(r—-a:)\!(r-kza) -
tang. 3 S n’if‘:lfcsm ) T 14T ¥

¥nde cafl, quo .ﬁngula latera firnt quadrantes, zde&qwc:
&= 0, erit ta.ng S—I, 1deoquc . Jun +5 et S—=F

§. 27.  Exemplum g*uzm"wm; Smt demque tria l‘a:.w
tera a, &, c, q'ﬂam minima , et quiaz : |

_ " - 1/(:—-041—-{3_:- W—I—Huﬂv'}’)
tang, 1S =18, erit S== e F BT

' Nunc igitur pro d‘enomlnatore fufficit fumi a=1, . B= r,,
"y,: I, ita vt Coeﬂiaeﬂs ﬁ)rmulae radicalis it ‘:.. 33 w-
fam auteny f'mmula.m ra.chcalem 1am fi Ipm ahquotrcs vidi-
.mus effe

' Y(iaabbtiaacet: E:Ba'c— a—-’lﬂ' e,

¥ . vnde area plerfus vt ante expnmuwr

Problema.

§’ z8.  Propofie angulo ﬁaln!a AOBC,: ex trzlu.r Tab, PE,
engulis plawis BOC=a, 40C= b ei AOB & Jfarmfz- Fig x6

twm . muf veram menfurdm affig ignare.. .
. - Fg - " ‘ S’@Iu‘tim

b
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Solut1a
Quomam huius anguli folidi menfura ﬁatul poteft

_ aequalis areac trianguli fpbaerici, cuius latera. fint a, &, ¢,
. yadio {paerae exiflente = x, €X praccedcntlbus 1ntc111g1tur,
“angulos folidos, permde ac planps, fine per gradus et mi-

nuta, fiue per arcus circnlares exprimi poffe. Ponamus
igitur S .exprimi mcnfuram anguh i'ohch propoﬁtl, ac po-
fito breuvitatis gratia.

“eofla—ua, cof. b =@y cof. c=

triplici .mado ifta men{ma S aﬁignarl potcnt' p—ri—me &#

nim erit per finuss

fin, § = piEatfiy, ¥ Il—m-ﬁﬁ 'w—i—wﬁv)

deinde per cofinus:

— b g BAAY Y e By +BY = By
cof S= a+ﬁ+?’+“€x+f)(l+ﬁ)( e =5

‘:mrno vero commo,d:fﬁme per- tangentem femlﬂis- :

v {1— Ba-yy-r2aB¥)
tang.,S — Yo

Vbi imprimis potaffe inuabit, fi omnes tres anguli a; b, ¢
fperint redi, tum menfura anguli folidi prodire = 99°}

id quod mirifice copuenit cum communi loquendi' more,

~dum hninsmodi nguh folidi etiam ab opificibus anguli

re@i vocari folent; ex guo fimul intelligere licet, quinam
anguli ﬁuc maiores fine mmores angulo recto ﬁnt repuis -

tandi.

Suhohon I

, § 20. ‘Egregium foret, {i ifta angulorum folido=
sum menfura etiam ad ciusmodi eximias proprietates per-
duceret, quales pro figuris planis- locnm habent; velugi®
quod fumma angulorum planornm acquahs eft duobus re-

&is, -




fis. Intérim tamen talis proprietas in figuris folidis nens
. tiquam occurrit, ratione noftrae ‘menfurae. Negoe (n'm
in omnibus . Tetragdis, quae quatuor conftant. angulis {oli«
dis; fumma omnium angulorum folidorum eandem quanti- . -
tatem conftituit, fed prouti Tetraédra magis minusue obli- '
qua conftriuntur, fumma quatuor - angulorum folidoram’
~modo maior modo’ minor . fieri poteft. - 8i enim Tetrag-
dron regulare examini. fubiiciamus, cuins finguli anguli
folidi ex- ternis angulis. planis fexaginta graduum forman-
tur, habebimus a ==y =1; ‘vnde cuiusque anguli foli-
di_menfura ita ,re,.pgriuir“,,_'njtftangh;ﬁ;i-’s{;,;ﬁméeﬂ:x e |
tabulis colligitur o ‘ o L L L ]
_ :S=15% 48, fine S =31 36, | I ‘ o
- ideoque fumma omnium quatuor anguloruim huins Tetragdri
erit 126° 244 Nunc confideremus Pyramidem triangularem,
cuius bafis itidem fic triangulum aequilaterum, vertex antem
définar in cufpidem acutifimam, cuius itaque menfura ena-
nefcat; pro ternis autem angulis folidis ad bafin vnus angu-
lus erit -@='60° bini vero .reliqui & —.¢ = 90°, ita vt fit
N a=z.ct B=y=o0; vnde prodit = L
tang. L S == 7; ='tang. 3o°, ‘ita vt fit § :_’670;»' o
vode hunins Pyramidis fumma omnium angulorum folido~
Yum erit 180°; cum ante pro Tetragdro fuiflet tantum 126°,
Quanquam  autem’ ih fumma angulorum folidorum cuivsque. |
folidi nulla infignis proprietas elucet, in aliis -fortaffe- relas ‘ T
tionibus ifta menfufa proprietates haud contemnendas pa~ '

tefacere poterit. | | |
~ Scholion II. N
'§. 30, Quae ‘hactenus funt tradita ad mienfuram
gorum -angulorum folidoram fpeQant, qui‘ex tribus tane
o : I ‘ . L tum
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_ tum\aﬂgﬂﬂ‘is planis. Junt &:-.omp,oﬁti,‘ At £i angulus folidus
exX QUALDOF plaribusne angiilis planis fierit formatus, eius
menfura erit area quadrilateri {phiaetici, vel polygopi plu-

Crinm latergm , Coius fingula latera aequentur angulis pla-
nis folidnim conftituentibus, Tpm igitur nihil alind opus
eft, nifi vt fale Polygonum int triangnja {phaerica refolua-
tur, et fingulormm areac inueftigentnr ; quippe guorum |
famma dabit menfiram anguli folidi. ~His autem’ cafibus -

: n:f-)n fufficit ﬁngulds Aa.n‘-gulos planos tantum nofie, . fed in-
fuper” necefle £1t yt jnclinario mutna binorum plurinmug
fit cognita. Haec cum {atis finr manifefta,’ hic, tantum
adiungam dimenfionem angulorum {olidornm - regularinm,
qui ex quotcunque angulis, planis inter .f_c aequalibus et
pariter inclinatis , formentur. . . :

Problema. | .

§ 51. S angulus folidus componarur ex A angulis

planis dnser fe aequalibusy qut fiiguli fing—a, th -aequali=

rer  imter [Je inclineniut, inuenive menfuram buins - anguli
Jelidi. , S :

g - Solutio. |

_ 64 huic angulo folide fphaera _concipiatur ‘circum-

foripta, cuius radivs — g, ¢ius menfura -erit Polygonum

regulare {phaericum, <mins omnia latera: erunt= &, eorum-

- que nUMerss —ny €t quia etiam omnes anguli inter e

crunt asquales, Polygonum erit regulare, ideoque in cius

Tab. I medio dabitur eins centrum, quod. fit in O+, ‘vnum Vero

Fig- 17 guodque latus Poligoni Gt latus AB =@, €x cuius ger~

minis ad O ducantur arcns AQ et B 0, qui erunt inter

fe dequales, vt habeatur triangnlum A O B. Quia igitnr

| | ‘ nume-
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nmmcrus talipm manglﬂaru.m eﬁ = s em:

© angnlus A 0B miE.

.

at' fi area totips Polygoni flatuatur = § quae fimnl erit
menfura anguli pr(}poﬁrl,, area iftins trianguli A QB erit -

:i “lam ex O ‘in latws A B. ducatur pormalis O P,
latus AB bliceans; erltgue AP=—4 a, et '

angulus AOQP — o
Vﬁcetur fam angulus 0 A B q:, er’itque ex fphaﬁrms |

fcof
cof, 2 a

L =

Quia fgitur huic angulo O efiam acqualis eft angﬁ:ﬂus

OBA, {fumma angulorum triangnli AOB erit = 2@—1—

yade ablatis duobus rectis obtmeb!tur area tnanguhA@B'

'-—-2<D"Tl—'-'_""_5'rg -

-%mtque area totius Polygoni

— o 71@-—";—'2'71—-—?2‘7‘1'_2 uq) (ﬂ—ﬁj'ﬂr,
quae €rge erit Mmenfura ang,u(h folidi regularis propoﬁm.

\Cerollgmum L
§. g2. ~ 8 giwr angulus folidus gonflet ex tribis
angulis planis aequalibus =g, ob »= g, erit

<of, 60° R
i O="T0rras

- quo angulo dnmento erit ‘menfura :anguli 'f&lldl '

S:6¢~ '1::6@—-180

Corol]armm II |
§. 5s. Si angulus felidus ex quatuor <onfiet an-
gulis planis inter {e aequalibus — @, - cb .2 = 4 quaeratur

Afta doad, Imp, Se. Tom . ILP.JL - G angu=.




T e Doman, =

~ gulis planis inter fe aequalibus = &» o n.=

Rpp————

e-g,eg ? 5@ { %93#
) of o .
angulus q; , vt ﬁr, fn'¢“£bof+s .. atque 1‘11‘_;1‘(: ;epernrca
gur menfira anguli folidi S—8 4) ~am=8 P — 360"

Corollarlum III

§. g4 Si apgulus felidus conftet ex quinque- -an<
— 5 quaeratir

cof.
angulus g, ¥E fit ﬁmm_,—géi;,

us anguli folidi exit S= ro—3 W_.ﬁ‘ifﬂq)-S&-O . o

hing vero menfura 1&14

Corollarium IV, |
8i angulus folidus ex fex conﬂeéf: angulis. -

§ 35
ob ﬂ =6 quacratur, angus

plams inter e acqualibus = @
' o cof 3
s O, vt fit fin.P= o~

anguli folidi -erit S =22 Cp jo—=12P— 720 .

Schohon. _
§. 36. Secundum haec praecepta computemus ane

gulos folidos quingyue corpomm regulanum, quo facilius
eos cum angulo re&e, qui in folidis pariter eft 90 gxEE

" duum, comparare valeamus;’ vbi qmdem conneniet angu-
los fohdos minores quam 9o° noming acutorum, . qui au-
tem excedunt 90° _nomine obmfomm mﬁgmre. '

. tam Vero men[’ura hums

Menfura angulorum fohdorum
Tctra.pdm.

8. 37. _@um hic terni anguh plani 60 graduum

e:oncuﬂ'ramt; ad angulos folidos canﬁxtucndos erit3a=30% &
4. - fﬂs.—- a)




¥ 58 . - r . a

wid ) 5t { %l

p—3; vnde fecandum corrollarinm . calculus per foga-
rithmos ita inflitnetuf: |

] cof. 60° = 9, 6989700
Jeof. go° = 9, 9375305 .

16 O = 5761499

hincque fP = 35" 15 520

€rgo 6. r:l.'zx';“.ab,s’,}tz'f =

wnde guisque angulns folidus “Tetraédri reperietse
Y 8 = g1 35. 124 | S

o ?ii?;ie—lﬁm'gﬁiﬁrﬁxﬁupmt1ritntbm¢hguii4fﬂi.

- Megfura angilofum folidorum
- Dftaddei. |

gernis angulis planis 60 gradunm, erit ja= §°% et BT A

yithmos inflituatur, vii fequitur;

Jcof. 45°= 9,849485® . .

- cof. 30°= 99375 365 .

I6in, © = o,0us9544 . -
hincque erit = 54" 44% 8%, exgd 8 = 437 58 475
vnde anguli folidi O&agdri menfura’ grit S=477-58" 4",
qui ergo angalus Hion” multem a gedte deficit. Cagteram
hic angulys @ eft complementum praccedentis ad 9%

8. 38.' Cum quilibet angulus componatiix &X 'q'faas o

vnde fecundum praecepta corollarii 1 calenlns per loga-
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Memum angulorum fohdorum
' lcofar.du

§ 59~ Cum ‘hic angulus fohdus ex quinis angus

lis planis 2= 60° composatur, erit La=— 30" et mI=5;

vnde ex cotoll. 3 calculom ita mﬂitm opportctm

}cof. 56°='9,9079576
lcof 3o = 9,9375\306.

J fir. CD 9,9704270'

-vode coll xglturd) 69° 5% 413 ergo IO(D 6907, 36 55”

hine aaguli folidi: Teofagdri menfura erit S = 150° 56’ 55”
qur ergo anguTus 1arn valde eﬁ ‘obrufus.

Menfura, angulorum fohdorum
Hexaedlr '

" §. 4o0. Cum hic £ nguh anguh folidi confteut ter-
nis anguhs planis - reé’as, ‘erjt GE g%t a 'z 450 et n=3;
hine &x - Coroll, 1.0 calculus 1{’Ea mﬁltuatuh

lcof 60 :;'9,6989‘700 o

lcof +5°—"9. 8494850 -

-y __,__.___-

7 fin. CD = 9 84,94-850

~jdeoque fit O = 45°, ergo 6 @—27o°, vnde menrura an-

guli folidi Hexa&dri erit 9o°y {cilicet Iuc angulus prt: eft
rc&us - :

Men{'ura angulorum f@hdorum
' Dodecaedn. o

6 +n Cum Iuc thbet angulus conﬁet ex ter-
o | nis




il ) 53 Bede

nis planis, querumr fingul contiment 108%, erit -a"-'~5‘4.,
, een=a5 vade CalcquS, fecundum, comll L. ita inflitui

debet ¢
7 cof. 60 ‘—'9, 69 39700
Jcofl 5+°—91769218'7~ )
Zfin. P=9,9297513 . -
: hincque em ipfe. angulus | B
¢= 58% 164547, ergo 6D = 40 41t 4;25"* | S R ﬁ'
Menfora igitur anguli- folidi Dodeca&dri- erit 260% 41k 424 : f
| 0 cque**hicwngulnsﬁDodecatdnﬁmer omnia corpora Tegus o T i
Iana eft maxunus. : : . . ;
o Scholion. o o _ ﬂg
§. 42. Quodfi angulus. folidus formetur ex fex - o v \’i
4 angulis planis ¢ =60°, ¥t fit t¢= 3o° et # = 6, COLpUS ' | bl

regulare inde ortnm el ipfa fphaera, in cuwins fuperficie
omnes anguli folidr in planumy funs deprefli, ficque aegui-
valebunt quatwor angulis re@is; id quod etiam  calculus. ' ) !
fecundum C@roll 4. inflitutns declamat,.

fcof. 30 "9,9375306
Fir. Q= xo0, DO00E

Feof. go° = 9,9375306 R - u
B |

.hmcque* angulns: - ; A i
(= 9o” et 22— x080°, | L | . g -“

vode fit angulus folidus § — g60° Tdemr evenit fi angn- SR | |
|

i

i

lus folidus ex quatuor planis redis compoxratur y vt fie |
i 8= 45 et zz_.‘;,, tom enim eriz o - o {1
S o iy

f i




%3 ) 54 ( Eidw
| ﬁn.d)-;g{::—:, 1de0que (D"-pe _
gt angilus -folidis S = {9 -—-+) $0 = 360" Demque 4
angulus folidus conflet ex’tribus planis, ita vt fie-
i - a:mo,cnt,a—ﬁo cth::'a,
vnde iternmi £t

fin, Qs — ¥, 1éeoque Cb-‘go ,

mjs°"'

et angulus folidus S = (6 — =) & = §60°%

|
:!i
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