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AN ISOMORPHISM BETWEEN THE FUSION
ALGEBRAS OF V;" AND TYPE D% LEVEL 2

M. CUNTZ AND C. GOFF

ABSTRACT. The fusion algebra of the vertex operator algebra V"
for a rank 1 even lattice L is explicitly shown to be isomorphic to
the fusion algebra of the Kac-Moody algebra of type D) at level
2 in almost all cases.

1. INTRODUCTION

In this article, we prove:

Theorem [T-1l. Let L = /20 Z for some ¢ € N. Then the fusion algebra
for the vertex operator algebra V" is isomorphic to the fusion algebra

DYy if (>3
AL oAl ife=2
AN = 7[z/87) if (=1

(Recall that D) = A{).)

The main part of the proof consists of an explicit computation of
the S-matrix of a Kac-Moody algebra of type DM at level 2. This
enables us to find the structure constants directly, avoiding the use of
algorithms such as the one given in [7]. To obtain the isomorphism,
we compare our structure constants with those given for the vertex
operator algebra V;! in [2]. As a consequence, we also obtain a bijection
between the sets of irreducible representations.

This work has appeared elsewhere in the physics literature. There-
fore our strictly computational proof serves only as further mathemat-
ical confirmation for this well-known physical result.

The paper is organized as follows: section 2 deals with preliminar-
ies about fusion algebras and trigonometric (mostly cosine) identities,
a surprising range of which were very useful to our proof. We also
describe the Kac-Peterson matrix of type Xél) or Agi) and give the
explicit formula we use ([Z.I0). Section 3 specializes this discussion to

type D, with the important Example B3] of Dél) at level 2 (denoted
1
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Dé})). The notation we set up there is used throughout the rest of
the paper. Section [ discusses exterior powers: Proposition [4.1] gives a
variety of instances in which the Kac-Peterson formula reduces to the
determinant of a certain matrix. In section 5, the lengthiest and most
computational section, we work out each entry in the S-matrix for DEIQ)
and explicitly give the character table, which we call the s-matrix. The
fusion rules of the vertex operator algebra (VOA) V;© arising from a
rank 1 lattice L are listed in section 6. Proofs for these rules can be
found in [I] or [2]. Finally, section 7 contains the proof of the main
theorem.

2. PRELIMINARIES

2.1. Fusion algebras. We give here a short introduction to the no-
tion of fusion algebras; for more details, see for example [3]. Fusion
algebras are algebras with the same properties as Grothendieck rings
of semisimple tensor categories. So, for example, character rings of
finite groups are fusion algebras. One should imagine them as lattices
with an algebra structure:

Definition 2.1. Let R be a finitely generated commutative Z-algebra
which is a free Z-module with basis B = {by = 1g,...,b,_1} and
structure constants

n—1
bibj = Y  NEb, NE € Z
k=0

for 0 < i,j < n. Assume that there is an involution ~: R — R which
is a Z-module homomorphism such that
B=B, NEi=NI

@50

Ng - 52',]'
for all 0 < 4, j, k < n, where ¢ is the index with b = b;. Then we call
(R, B) a fusion algebra.

A fusion algebra R has many nice properties. The most important
one is that R ®z C is semisimple which comes from the fact that it is
a symmetric algebra with respect to ~. Since this is a commutative
finite dimensional algebra over C, there is a base change matrix to
the algebra C". We denote such a base change by s and call it an
s-matriz of R. This matrix is the character table of R, because its rows
correspond to the irreducible characters of R: The entries of a row are
the values of a representation of R at the basis elements B. This also
implies that the rows of s are orthogonal.
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A fusion algebra is completely determined by its s-matrix. Permut-
ing rows does not change the algebra; permuting columns changes the
ordering of B. If a fusion algebra is the Grothendieck ring of a modular
tensor category, then what we call its s-matrix is almost its S-matrix.
In this case one has also a T-matrix; the matrices (S, T) define a rep-
resentation of the modular group and are therefore called a modular
datum (see for example [9] or [4] for an exact definition). It is then
possible to arrange the rows and columns of s in such a way that the
matrix (s; ;S0;)i; 1s symmetric and

The matrix S, if it exists, is not uniquely determined by s. Never-
theless, if R comes from a modular datum (S,7) then we call S the
S-matriz of R. It is easy to see in this case that the above structure
constants are given by the formula (Verlinde’s formula)

n—1 S
m . Z Sk,iSk,jSkm
p ;

for all 0 <4, 5,m <n — 1. This formula is nothing more than the fact
that R is the lattice spanned by the columns of s with componentwise
multiplication.

2.2. Cosine Identities and Roots of Unity. We fix i to be a square
root of —1 and define (, := exp (2;”) for n € N.

Details for our proof require some well-known cosine identities which
we reproduce here. Let ¢ € N and let ¢ 27Z. Then the following
identities can be verified using geometric series of complex exponentials.

Sin( (2542-1)1‘ )
sin(%)
(Z-i—l) )

(2.2) 1+2cosz+2cos2x+...+2coslr =

cos( + %)

sin(5)

e veos (79 ant () o 2 (279
c(y) .—2cos< 26) and s(7) .—2s1n< %).

Note that for j € Z, ¢J, + ¢ = ¢(j) and ¢, — & = is(j).

We immediately obtam several trivial identities, such as: ¢(a)c(3)
c(a+p)+cla—p) (for all o, B) and c(fm+7) = c(fm—j) = (—=1)™c(j
(for m € Z), which we use in the sequel, among others.

(2.3) cos(p) +cos(p+z)+...+cos(p+Llx) = sin(T5

Define

=
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Define p; :=

. PiPj
let Pij = %

m for 0 < j </ (and note that p; = p,_;). Also,

Lemma 2.2. Let m € Z with 0 < m < 2¢. Then the following identi-
ties hold.

& . 0 ifm¢ {020
2 o) = { o 030
¢ 0 ifmée{0,20}
(2.5) > (2 - )m/2) = 20 ifm=0
j=1 =20 ifm=2L

Proof. To see (2.4)), first note that if m ¢ {0,¢,2¢}, then (2.4)) follows
from (2.2) and other trigonometric identities. When m € {0,2¢}, we
have 7 2p; = 2(. When m = {, we have } . 2(~1)/p; = 1 —=2+2 —
L+ (=D =0.
For (23)), the special cases m € {0,2¢} are clear. Let m ¢ {0,2(}.

Using (2.3)) we obtain Z§=1 c((2j —1)m/2) = s(fms/(abc/(zf;n/m = 88(%772)) =
0.

The following corollary lists certain matrices that arise in section [,
along with some properties and their determinants (up to a sign, which
will be settled in section [{)). Each equation follows from a cosine iden-
tity, such as (2.5)), and so we leave proofs to the reader. The lemma
then relates two of these matrices.

Corollary 2.3. As before, let ¢ € N.
e (The M Matrix) Let M and N be ({+1) x ({4 1) matrices with
M; ;= c(ij) and N;; := p; jc(ij) for 0 <i,5 < (. Then
(2.6) N=M"1 andso (det M)*=16(20)""".

o (The X Matrix) Let X be an {x{ matriz with X; ; == c <7(2i_1)fj_1))
for1 <i,57 <. Then
(2.7) X2=201, andso (detX)?= (20)".
o (The Q Matrix) Let 2 be an £ x{ matriz with §; ; = ¢ (%)
for1 <i,57 <. Then
(2.8) (det 2)? = 2(2¢0)".

Lemma 2.4. det X = % det Q, where /2 is the positive square root
of 2.



V;" AND TYPE D LEVEL 2 5

Proof. Let & := (g, s0 X;; = £#D@=D 4 ¢~2i-DE&-1) | Dividing each
j-th column of X by (6= 4 ¢=(2—1)) divides the determmant by
a = [T (€31 4 £-@=D) hence

J=

det X = «adet (5(2_2i)(2j_1) 4 5(4—21')(21' 1) £(2z )(25—1) )

i7j

—
*
~

o det (£2-20@-1) 4 5(22'—2)(%—1))”

avdet (c ((i_ 1)(22j — 1))>m — adetQ

where (%) denotes subtracting row ¢ from row i +1 fori=1,...,0—1.
Now

¢
. (25— 1
a:H(£(2]_1)+§ (25=1)) Hcos j ) >0

and thus a = — by 27) and ([2.8). O

2.3. Kac-Peterson matrices. Let g(A) be an affine Kac-Moody al-
gebra corresponding to an n X n generalized Cartan matrix A of rank
¢, with Cartan subalgebra h and with (, ) : h x h* — C as its corre-
sponding pairing (we use the notation of [I1]). Define

P={ebh | (\No))€EZ i=0,...,n—1},
Po={AeP|[(\a)>0, i=0,...,n—1}.
The set P is called the weight lattice, and elements of P (resp. P, ) are
called integral (resp. dominant integral) weights.

Now let g(A) be of arbitrary untwisted type X él) or Ag) (then n =
¢+ 1). The fundamental weights A; € P, i =10,...,¢ are given by the
equations

<Ai, Oé;/> = 5ij7 <A2, d) =0
for j = 0,...,¢, where d € b is given by (a;,d) = &;0. The set
{ag,...,af,d} is a basis of b and {ap,...,ar, Ao} is a basis of h*.
The fundamental weights A; of the finite dimensional Lie algebra g°
satisfy
Ai = KZ + CL;/A(],
(Ao = 0 because ay = 1; the vector of a) is an element of the kernel of
A, see [11], 6.1).
For each positive integer k, let Pj‘f C P, be the finite set

14 14
(29) P_ﬁ = {Z)\]AJ ‘ )‘j S ZZ()?ZCL;'/)\j = ]{Z}
j=0 J=0
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Kac and Peterson defined a natural C-representation of the group

SLs(Z) on the subspace spanned by the affine characters of g which
_01> under this representation

is the so-called Kac-Peterson matriz. (See Theorem 13.8 of [11].) For
affine algebras of type X él) or Ag), this matrix is

(_ omi(A + p | w(X + p)))

are indexed by P¥. The image of (2

(210)  San =c Y det(w)exp

weWe

k+ hV

where A, A’ runs through P#, (- | -) is the normalized bilinear form of
chapter 6 of [11], p = ZﬁzlA_j and W° is the Weyl group of g°. The
constant ¢ is a normalization factor such that §TS = id and such that
the first column and row have positive real numbers as entries.

A Kac-Peterson matrix of type Xél) and level k defines a fusion
algebra which we denote by X lflk) A classification of all these fusion
algebras up to isomorphism was given by Gannon in [§].

3. THE STRUCTURE OF Pf FOR TYPE D

Using A; = A; + ayNg, we obtain

l l
Pf:{ka0+Z)\jA_j|)\j€ZZO, ZCI,}/)\JSI{?}
j=1 Jj=1

In the Kac-Peterson formula the Ay component is not used, so we will
ignore this component in the rest of the paper. Moreover, in (2I0) we
always add p to the weights. We will therefore identify the indices for
S with the set

14 V4
Pr = {p+ SONK [N € Zsoe Y alN < k:}
j=1

J=1

We now specialize to a type D affine Lie algebra. Let ¢ > 3. (Even
though D3 = Aj the construction below still works.) First we fix a
basis {v; | 1 < i < £} of h°*, which is orthonormal with respect to (- | -)
and such that

Vi — Ujt1 1§Z§£—1
G = .
Vp—1 + Vg 1=/
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7

is the usual root system (see [I1], 6.7]). The fundamental weights A;

are dual to the o) for 1 <1i,5 < /. Explicitly, then,

U1+U2—|—...—|—Uj 1§]§€—2
Aj: %(U1+U2+...+’U5_1—’05) j:€—1
T+t v tv) =L

From the kernel of the Cartan matrix of Dél) come the numbers

s 2 2<i<i—2
1 i=1,0—1,0

Further, p = ({ — 1)v; + (0 — 2)va + ... + vp_1.

The following example contains notation used throughout the rest of

the paper.

Example 3.1. DEIQ)

Warning: at this point, and in section [, we write the elements of
P? in reverse order with respect to the basis {v; | 1 <4 < ¢}, which
will simplify the calculations later. Thus, p = vp_1 +2vp_ o+ ...+ (£ —
2Qug+ (L —1)vy =(0,1,2,...,0—2,£—1), etc. We begin with ¢ vectors
that are of the form (0,1,2,...,7—1,74+1,...,0—1,¢) with j # 0 and

then write down the last seven elements of Pg.

7 = (0,1,2,....0—2,(-1) =

p+A = (0,1,2,...,0—3,0—-20) = 1
p+A_ +A, = (0,2,3,....0—1,0) = U
p+2A = (0,1,2,....0—2(+1) =: V)

P+ 20, (-1,2,3,...,0—1,0) = v
p+2h, = (1,2,3,...,0—1,0) =

P+ A 1(1,3,5,...,20-3,20—1) = pp
p+A_; = 1(-1,3,5,...,20-3,20—1) =
p+A+A, = 3(1,3,5,...,20-3,20+1) =t p
p+A+A = 5(=1,3,5,...,20-3,20+1) = py

Note that there are ¢ 4 7 irreducible representations for Délg

They

are of two types, which we denote Z and H according to whether their

entries are in Z or %Z \ Z, respectively. So

Z ={v,v),v; | 0<i</(}and H={p; | 0<i<3}
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4. EXTERIOR POWERS AND TYPE D

There is an obvious similarity between the formula for the Kac-
Peterson matrix and a determinant. Indeed, for example the matrices
of type C' may be viewed as exterior powers of matrices of type A; (see
[3]). In this article we use an analogous observation for type D.

Let / € N, e:=k+h" and ¢ := (.. For any \,u € P, let RM be
the matrix

RN = (N 4 (him,

where \ = Zle AiViy = Zle 1505

Since we use the basis of v;’s, the Weyl group of type D is the group
of monomial matrices with 4+1 as non-zero entries and with an even
number of —1’s (see [11], 6.7]). Throughout all proofs, we will denote
by = C {£1}* the set of vectors with entries +1 and an even number
of —1’s.

Proposition 4.1. Let S be the Kac-Peterson matriz of type D, level
k and \, u € Pf with X, p; € Z for all 1 < i < (. Then

S)\7M - % det RA’M

if e | 2\; or e | 2u; for some 1.

Proof. By equation ([2.10),
2mi(\ | o(p)?
Sy =C¢C Z ZEU exp (_—(k: j|L h(v'u) ))
oc€eSy fEE

where ¢, is the sign of the permutation o and pu/ = (fius, ..., foite).
Assume one of the above conditions is satisfied, say without loss of
generality that e | 2)\;. We obtain

%5&“ = 3 e e

og€eSy feE

l
_ Z Z £, H C—mea(i)

fEE 0ES, 1=1
¢
_ Z Z gg(ch)(—ﬁ)uau) H C_fi)\i/ia(i)'
fEE 0ES, =2

Since (M = +1 and p; € Z, it is irrelevant whether f; = 1 or —1.
Hence, the last expression becomes (notice the % factor and the new
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summation index)

l\DI}—t

Z Z Al (=f)Hs1) HC JiXikio (i)
e{+1}

LoeSy

Z ﬁ C—fmuau)
+1}¢ =1

N | —

q
m
9]

~

—~
S~ M
—~—

=

£, (C)\i/»‘o-(i) + C—Amg(i))

n

1

Q
.
Il

€0¢

det RM*.

N~ N~

U

Remark 4.2. Proposition [4.1] holds more generally. For instance, if
A; = 0 for some ¢ and if ,u] 1Z for all j, then an analogous calculation
is still valid, only with (], in place of (. to guarantee integral exponents.

5. TYPE D LEVEL 2: THE S-MATRIX

From now on, we concentrate on the case of type D and level 2. (See
Example B11) Note k + h" = 2¢. Most of the labels for P2 are of the
form \ = v; for some ¢. In this notation, p = v is the unit of the fusion
algebra. Further, the constant in (2.10) is

c=i J(k + hY)T|72
where I' is the lattice defined in [I1} 6.5] (called M there) and A% is the
set of positive roots. Since |AS | = ¢* — ¢ for type D, (see for example

[10, 12.2]), ¢ is a real number and its sign is (—1)( ). By [111, 13.8.10], all
entries in the first column and first row of S are positive real numbers:
Svor = Saw, > 0 for all A, We will use this fact several times to

determine needed signs. We will also frequently use (—1)(5) = (—I)ng.

Most of the section is devoted to the calculation of Sy, in all in-
stances, but broadly, we devote a subsection to each case: A\, u € Z;
A€ Z e H;and A\, € H. In the last subsection we summarize the
complete s-matrix, the S-matrix and the T-matrix.

5.1. \,u € Z. Note that Proposition 1] applies here. Hence we al-
ready have information regarding the large part of the S-matrix (with
size depending on /).
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Proposition 5.1. Let 0 <i,5 < {. Then
Sy = o(—1) B2V, (i),

Proof. Remember from (2.6) the matrix M = (c(ij))o<ij<¢ and its
inverse. Notice that R""" is the submatrix of M where we remove the
(¢ —i)-th row and (¢ — j)-th column. Hence, for all i and j,

. . _ ; .det RViVi
peoemic((L = 0= 1) = (M) ojmi = (-1 =

So, we have

Sty = 5 det R = S(=1) (dot M)pe-ic((£ = )(¢ = 1))
= (1) (det M)pie(U(t = j — i) +ij)

_ %(_1)f(detM)pi,jc(z'j)-

(=1)fe

Specifically, we have 0 < S, ,, = “g—(det M). Hence the sign of
det M is (—1)(5)“ and by ([2.6), det M = (—1) 2) gy 206410641 "and so
the proposition holds. O

The corresponding entry in the s-matrix follows directly:

S, .. = Syi’yj = lec(Zj)
v SViJ’O pi,OC(())

For the columns and rows indexed by 1, and v}, we use:

Lemma 5.2. For all A € Z, we have R0 = R and R"* = R".

= pjc(ij).

Proof. Notice that vy and v differ only in the ¢-th coordinate, while v,
and v} differ only in the first coordinate. So R*0* and R possibly
differ only in the ¢-th row, R and R"** possibly only in the first. But
since \; € Z for all j, we get RZ?]-’/\ =c((l+1)Nj) =c((l—=1)\;) = RZ?].”\.
Also, RTZJ/\ = lefj’\ because cosine is an even function. O

52. X € Z,u € H. Many of the entries of the S-matrix for A\ € Z,
€ H are still given by determinants. (See Remark [£.21) Notice that
when A, = ¢ (that is, for all A € Z \ {vp, 14 }), then det R* = 0 for all
i € H because R?j‘ = ¢(lp;) = 0 for all j. One immediate consequence
of this paragraph is that, for all y € H,

Sy =0 for 1<i<l—1.

This is not true for S, , or S,/ , because Remark does not apply,
but we have:
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Lemma 5.3. Forallp€ H, S,,,, = =Sy

Yyt
Proof. Define w := (yp.
¢

l
%S,,ML + %SVLM = Z Z o Hw—fi(w)ﬂua(i) + Hw_fi(%)iz“"(i)
=1

fEE 0ES, i=1
¢

— Z Z £q [T 1o 4 i2om] Hw—fi(w)iz%(i)

fEE 0ES) =2

¢

— Z Z 50 [w—flzug(l)} Hw—fi(ul)ﬂ,ua(i)

fe{£1}t oeS, o
= det R"" =0.

0

Moreover, we have:
Lemma 5.4. Forall p€ H, Sy, ,, = —Su

[ZTE
Proof. As stated earlier, for A € {1, 1/}, we have 13, , = I det R

Comparing the matrix entries for R** and R**, we see that the only
difference occurs in the /-th row. Namely, since x = 2y, is an odd

number for all j, Rl'ffl)j’“ =c((0+1)%) = —c((— 1)) = —RY". ]
The following two lemmas give explicit values for the S-matrix.

Lemma 5.5. Recall Q2 from (2.8). Then
St = 5 det @ = £(=1) () V2T

forall pe H.

Proof. Recalling the notation from Example B.I, we have R"0H0 =
RvoM and RY#2 = RYoM3 from the fact that cosine is even. Next,
Rvo#2 = RYo hecause Ry = ¢ ((i —1)({+3)) = c((i —1)(0 - 3))
R;" and all other columns are explicitly identical. Moreover, R0

is exactly €2. The sign of det 2 now follows from S, ,, > 0. O
. L
Lemma 5.6. S,, .0 = Sy, s = —Svs = —Su e = cit(—1)21F4/20-10¢.
Proof. As before, w := (4. Because w™* = —w’, we have:
¢
SVe,u = ¢ Z Z s H w e ()2Ha i)
oc€eSy fEE i=1

/-1

- ¢ E E Eafo(g)w—@%(a Hw_ifo(i)2uo(i).

oc€eSy fEE =1
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For an f € E, replacing the entry f, ) by —fo(s) gives an fe {110z
Doing this for all f € = we obtain exactly the set {£1}\Z. Since
[T, fi = —1, we get (notice the 1 factor)

S

L
C .
Z Z H —ifo () 2Me (i

o€Se fe{+1}¢t =1

l
C i . ; )
— 5 E Eo | | (CU 22“0'(7,) _ w""lz;u'o'(z))

ceSy =1

c —i20; 24

= det(w™ — W),
C . ;

_ 5(—1)Zdet(5(lﬂj))i,j'

Since only the first entry of p; is different from g, and it differs only
by a negative sign (and sine is odd), then S,,,, = —5S,,,,. Simi-
larly, Sy, ;s = —Su,u.- Moreover, to compare S,, ., and S, ,,, notice

To calculate S, ,,,, notice first that s (@) = (—1)*te (%)
¢

Swaping m := | 5] rows, we obtain

ot (8 (@))J (1) det <(_1)j+1c<(z‘—1)(22j—1)))M

= (—1™ () et Q = det

Finally by Lemma [5.5]

—
Sveo = g(—i)f det <s (%)) =iV,
7‘7.]

and the lemma follows. O

5.3. A, € H. The last part of the S-matrix cannot be obtained by
Proposition [4.11

Proposition 5.7. The 4 X 4 matrix

1
o(~1)() a1

Wi = (Sap)apeh = (Sxpu)apeH
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with respect to the ordering { o, pt1, fo, 3}, is:

/=1 (mod 4) : (Céj)‘,j€{7,1,5 3}
/=3 (mod 4) : (G )ijeqrr.35
0 V2 =vV2 0
- V20 0 —V2
=2 (mod 4) : Y 0 V3
0 V2 V2 0
V2 0 0 V2
_ 0 V2 V2 o0
(=0 (mod 4): 0 —v3 V3 0
-2 0 0 V2

Proof. Let & = (g, A € H and «; := §4_2’\i. Since 2); is odd for all
1=1,...,¢, we have

¢ ¢
_ fi _
—Q, HOK/ = fio
i=1 i=1

for f € {£1}". Remember that o = $(1,3,...,2¢— 1) with respect to
the v;. Thus

(51) ,U«07 = Z ZgUHéT (2i-1) fo‘()2>\o'()

ogeSy feE =1

Using the permutation 7 € Sy given by 7(i) := £+ 1 — i, we may write

5—(21'—1) — <—4—1£2T(i)—1
forall i =1,...,¢. Therefore

¢
_ 2i—1)For (20 r (i) - —doT(0)2A07 ()
S = © 30 3 e [[ e oeogfro e

€Sy fEE =1
g E fo(i)2As
—= C EUET Hg 2Z 1 f0(2)2)‘a(z)< (4) (4)
o€S, fEE
SR 00| CEUERY ) F
o€S, feE i=1
- [gTH%] Z Z H§(2Z Do 2Aai)
oeS, fe& i=1
- 65#0)\

where 3 := ¢, Hle ;.
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Assume first that ¢ is odd. Note that in this case, {£1}* ==ZU —Z.
Further, e, = (—1)™ for £ = 2m + 1. For a label A\ € H, we have

S 2\ € {202 — 2,2 + 2}. So depending on )\, either § = (4 or
(8 = —(4. Consider now

)4
Suo,)\ "‘m = CZ Z €UH£_(2i_1)f0(i)2>\o-(i)

o€S; fe{+1}t =1
(5.2) = cdet(g@i—lmj+£_(2i_1)2Aj)i’j'

In particular for A = g9, we get Sy o + Suope = c(—l)(g)\/%ﬂ by
(21), Lemma 2.4 and Lemma 5.5 Hence

(1)) e
Shotin = % = or(-1)EIVaIE,

where v = ﬁ or

)¢ =1 (mod 4)
T (g £=3 (mod4)’

For the remaining three labels, use the following technique: Consider
p = 5(—1,3,5,...,2¢—1). The difference between p; and y is only in
the first entry. Replacing 1 by —1 in the label corresponds to replacing
each f=(f1,...,fe) by (=f1, f2, ..., fr) and hence = by —= since ¢ is
odd. Equation (B5.0]) therefore yields

Sﬂo#l = SHo,uO’

Now for ps := %(1,3, ...,20 — 3,20 + 1). Again, there is only one

difference between ji; and 1. Since 241 = —¢=CD we get

Sﬂo,m = _S/JOJJO'

Thus for pug := %(—1, 3,5,...,20 — 3,20 + 1), for the same reasons,

SHO,MS = _S/JOJJO'

All other values are obtained in the same way.

Now assume that ¢ is even. Further, e, = (—1)" for £ = 2m. De-
pending on A, Hle «; is either 1 or —1. Now Z = —Z because ¢ is
even. Hence Sy, » = 5, and

Spor(1 = (=1)™(£1)) = 0.
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When m is odd, this gives the specific value S, ,, = 0. Thus

0=c Z Zg" f[ 5—(21'—1)1”0(1')(20(%')—1)
oc€Sy fEE i=1

and so if we sum over {£1}*, then the part over Z may be ignored:
()& = g
— Z Z £, H 5_(21'_1).]“0(7;)(20'(@')_1)'

€Sy fe{x1}\& =1

det(£(2i—1)(2j 1) e (2i—1)(2j— 1)>

This time, replacing 1 by —1 in the label maps = to {#1}*\ Z, hence

I~ 1
(—1 20 Z Zgo 1_[£ #ifow @@ = Suo,ul
oSy feE =1
Similarly we get Sy, ., = —(—1)(5)0\/2%5 and Sy, = 0. All other
values (also for m even) are obtained in the same way. O

5.4. The s-matrix. We compile our results and write them in terms
of the s-matrix.

Theorem 5.8. If we list the columns and rows in the following or-

der: Vo,V Vp, Ve, V1, .« oy Vi—1, [, - - - 43, then the s-matriz for even ¢
becomes
1 1 1 1 2 2 2 2 Ve Ve Ve Ve
11 1 1] 2 2 2 2| VI I =T /T
11 1 1|-2 2 -2 —2 | —itvZ i itWE o —itVE
11 1 1|-2 2 -2 2| VI -tV —itE o itVE
1 1 -1 -1 0 0 0 0
11 1 1 : 0 0 0 0
1 1 -1 -1 c(i5) 0 0 0 0 ,
1 1 -1 -1 0 0 0 0
1 -1 —if it 0 0 0 0
1 -1 it —jf 0 0 0 0 W
1 -1 it —it 0 0 0 0
1 -1 —it it 0 0 0 0
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and for odd ¢ it is

1 1 1 1 2 2 2 2 Ve Ve Ve Ve
1 1 1 1 2 2 2 2| VI =Nl I T
1 1 -1 —-1|-2 2 -2 2| iV —itE —itE o iVE
1 1 -1 —-1|-2 2 =2 ... 2|-i%e e Ve —i'Ve
1 1 -1 -1 0 0 0 0
1 1 1 : 0 0 0 0
1 -1 -1 c(ij) 0 0 0 0 ,

1 1 1 1 0 0 0 0
1 -1 it —if 0 o0 0 0

1 -1 —if it 0 0 0 0 W,

1 -1 —if it 0 o0 0 0

1 -1 it —if 0 0 0 0

where the specific form of Wy is given by Proposition[5.7

Recall that s, , = 5 S = ST and S,,, > 0. So the complete
PN

S-matrix is given by the last theorem and by:

Proposition 5.9. The first row (column) of the S-matriz of type Dél)
and level 2 is

2\/_(1,1,1,1,2 L2, VNN ).

The T-matriz is
T — ¢ e+1 )(26+1) dia ( A\A)) .
24(¢ a8 AP

Proof. The first row of S has positive real entries and has norm 1. The
normalization factor for the first row of sis ) eP} S ASoA = 8¢. The

T-matrix is given in [I1], 13.8]. O

6. REPRESENTATIONS OF THE VERTEX OPERATOR ALGEBRA V'

We largely follow the notation of [2] and [1]. Let L = /2¢Z. Then L

is an even lattice of rank 1 with dual lattice L° = ——Z. The complete
V20

list of inequivalent irreducible representations for the vertex operator
algebra V;" is:
o [iforl1<i</i-—1 (corresponding to elements \/ﬁ + L in the
quotient lattice L°/L for which == §é L);

e [0]* and [(]* (corresponding to those elements x + L of L°/L
for which 2z € L);
e [x1]* and [x»]* (corresponding to twisted V7, modules).
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By abuse of notation, and to simplify the fusion rules, we write
(6.1) [0 = [0]" + (0] and [¢] = [" +[f]",

and we note that [i] = [—i] = [2¢ — ] for 0 < i < ¢. (In particular
[l +i] = [¢ —1i].) Notice that there are ¢ 4+ 7 inequivalent irreducible
representations.

Let 1 <i,7 < {—1andlet €, €1, €5 € {£} with multiplicative product

(i.e. (=)(=) = (+)). For general ¢, we have:

(6.2) [i] © [4] i + 4]+ i = jl

(6.3) O @] = [

(6.4) o] = [6-1]

(6.5)  [0]" ®@[m]” = [m]"" for [l €100], 18], D, Doy
06 halell = { Pl e

01 helell = {PelLriel riew

So [0]* is the identity of the fusion algebra. The remaining fusion rules
depend on whether £ is even or odd.
For even ¢, we have:

(6.8) (" [ = [0]7*

(6.9) 7 @ xal® = [a]™™

(6.10) 7 @ [xal” = [xo] ™

(6.11) [l ®[x1® = [0+ [+ 2] +[4]+ ...+ [¢ —2]
(6.12)  Dal" ®xl” = [U+[]+...+[—1]

(6.13) x2]" @ [x2]® = [0]"*+ [ "+ 2]+ [4+...+[(—2]

Note that if ¢ is even, then all irreducible representations are self-dual.
For odd /¢, we have instead:

(6.14) [ e = = [0

(6.15) {7 @Da]? = [

(6.16)  [(" ©@[el® = Dal™®

6.17) i7" ®xi?® = [+ +B]+...+[¢—2]
(6.18)  [al” @Del” = 0"+ 21+ M4 +.. .+ 1]
(6.19)  Del" ®he® = M+ +B+...+[—2]
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7. ISOMORPHISM OF FUSION ALGEBRAS

Theorem 7.1. Let L = \/2(Z for some { € N. Then the fusion algebra
for the vertex operator algebra V" is isomorphic to the fusion algebra

DYy if € >3
AN @AY =2
AN =7(7/87) if6=1.
(Recall that DYy = A{).)

Proof. The special cases ¢ = 1,2 were studied in [6] and [5], respectively.
When ¢ = 1, the fusion rules are generated by [x1]T, say, which has
order 8 in the fusion algebra. When ¢ = 2, then V;" is isomorphic to
L(3,0) ® L(3,0), and L(3,0) (which is the irreducible highest weight
module for the Virasoro algebra with central charge % and highest

weight 0) has isomorphic fusion with Aglg
Now let £ > 3. To prove the desired isomorphism of fusion algebras,
we will list the irreducible VOA modules in the following order:

[O]+7 [O]_v [€]+7 [6]_7 [1]7 tt [5 - 1]7 [X2]+7 [X1]+7 [Xl]_v [X2]_'

Now we simply check that the fusion rules are satisfied by the corre-
sponding columns of s under componentwise multiplication, implying
that s is also a valid s-matrix for the fusion algebra of V;* by (2.1)).

Equations (6.3]) and (€3]) are clear by inspection for ¢ even or odd,
due to the structure of W, in each case. The cosine identity c¢(({—i)j) =
(—1)7c(ij) explains (G.4) for all ¢, when one takes into account the
parity of £. Similarly, the cosine identity c¢(«)c(3) = c(a+3)+c(a—f),
together with the notational simplifications of (6.I]), implies (6.2) for
all . (Note that (6.1]) implies that the last four entries of the column
representing [i] are zero for 0 < ¢ < /£.)

Consider (6.6). When multiplying the corresponding column entries,
only the first four will be nonzero. By inspection, the product is equal
to [xa]T + [xa]” if ¢ is even and [x2]* + [x2]” if ¢ is odd, due in part to
the structure of W,. Equation (€7 is similar.

This completes the portion of the proof that holds for general /.

Now let ¢ be a multiple of 4 (and so i¥ = 1). Then (6.8) implies
that the first four representations generate a subring isomorphic to
Z|Z)27. x 7./27], consistent with (the last four entries in) the first
four columns of s. Equations (€9) and (€I0) follow directly from the
specific form of W, in this case.

Consider (6.12)). Only the first four entries of the product of the
columns are different from zero, and they are (¢,¢, —¢, —¢). Compare
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this with the sum of the odd columns [1] + [3] + ...+ [¢ — 1]. Clearly
the first four and last four entries match up. Also, the entry for the

Nt
row corresponding to [i] is ¢(i) +¢(3i) + ...+ c(({ — 1)i) = % =0
by (2.3).

For the left hand side of equation (6.I1I), the first four entries are ¢,
followed by ¢ — 1 zeroes, and finally followed by €1€5(0,2,2,0). For the
right hand side, each of the first four entries is also . The last four
entries of the sum of the columns for [0]'? and [¢(]““ (and [2] + ...+
[0 —2]) are €1€9(0,2,2,0). Consider now the entry in the row for [i]:

L4 (=1)T 4 ¢(20) + ..+ e((£ = 2)i) = (—1)' + 200 = 0 by @2).

The argument proving (6.13)) is similar, only now the last four entries
of the column representing the left hand side are €1€5(2,0,0,2). So the
only change is that now we need [0} + [¢]7> + 2] + ...+ [ — 2].

The case when 4|¢ is complete. Suppose now that £ = 2 mod 4. In
this case, the general arguments remain the same, but now i’ = —1
and W, has changed. The reader can check that (6.8)), (6.9), (6.10) and
(6.12) remain valid in this case. Moreover, similar arguments as in the
¢ =0 mod 4 case verify (6.11) and (6.13]).

Let ¢ = 1 mod 4 (and so i = i). Then (6.I4) implies that the
first four representations generate a subring isomorphic to Z[Z/4Z),
consistent with (the last four entries in) the first four columns of s.

Consider one case of (6.15), e.g. [(]"7 ® [x1]". Certainly the first
¢ — 3 entries are consistent with [x2]~. The last four entries of the left
hand side are (i(g, —i¢7, —i¢3,1¢5) = (¢3, (3, Cs, (7)), which corresponds
to the last column of Wy, i.e. [x2]”. Notice that changing the sign of
e in [€], [x1]%, or [x2]¢ changes the sign of only the last four entries of
each column. So (6.15)) follows. Similarly, to show (6.16]), we need only
verify one instance. Consider the last four entries of [¢]* ® [x2]*, which
are (i¢7, —iCs, —i¢3,1¢3) = (s, (8, 3, ¢3), consistent with [x:]*.

Now consider (6.17). The left hand side begins (¢, ¢, —¢, —{), followed
by ¢ —1 zeroes, and then €je5(i, —i, —i,1). The first four entries and the
last four entries are consistent with [¢(]>+[1]+...+[¢—2]. The entry in

the row for [i] is (—1)'+c(i)+¢(3i)+. . Fc(((—2)i) = (1) +2E2 = 0
by (2.3)) and other trigonometric identities. Similarly, the left hand side
of (6.19)) has the same first /—3 entries as above but has € e3(—1, 1, i, —i)
as its last four entries, which is consistent with [(]1+[1]4...+[(—2].

The left hand side of (6.18) begins (¢, ¢, ¢, (), followed by ¢ —1 zeroes,
and then e1e5(1,1,1,1). Clearly, this matches the first four entries and

the last four entries of the right hand side. The entry in the row
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corresponding to [i] is 1 4 ¢(27) +c(4i) 4+ ... +c(({ —1)i) = Ss(é")) =0 by
@.2).

This concludes the proof when ¢ = 1 mod 4. But when ¢ = 3 mod 4,
then we essentially are taking the complex conjugate of the s-matrix
in the / = 1 mod 4 case. So all the arguments above remain valid,
mutatis mutandis, as complex conjugation is ~ and hence a fusion
algebra morphism. O

REFERENCES

1. Toshiyuki Abe, Fusion rules for the charge conjugation orbifold, J. Algebra 242
(2001), no. 2, 624-655.

2. Toshiyuki Abe, Chongying Dong, and Haisheng Li, Fusion rules for the vertex
operator algebra M (1) and V;", Comm. Math. Phys. 253 (2005), no. 1, 171-219.

3. Michael Cuntz, Fusion algebras for imprimitive complex reflection groups, J.
Algebra 311 (2007), no. 1, 251-267.

, Integral modular data and congruences, J. Algebraic Combinatorics,
http://www.springerlink.com/content /4310k1v7w33555k8 (2008).

5. Chongying Dong, Robert L. Griess, Jr., and Gerald Hoehn, Framed vertex
operator algebras, codes and the moonshine module, Comm. Math. Phys. 193
(1998), no. 2, 407-4483.

6. Chongying Dong and Kiyokazu Nagatomo, Representations of vertex operator
algebra V& for rank one lattice L, Comm. Math. Phys. 202 (1999), no. 1,
169-195.

7. Alex J. Feingold and Stefan Fredenhagen, A new perspective on the Frenkel-Zhu
fusion rule theorem, J. Algebra 320 (2008), no. 5, 2079-2100.

8. Terry Gannon, The automorphisms of affine fusion rings, Adv. Math. 165
(2002), no. 2, 165-193.

, Modular data: the algebraic combinatorics of conformal field theory, J.
Algebraic Combin. 22 (2005), no. 2, 211-250.

10. James E. Humphreys, Introduction to Lie algebras and representation theory,
Springer-Verlag, New York, 1972, Graduate Texts in Mathematics, Vol. 9.

11. Victor G. Kac, Infinite-dimensional Lie algebras, third ed., Cambridge Univer-
sity Press, Cambridge, 1990.

MICHAEL CUNTZ, FACHBEREICH MATHEMATIK, UNIVERSITAT KAISERSLAU-
TERN, POSTFACH 3049, D-67653 KAISERSLAUTERN, GERMANY
FE-mail address: cuntz@mathematik.uni-kl.de

CHRISTOPHER GOFF, MATHEMATICS DEPARTMENT, UNIVERSITY OF THE PA-
CIFIC, STOCKTON, CA 95211, USA
E-mail address: cgoff@pacific.edu



	University of the Pacific
	Scholarly Commons
	1-5-2009

	An isomorphism between the fusion algebras of VL+ and type D(1) level 2
	Michael Cuntz
	Christopher D. Goff
	Recommended Citation


	1. Introduction
	2. Preliminaries
	2.1. Fusion algebras
	2.2. Cosine Identities and Roots of Unity
	2.3. Kac-Peterson matrices

	3. The structure of P+k for type D
	4. Exterior powers and type D
	5. Type D level 2: The S-matrix
	5.1. , Z
	5.2. Z, H
	5.3. ,H
	5.4. The s-matrix

	6. Representations of the vertex operator algebra VL+
	7. Isomorphism of fusion algebras
	References

