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TAVTOCHRONA
IN. MEDIO: RARISSIMG:, QVOD RESISTIF

IN RATEONE MVLT{PLICATA QVA:
CVNQVE €ELERITATIS.

o Awctore
L. EFLEROC

Qu'amquﬁm.liuihs’ quaeftionis fam fo  Mechanicae
meae Volumine fecundo plenam  dedi folntio-

nems , nemo* talen eorul, qui hoc argumentnm de-

~inceps pertra@aruat ac penitus exhanfiffe  videntur ;.

eandeny inveftigationem eft aggreffus , etiamil hing

via totiffima parari videatur ad ciusmodi media,
quorum refiftentia potefiati cuicunque celeritatis fue~

rit proportionalis, Quara ne. haec materia oblivioni
tradatur, eam hic denuo retraare vifum eft , idque
eo magis; quod nunc methodum faciliorem fum ex~
hibiturus. | |

el eundem caleulumr ad vtromque cafirm accommo=

dari poffe , fitque A punéfum infimum - et C ter-
jninus five afenfus , five defcenfus, cuins elenatio
fuper terminum. imum A in axe verticali it ARk

ita Vvt totum tempus per arcum A C requiratur
conftantis quantitatis pro . emnibus valoribus litterae &

Xx 3 z, Tum

1. Sit igitui' ASC huihsm‘ddi,TautoéﬁrOHR fi= Tab, IV,
ve afcenfis , fiue defcenfus , namque modo offenfum Fig. &

1‘1

S ——— e e



350 DE TAVTOCHRONA

2. Tum vero pro pun&o indefinito S, voce-
tur abfcifla A X =& et arcus A S =y, celeritas
porro in S vocetur = # et tempus, quo- arcus A S
abfoluitur = #, ita vt fit z =4+ Porro denotet
" eam. celerltatls poteftatemn, cui refificoria fit pro-
portionalis , atque pro motus detcrmmauone habebi-
tur huiusmodi aequatio:

cudu——adx -+ ANuwtds

denotante A eum coefficientemn minimum, quo actio
refiffentise determinatur, huinsque litterae A valor

poﬁnuus ad defcenfum , negatios autem ad afcen-
fim ref'eretur.

. 8. Tam cum negledts reﬁ&cntia hinc prochret
sz ak—x), ‘
fqmdem pofito x =k, celeritas in punéto C ena-
nefcere debet, pro ‘cafn refifientiac fingams hanc
- formulam ¢
mt__tz(k-—x)-{-?xP%—?x Q+7\ Retc.

- quae feries vtique maxime erit conuergens ob A
quantitatem quam minimam , atque adeo fufficere

: poﬁ"et folam litteram P in calculum introduxifle ,

_intérim famen hic operae prctmm erit, noftra. in-
'veﬁzgatmuem ctmm ad. majorem praccifionis gra-
dum profeqU1 Hinc autem porro colligitur

8 1A (e i (et P Nt (k) QN (R 2R

. + Kifn)fu-!)anvz (k_‘m)ﬂﬂ-zP __1_7\ n(ﬂ—l )a‘lt-z(k x)ﬂ-:PQ
. - A=) Anln=1) n..-z)ﬂn-z(k A.)n"ZP
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His igitur va]ombus m aequatione noﬁ:ra i'ubﬁxtutls >

fit .
+7uz’ P—H\ dQ+7\. dRe :. A (L—-.n,)”d.r—[—}\, na"="(k-x)""Pds

: o AN (k-w) Qs

Ty

* ‘ " o T +-};3n(n-r)a‘u—z( _&‘jn-Z'P d:f

ideoque

vel Q~n cz"“'f(k — )" Pdy; R=ma™ [ (k- 2)=Qds
_}_u(n——-t) ﬂ—zf(k xn—zP d.i‘.

4. Valores autem ‘harum littetarum P, Q. R
per integrationem ita determinari oportet vt cua~
nefcant pofito & = k,.. id quod ideo eft- necefle ,

celeiitas in termino C “euanefcat. Maniféftum 1g1tur"

eft, iftas litteras factorer~ cfle habituras (k — x) vel
adeo cius quandam poteﬁatem altiorem , quam fe-
quente ratiocinio cognofcere licebit. - Sit (k-—:,m)‘-’

mgxima poteftas, quam_litterd P 1nuolu1t, fta. vt

fractio - T -—);, non amphus per k—x fit d1u1ﬁb1-»

lis, feu quod eodem redit , quae poﬁto ¥ =k non
amplius euanefcat. Quomam autem iftius fra&ionis,
tam numerator P, quam denominator (k— x)° eua-
peftit fadto x—k, fecundum regulam notifimam’

‘eins valor pro hoc cafu ernetir, fi tam numerator,

quam denommator feorfim d1ff'erent1entur , ficque ca~
fu » :k haec fractio erit ' .

P eeards e
—edx(k x E"‘*’“—eat’:r(ﬂ.— BT ki (k x) +dxi ‘
5 . | - “quae’

anf(k wrds;. Q—m n—‘f (= x)""d:f (k-x)nd" .

sl | i .
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quae fractio vt fa&to a — k fiat finita, necefle eft,
fit n—eg—1, ideogue ¢ =# -4 1. Nam quia ra-
tio & mon inuoluit k, hinc nofira conclufio non

turbatur , quocirca efficimus quantitatem P inuolue-
re factorem (& —x)"+°.

5. Eodem modo ratiocinium circa litteram Q
inflituamus , cuius maximus fadtor kridemn fit {k-x)%,
et cafu ¥ —k quogue erit

Qo dQ ~—  &THk—x)"'Pds
(% —:x)e"" —edx‘(k xf"“"‘ —edx(k—xr—"
‘quae forma ob 1
l'l’.--—-I X an P
P = (k—x)"+' P! 2bit in kQ),__ —ed(..:(k—)x)"‘{‘
quae ergo wt fafto ¥ — k prodeat finita necefle eft,
fit e—2n-+ 1, ita vt littera Q certe fadtorem it
habitura (b — x)**~+'. Eodem mode diudicium mr-
ca litteram R m{htuetur, erit enim
‘ R | 4R n. @ (k — 2 de
(k-—x)e - -:_gﬁx'(k-,x F—1 = T —edx(h— —x)
- n(n—:) " (k— x}“—’P dx

S 1. 2 —edx(k-gy=r 2

cujus expreflionis pars prior ob -
Q=G-wr+ ¢, T

pracbet ¢ — 1 — g #, fiue 8“'“'311—}—‘:[, quem eun-

dem valorem quoque pars pofterior ob P*= (k- x)+

pracbet ficque lex mamfeﬁa eft ;-4 quxs viterius pro-
g:egh voluerit, - :

6. In=




2 e

fit

R
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au;a(k-x)+?xP+?x’Q+?\’R etc.
huins poteflas gxponentis = ~ I, praebébit .
r 1 AP AMQ NR

v~ Va(k—x) “a*(k-x)" %(k ‘m); e

.n.l -

1
2

B

AP’ AP
3§ s '"_++ 5 Q
a(k-xy . a(k- x} _

x P

; P —

& E(k_x)i
ergo quum fit dr= , Pro elemento tempoms fe-
quentem nancif¢imur formulam, .

ds AP da‘ A Qds 'S Ra?r
d t —_— Va( - ! - 3—; 3
a(k au) a(L xF  ak- x)
AMPds W PQJ:
+F s +4- 8 :
ak-xF alk- x)
. NPds
] "7
z(L a')u

cuius mtegrale quum exprimat tempus per AS=S,
jta’ debét capi’, vt euanéfcat pofito’ s—o, vel X0,
quo faco fi fatuatar x-= k, obtinebitur zempus ‘to~
tins fue defcenfus fine afcenfus, quod ob'tautochro=
nismi indolem ita debet effe comparatum, ¥t quan-

Tom.XVILNow.Comm, @ Yy titas
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titas £ inde prorfus exulat atque adeo termini, wbi
occurreret , e mutuo defltruant,

7. Negle@®a autem refiftentia, notum eft, huic
indoli fatisfieri , fumendo
ds=dx Vi,

tim enim primum membrum prodit
dt =Vb _dz __

@ ViRx—zx) ?
cuius integrale eft

2vVh v
o Arc. ﬁu. 3

pofito ergo x —k, colligitur totum tem pus
. ﬂj L v b

Ya 2 T ya
-in quam expreffionem littera % non amplius ingre—
ditur.  Quodfi erzo ‘adm.fla refiftentia cffici putue-~
rit, vt totum rempaus eidemn formulae aequetur , ac
fequentia membra fe mutuo deftruant , negotium pe-
nitus erit confeGum, '

8. Quum-fublata refifientia inuenimus
de—=dxv?y, ' '

quem valorem etiam in medio refifiente  propemo-
dum valere certum eft, reuera fumamus eide

ds=dxV o Npdx N gdx+4- N rdx1- etc.

quo valote fubftituto , ele

_ mentum temporis fequenti-
bus meinpris ¢Xprimetur |

4t =

LS
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B,

dx . APdx vV

a (k-—.ﬂ.?.)i ah-2) a(k-xf
Apdx 3?\2P’d.1"l/%’c- NPQAxVE

Low o ' +-Va{k_x)+x—g———'—s 5 p

a(k—x  a(k—a)
A Ppdx WPV
T e T g
ak-x)  @(k—a)
Ngdx | NQpdx

i
———
2

+ —z g T
L (k—2x)*

o. Hic praeter terminuym primum occurrunt
membra fine litera A fimphorter , fiue eivs quadra-
to, fiue eius cubo affecta , totumaque pegotinm oune

huc redit, vt finguloram hornm membrorum inte- -

gralia futo x =k, f¢ mutuo "tollant pro quohibet
ordine , quod guomodo praeftari queat, in ordine pri-
mo ofteadamus , vbi efficiendum eft, vt

Yy = o . pofito

AQaxvE NRAxVE
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fimﬂ pdx
pofito x =%, ﬁat —f— i ,.g.fyj{k:?f:
& (h—x) o
vE_ Pda . pdx

= zf I +f N Y
2 & G—xyvy VRS

Quum autem fit
P—aflh—xdrs, :
. Joco d's valore principali fubfiituto i V2, cacte-
ris eximy partibus haee _fo;mu]a ad ordines fcquentcs
d‘qulqmllt » pro Boe erdine erit
— Vb Ck—:j) x
x
Quo autem iffae formulae pleniores reddantur ftatua-
mus L—c¢ e et x — 22, fielque -
P=ea*Vafdz{cc—zal,
quem valorem nouimus inueluere. faGoremy
Co— 22+ five (6 —2)0+"5
Quum nunc efficiendom fiv, vt .
pdx Vb de Ve Pdz
fV(k. ) ~gal — Tz

»

e

(k— .tL),VJt: - (ca-—"z)
h@c poﬁre,mum integrale ita reducatus

e P dz A e zd P
B (c‘a zz) —¢c¥ (ce— 22 caVQca—-zz) r

ewivs merbrum primmrm fponte eu*a»nefcm faftoz—o0,
at & in pofteriori ponatur ¥ =k fiue x—¢, quo-
. o niam

P
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“niam P factorem habet (¢ — Zy+*, id fafo 2 —¢
neceffirio enanefcit, dummodo fuerit #-4 1 > 3 fiue
n > — 1, femper autem affami conuenit 7 -4~ 13,
_quia aliae refliffenriae hypothefes forent maxime ab-
furdae. Hanc ob rem mobis fupereft haec aequatio
- opda Vi r zd P @b wada(ee-z8)"
Vik—n)" ace’ V{ee—ag)™ = @€ V{ec—az)
ideoque integramdo o
dx r a" b, T ,
f—-‘p———-—-—::——-. . (e~ 23 e g, (BT
Vik—a)™ -4z €06 |  Bts.
Facto igitur =0 prov loto tempore prodibit
p dx ‘ 2.'_._ =" cz"n —t. Ev

fyw__‘;)?:" s i I |

- 10, Quantitaters teitur p it definirt’ oportet o

(o — 3
veniat eadem: quantitas
— z . an'—w-l c_z'n-—-r- 17,‘-)1 '7 o
2.7 —pk - g . ‘
atque facife perfpicitur, pro # accipi debere quandam!

-

Hune in finem: flatuatir | :
— § x™ et adhibita fubflitutione: k== ¢ & et F=I
producitur | .
famdx R 2 v aner
f ..M_‘t_ —_— ef e e = - g" 'an'l.b'
Vik—x)" | V(e c—Z%) BPY RS o

fiat Bunc == ¢w, ita v& poft integtationem ponk

Yys = fs

B T i e

vt formaha [ 52 ingegrats pofitoque X &=k, pro-

poteffaters ipfius &y ‘quandoquidemn: K inefle: nequiite
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2 M1
290”’"‘"fv _'@"‘-— 2-—a""' ki a3
Vii—ow)™ a2n41 ‘
Hinc autem loco k penitus exulare debet litrera ¢»
quod cuenit {fumendo m =% — 1, eritque nunc
‘v:ﬂ.-——lﬂ!q} I
0 fr———=————a" "' b
V(1—vv) 2h+4 I '
Inm vero formula
"' do
ey
pofito poft integrationem o — ¥, pracbet certum
numetam abfolutum , quem littera N indicemus ,
ita vt nunc etiam coefficientem confequamur
ar—'b
LA,
(2 8-+ 1} N .
r1. Inuents igitur litteris ¢ et m, prodit lit-

tera
11 maaem T
P —— _..a_.._'_.b—_ xﬂ— T
T (am+1)N ’
ficque pro primo crdine approximationis littera 2
fimpliciter affeo adepti fumus pro -curua tautochro-

na hanc aequationem .

rAatT b et dx
— A b__ . U
ds _..dAV;

(284 1) N -

gua primus gradus noftrae dpproximationis conti-
netur et quia mediom ratifimum, s£fe affumitur, 10
hoc gradu acqureftere poterim . Interim  tamen
hinc fatis intelligitur , quemodo fequentem = approXi-

oo.io-
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mationis gradum , quadrato A A affe®um, expediri
oporteat. ¢

12. Hinc i refiftentia 1pﬁ cclentatl fuerit pro-
portionalis ideojue exponens 2 n — 1 et n=;, ae-
quatio pro Tautochrona hinc reperirur '

d.r**dxlf-f’-' i 7%
=dz V2 Vi

A (2#-41) N4
qua aequatmne manifefto cycloss - exprimitur , id
quod egregie convenit. Sin autem refifientia fequa-

" tor quadratom celeritatis erit # = r et pro curua

Tantochrons oritur
ds—dxV5i— Abdax
3N

id qund etiam conuenit cum Tautochrona pro hoc

‘medio refiftente inucn'a, :
13. Totum erge negotium hic redit ad in-

ventionem. numeri N ex integratione formulae .
*tidow

fV (1 — o 0)
dermandl poftjnam  feilicet pofitum fuerit v —
quare a cnﬁbm fimplicifimis inchoemus,  Ac przmo

qmdem fi fuerit 2 2= 1, prodit

-_[‘vh—'va) 7

?

Tum vero pro cafu 2 n == 2 fit

N f vdmv -.-—-I.

Vi —mn)

Pro aliis cafibus m fubﬁdmm vocetur haec redeétio
generahs : :

gt d I ‘ fv"d:v
— Yo 1 -
/Y=o~ BN 4% w>+y+2f1/u ok
. quae
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quae ¢aft ¥ = 1, quo opus habemus, praebet
vt ctdy y L1 ' dv

fV(__;——va):+y —Jr;sz(:—fsz)’

vnde fequentem geminam abellain valorum ipfins
N deducimus ; :

an—IN =T sn— oN—1%
=aN =T | — 4N=3
=N R T | = BNz
wolN = L3857 —mN=LLLE

At i 27 non fuerit numerus integer, nu merus N aliter
definiri nequit, nifi per quadraturas curvartim altiores.
14, Ita: etga. pro: medio quocunque rarifii-
‘mo, cujis refiftentia rationem guamcungue multipli=
catam; celeritatis: fquitny, Tautochronae: tam pro de-
fcenfu quam. pro afcenfh fatis expedite. funt afhignatae.,
gquatenus fcilicet prima approximatione fumus. con-
tenti. Verum haec adeo multo latins patemt et Tau-.
tochronas inuemire licebir, fi refiftentia huiusmodi
formula exprimatur . e
NP - N e N e et _ ,
vbi coefficientes », N, A quam minimi reputentur,
fi enim exponentibus iliis 2 7, =2 7/, 2 #/ etc. guae-
yangur pnmeri refpondentes N; N/, N# aequatio pro
cursa Tautochrona defcenfus erit
—— ] — .
di‘::dx’i/?c-—-%ﬂn'—,b' xride Na¥ T bav AR

(2N ~ (an-+ DN
NI b

(2 ﬂ“"’i— IJ N”
fum.o

etc
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famtis autem Titteris A, ¥, 2¥ negatinis , haec aee
quamo Tantochronam aftenf{ns declarabit.

e AT S

15, Circa illas autem Tautochronas pro res
fiftentiae hypot“&lcﬁbus {imphc;bus notandum eft X
Tantechrona defcenfus inueniri Tautochronam afcen-
. Tas, fi A negatine capiatar, vinde fufficiet pro fingu-
g lis hypethefibus Tautochronas * defeenfus a{ﬁgnaffcg,
i guae dum motus hac aequarm": exp.imitur

- 2zzdu"——-adx+?xz¢‘“d£
fequenti mode fe habebunt '
Pro refiftentia
'?\u" vbin=o [{r=dxVL
e (Y R W1
ru' wbin—e 153.!‘:‘._.&’.?5‘?#/%&:'7; Abaxdx
s vhin—s ’a"y'—-—d:ﬂ/?-—tiifkabzxzdﬂf
e vhi =4 ‘df——az’xv’a —rr2nnbg’y de
| et. | \ -

Pro refiftentia

i gy ——1 y— n B__?\.bdﬂ
Au vhinzc: d.f_dn"/x apiz

A Vi w=f s =da Vi 12baxndax

Al vbin= ,ds——.da:vb mehBatit et Az

A’ wbi n=3 ds-—d.ﬂfb f;ss}_b_zf_;x*" g

A vhinz=2 g __dx'i/?___z s 6ug Rba? 12713
T B Bedebe? ™

cic.
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