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RADICES AEQVATIONVM
- "1M‘AGIINARIA§ DIGNOSCENDL . . . -

" Au é-to're‘
L EVLERO.

Qlummus Newtoms et poft eum plures alii Geo-

k2 rictyde in—eo elaborarnunt ; 'Vt criteria feu figna
‘nuenirent, quorum ope acquationum cuiuscunque
gradus radices reales et imaginarize dignofci poflent ,
fimili modo quo radices pofitiuae * et uegativae di-
goofci folent.  Verum cun@s illa criteria feu figna
hoc. defeftu laborant vt quoties radices’ imaginarias
indicant , inde certe quidem concludi poffit , tales
‘radices in aequatione reuera inefle ; fed quando nul«
las radices imaginarias indicant neutiquam inde con-
cludere licet , omnes radices efle reales, cum faepius
euenire queat vt hoc non obflante omnes - adeo ae- .
quationis radices fint imaginariae. |
Hic defetus imprimis cernitur in aequationi-
~.bus huius formae o '
= B AR T e P gy ot ey — o
vbi continuo bina, figna eiusdem naturae {& mutuo
infequuntur ,” tum enim  omnia illa criteria quae

baftenus funt prolata, nullas plane radices imagi-
Tom. X111 Nou.Comm, M . narias
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narias oftendunt , cum famen fieri poffit vt pIures
atque adeo omnes fint 1mag1uar1ae.

Ad hoc dilucidandum in genere aequatic quar-
ti ordinis huius formae - g*tax’~bxx—ex+d=o
exhiberi poteft cuius omnes radices fint imaginariae;
concipiatur ea enim conflata ex ducbus huiusmodi
fatoribus . £X~-px—-q €t LX—rx—-5 in qmbus.
fit pp<4g et #r<<4s vt omnes radices flant ima-
ginariae.

Tum igitor freri oppmtf*t a—p-r; —-—_p,;,?_;y
e—gr-ps et d—gs; ideoque p>r pr>g+y et

qrops.

Statuamus ergo p::.ocr et g—=8&s et conditio-
ncs adimplendae erunt fequentes

I cx>1, II E"}oc, 1L rr< 45 Iv. 7’1’<0T“.F9

‘G—F—:

Cum igitur ex qu‘i‘nfa fi r

ar.oc‘r

vnde fit g—-{-—l<+c¢ feu E’<4-a-—«1 et

€+1<*g fen €>+_m |
Cum quibus nouwis conditionibus fungzenr -

cupda B>a et adipiftimer cum

40—1S0 UM 4o~1 S S
inde fit 2>} quod per {e fupponitur quia &1 ¢
hine vero +a>cz ~—1; per - qua conditione im-~-
p&em— -




AEQVATIONVM IMAGINARIIS. - g3

plenda necefle. eft vt o intra-hos limites 24-V'3
et 2—V 3 -accipiatur wel potius intra limites 24+V3
et 1 tum vero facile crit pro & idoneos valotes
intenire ;3 conflitutis autem valoribus pro « et §
aeque facile erit pre s et 7+ idoneos walores as-
fumere.

© -Sumto enim etxemph gratia =2 debet effe
€2 et > 1 et <7 vnde intra limites -2 et 4
dcbet contineri; fit igitur €==3 et habebimus has
conditiones - L S

w}nf et < 4F et <sr

vndc pr intra limites = et g debet Gontmen ;
‘fumto . erge ¢—6 capi POIEIH: #==4. hincgue " fit
p=8 et ¢g—18; quocirca ex binis factoribus
Xx-4-8x—4-18 et Xy — 4% -+6 nafcet,u:; llaec ae-
Guatio quarti ordinis

A 8xx—-24_x+ I08=0

cHills omnes radxces certo funt imaginariae ; etiamifi
criteria fupm memorata hoc ncutiquam innuant,

Hoc autem femper certum eft ; i cuiuspiam

_ aequatloms omnes radices fuerint - reales , tum illa
* eriteria perpetuo locum habere; propterea quod in

illis certae proprietates continentur , quae huiusmodi

aequationibus condeniunt , quae autem negotium
roa exhauriunt , fed quandoque etiam in eiusmodi

aequationibus locum habent quae- radlccs 1rnag1narns

muoluunt ‘ . ‘
M 2 o Neque
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Neque etjam adhuc alind principium confiat
vnde talia ceiteria. praefertim pro aequationmibus al-
tiorum graduum peti poffent ; interim tanmen nume-
rum talinm criteriorum pro lubitn augere licet,
quo hoc commodi nancifcimur vt dum guaedam
nulfas radices imaginarias indicant alia aduerfentur ,
quorum fuffragium fempen veritati. confentaneum  eft
~ cenfendun. ‘

_ Quod quo clarms appareat methodos: qulbus
memorati autores in hunc finem funt vfi breuiter
hic exponam , tum vero oftendam quomodo iisdem
veftigiis infiffendo ‘plura alia 1m0 111ﬁmta ﬁrmha
c11ter1a ‘inueftigdry queant.

- Primam. principium inde petitur quod fi cu~
1u591am aequationis omnes radices fuerint reales ,
“indeque. alia aequatio formetur , ¢uius fingulae radi=
‘ces fint quadratis. illarum aequales., tum huius no-
Yae aequationis. omnes radices non folum futurae
fint reales fed adco pofitinae , ita vt in ex figna -
et = {o mutuo alternatin ﬁifﬁqﬂl debeant.. :

!

Sumamus ergo: huius aequat1on1s :
& gk e bt e e d A ete. —o

oimnes radices effe reales, indeque quaeramus nouanr
aequatlonem ») cuxus' quaehbet radix =z aequalis fit

quadrato x —ray bume in finem illius ae- I

quationis. alternosa terminos ad: alterany partem trans-

feramus vt fit : : _
"—l—bx“"’—}-dx"-"—Jr— etc., __—a:x"""*' xS gp et

. capian-.
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AEQVATIONVM IMAGINARNS. g

caplantuiquc vtrinque quadrata, quae iterum ad ean=
-dem- partem: difpofits dabunt hanc. aequationen:

2”——}-—4‘.6 x:n—z_+_2d x”"""—i—zfxm"‘-{—zb xan—-a"l
~aa  A-bb  -2bd A-obf . |

—~246 - sge +dd etc. %_.0
—cc -2ag }
’ - 2c0€ J

I’zn qua omncs cxponentes ]Pﬁus x funt numeri pares,

. Scribamus érgo vbique z loco x& et habebie

mus  nouan 1ll,am‘ aequatmnem quaeﬁtam ; quaev
erit - .
L z""“+ 2d. z”“"’—l— 2f. 2;"—3+ 2 b, K etc, T=0 '

—az b ,+2M | +2bf

. ~2q¢ —~zZge tdd
‘ —cc. —~dag
' ~ 206

T qua cum coeffcientes primi , tertii , quin-
"tu y Ctc. termini ﬁnt pofitiui , - fecundi vero qualn ,
fexti etc. negatiui, » obtinebimus fequentes conditiones
pro- coeflicientibus a, 5, , d etc. -aequationis pro-

pofitae . -~ o
nﬁeaa{j@ T aa>2b
2d-4-bb-2ac>0 {fen Ab> zac—zd
sff-2bd-2ae-cr0 ccS2bd-oqe-o f

' .zb-}—z@“—}—dd—-zag—»zae}o etc..: dd>203-2bf+2ag—2b

ctc.

M 3 | - _qu'arum‘ :

i

it
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Quarom’ formularnm ordo facile perfpicitur.

En ergo iam infignes proprictates, quae omni-
bus aequationibus , quarnm radices funt reales , ne-
ceflario  conueniunt , ita vt aequationis propofitae
omnes radices reales eflfe nequeant, nifi fimul hae
conditiones inter eins coefficientes, locum -habeant.
Nentiquam autem vicifim- inde fequitar, fi hae

conditiones locum habeant , etiam omnes aequatio--
nis radices fore' reales : quod exemplo acquatxomﬁ'-

biquadraticde .ante allegatae x*~+pa"—gx*—rx4s—o

fit mamfeﬁum cum enim facta applicatione fit
a=p; b=—gq; ¢x==—r et d==s; conditiones inuen-
tae fponte implentur quoniam vtigue eft pp>—29;
99’>'-2pr~—2.r, re>—2g¢ hoc autem nom ob-

flante nouimus , omaues hnins acquationis radices effe’

pofle imaginarias.
Scholion.

Quemadmodum hic ex data aequatione aliam
elicuimus , cuins fingulae radices fint quadrata fin-
gularum radicom iflius , ita etiam inde aliae aequa-
giones inueniri poffunt, quarum radices fint vel cu-

bi, vel bignadrata vel alise potcﬂ:ath altiores radl-
cum gaequationis propofitae. :

- Poni {cilicet oportet vel z==a%, wvel z=—x*,
vel z=af etc. et negotivm hnc redit vt quantltasx

eliminetur ¢ pro qua operanone regulae paffim funt

traditae.

Verum
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Verum caleulus plerumque tam fit intricatus
et moleftus , vt nemo facile ‘11u11c”1aborcm' fit. fus-

cepturus, -

Quare haud -abs re fore drbitror peculiarens

‘methodum oftendifit, qua haec. eliminatio fcile ef-

fici queat, ,
Hune in finem aequatio ordine inuerfo exhj~

 beatur vt fit

. cz#—-la‘x»j‘—awf—;—'d' T fx5+gaf + ete.~o

et pro-cafu jam evofuto s quo éffe deber BZxx,
facta fubfiitutione , quarenus licet , habebin us '

"a+&x—-1~cz‘+a’xz—4—'&.2z-{—f£2z—1,—gz’—}—« gte. = o

Wbt breuitatis- - gratia. fatuammus .
A3} g 3% gte, —P et b+dz+fzz+etc.'f";q
vt fit P--Qu =0, quae acquatio per 'mnltipi"b

cata Ioco wx, feribendo 2, «dabit -aliam eiusdens
formae ' o

Pr+Qz—0o ) - )
vode fam facilé 4 climinatas; prodit enimy -
PP-QQz=0c ' |

quae formula operationem fiypra viutpatam ¢omple-

plectitur. ' o '

- Ponamus autem requiri vt fit 22~ 27, fadia-
que fubftitutione quaterus Ticge , habebitur

O bt cxR—di-ex 2= frag{gag-+ ete, = o

| _— guze
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quae cum tribus partibus conftet, ftatuamus breui-
tatis gratla a+dz—-gaa—-etc. == P
- b—}—ez—]szz—l—.etc.._‘Q
c+frd-izz 4-¢etc. == R

vE fit P4-Qx—Raxxr—o haec per x multxpllcata'
dat nouam einsdem formae

Rz—}—Px—[—Q_xa’:—“o haec denuo per
multlpllcata dabit
Qz+R'zx *—Pm::o
Jam._ vt XJmﬁJubmJequat1on1bus4am%m

quam xx eliminetur prima per. L {fecunda per M

. eritque tum LP»J;—MR‘z—}r-NQz‘:o.

et tertia per N multiplicetur, fiatque o 4
LQ—]~MP——1—NR2~_.O et mfuper e o
LR+-MQ - NP —o.

Ex duabus prioribus antem elicitur

L :—MP'-'—’NRz . — MQ—NP
ideoque MPR+NRR2~MQQ+NPQ
vnde fit § = Fa—nnf ’

Statuatur ergo M—=FQ—RRz

et NooPR-QOQ ac fiet L_QRz-PP

guociica aequatio quaefita erit |
3PQRz—~P —Q*2—Rzz—o0.

Hine
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Hine jam fatis perfpicunm eft ,. quomodo eadem

-methodus - etigm ad -altiores poteftates. fit accom-
odanda, o L
Secundum principium: penamus acquatiotis «

propofitae

A A-a TP A - ete, == o radices efle

o, =B, —n, —8, —ete. guaram aumerus eft

¥t it d o By Y e e,

ot bmaltay ud 4By B ete.

Bt quia omnes ¥adices TUnt ¥eales erit fequens fot-

ma (o) A~{a— pP i (a—Ff (8~ Yt (E- )

=y =) 4-ete. weree numerss pofitiuns , fadta
autem’ewolatione , prodit {n— 1) (0§ G alh

~-etc) —2a8—nayp—2ad - 28y —28d -2y d-etc.
et wvero wti conftat wf B4~ i-d -etc. —aq
—25% wnde haec fortna {n—1)(@g—2p)—2b= (n-1)
@a-2#b quac quantitas cum certe fit pofitiva - erit

N o——a

dum ea ad ternos ‘terminos quosuis fucceffivos -ap-
plicari queat.. . ‘ -

Tertium principium. i aequationis cuius-

cungue gradus ;

KA AL gy p B Y ete —
- Tom, X111. Nou, Comm, "~ N ‘omnes

Quae fam. infigném continet proprietatem hi- -
iusmodi aequationum quarum omnes Tradices funt
reales: etfi’ ea ‘enim tantom ad tres térmirios inie
tiales fe extendit, tamen mox patebit , quemadmo-

|
1
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:

omuaes radices fierint reales, femper duae. aequatio-
nes vno gradu inferiores mde formari- poflunt | qua-
rum radices itidem omnes qut reales altexa ita fe
habet : ‘

W (1)a xﬂ-=+cfz‘-aw~f+cn—s) o etc. =0

'Iquae @X Pmp{)ﬁt‘t 1].1f@:1t111 ﬁ ﬁngulz ems termlm

pex pmgrefﬁonem arnhmwcam oy B—1, B—z

B8, e mult;pllccntur, quia enim hoc modo vl-
timus 'ferminos per o multxphcatur , tota aequatio
diviffonérr per * admittet , ficque vno gradru deprl-

ﬂ'ﬂe’tuPﬁaiterawvemﬂaequatmﬁeﬁ* :

.;:"“"—-1—- 2 bx““"-—;— 3 cx"—E L 448" 4 et = @

‘quae ex propofita nafcitar, i finguli eius termind

Lo
L

per: progreffionem. anthmctm:am @; 1‘, 2, 3y 4 et
multrghcenturo

Ciriis demanﬁramo €X conf“ demuome Imeamm
curparum- eft petenda ¢ fi enim x denotet abftiffar
et applicata ffazuatur y— " ot A g b AR et
-enidens eff apphcatam fiert nullam quoties abfciffa &
;aradu;l a:equauoms propofitae zequalis capitur.

Cupr igitur mnoftra aequati'ci' w lﬁabeat radices
reales , in totidem locis applcats y enanefeet , ibi-.
-que curuz axem: interfecabit. Inter binas igitur im-

terfectiones eerto dabitur applicata maxima, vbi erit
L
2= o, vnde t?Ic& applicatae “maximae erunt nu-

MCED
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IMEre w—x 2d minimum ;. quedﬁ erge Valﬁr fox~
muiae 2 quaeratdr qui erit
-‘nx"“+(vz-—:)ax““" 1 (ﬂ'—- )bx’"‘““’~!— et

hic #-1 cafibus euanelere poterit, fiue haec ae-
quatio. 73" - (n-1)@a™ " - (B2 )b A" et =0

certe habebit #—1x radices, hoc eff , omunes fiias ra~

dices reales, quae eft demmlﬂratica puolls formae

~Pro altera flatuamus X% et aequatio hine
ﬁ‘eﬁﬂtaus I-}—ay—i—ﬁyy-—}—qy ~-etC, Z=0 jtidem omnes

habeblt Tadices eales, quippe quaﬁunt reczprocae
Iadxcum illins ; .quocitca aequatio per dxﬁ?erannaug.,
nem lmzw ﬁmm modo formata S

a—-l«zby»a—acyy—i—q.dy -—(—etc.

atmm omnes radices habebit: rcales H re{htuamus n‘unc
4pro ¥ valorem %, ac. manifeftum . erit etiam. hmus
“gequationis

| o b e g T 4 T etc, =0

. @mnes radices faturas eﬂé Teales,

c Quernadm.odum hiac duae aequatlones vno
gradu inferiores funt ermtae, ita porro.ex his tres

notae duobls gradibus 1nfé110res derinantur , qua@
- fant - | -
1)) (-2 )an " (-2 ) (- 3,52 ete. =0

. X.(7-X )aix""—}- 2, (- jbx“—3+3 (n—- cx“—'*—{-—qetc =0
1.2, 58" 2, 3 ex" - 3. 4, d AT etc ~0.
N 2 . o Simili

VTS
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SlmllL modos ex: his elicientnr quatuor aequa-
tibus; gradibus, inferiores.,, filicet:
dia I)(”‘z)m""3+(;z 1) (-2 )-8 a2 =g Y- ) .
' S AT ettt o
ait=rp o (w2 ) p-a)A0 - 8. (g4 )
: cm""'5+ etc ——o
5&""’4—2 3 (n- 3) P g g g (-4
_ d. "“5+etc.::o;
TR 8 ey g g 4 Y N
: | ¢ x"‘“-—}-etc. e

thl'lESa

(”"1')(71~2)

-l‘:'-e: 2‘.. (n-’._ a2 )

ficquf: coﬂt,l

nuo: viterius: progredi llcet quoniam: igi=

iftae: aeqnationes; radices: habent: realesi,
: pros his”’ aequamombus deriuatis- haben-
* quiogrie: im ipfa aEquauon& propoﬁta 10-=

“Pplicatio ad- crlterra prlkm,s.a

P I‘LILCI p 1.,
Eatla

._: THUS evgo apphcanonem ad! crlterm s EX:
Pl‘lmgi Erl tios deritata:
bt » T cipios erdtan et prima: agquatios

(n—r) a2>2n(n 2) ‘
(ﬂ 2)i62>‘2(1¢ 1)(12 3)&0“2”(” 4‘)“’ )
316 (2 bi-s{p-s)sloet a6\

€ “va
tc c.tCn

il 3 &8
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ex. i‘ecunda, autem aequatmne demuataz nafcuntur hacc
CHYCLI& S e .

'4.55’;»2 G ae :
GeeS> 2. Bba’mz,scze .
36445 2. 8.5 e~ 2.5, be—r-z.qag

25862 2.4.6d f—2: 3,908 -1 2, 2.8bh~2.84i
etc.. ete; '

Si: tantum: pnmurm criteriiim a:a}zét ad: vie

tlmﬂs ﬂequ&tionﬁs CJ.LUJS{][_]F,» ordinis. QPEI.ICE*L!L i} ﬂﬂ;;m
qUCILtIR. Criteria: cmergentk . o : ,

agzob. C aat ek

4BbS 2.gae fiue  bbSTac

4.9. €r>2 . 2.9 +bd _ ecSthe

4.9:16dd%>2.1.2.83% .58 ‘dd‘,&gbg-
ctc..

Apphcatxofad criteriium: f’ecunch p‘rmmpui

a‘,‘z> 271_ '

Cum: fecundum: Hoc: principim: pro: aequatios-

ne: quacungue: pa™: AT e et = e

Habeatuy: qg>m_, pr bmaf.: aequationes. vno: gradu:
inferiores: dabunt. - -

(1) M,}’(” i (e 2).6 fow gu 'S
delndev:}éb}zn(fij’sﬂf GRS ::::-ﬁ
- N g - Tres:

Pt et N ez,

T

Y,



1o ©+ DE RADICIBVS
Tres aequationes ducbus gradibns inferiores autem
dabunt o
R {u—1)n-2faal>2"=2p (fz— Yn—2){n-3)%
ey ga > = b
I, 4 (n=2)bb> 220 o . 5. (fz~x){n' 3)ac
on bza>:. Bste
1L 4 0, ccf:- 2 1, 2. 84 4 bd fRu
6c >4 ,’::25 d

Cum igitur ex quolibet ordine vltima seguatio fola

pracbeat noulm criteriwm ; omnia-critegia hinc nata
ita {& habebunt

a0t —b
RIS —PF
¢o >t azbd
dd>4§ 5=5ce
etc. - '

Hinc euoluamis Iﬁa cmferm pro- aequatmmbus _
fingulorum graduum. .

I Pro xx+ax+b:o erit crlterzum
aa>4b

quod ita eft perfedtum , vt fi fit de>45, radices
certe fint reales. R S

e
P, AN

_ IP‘.
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I Pro #4-awx+-ba-pc=o

 crunt criteria :

= L aa}ab bb>3gac. R

; 7. Pro x*+ax‘+bxx—-1——m"+a’*

' erunt criteriz

‘d’ﬂ-}“‘b' Bb>tacs S thd
. Pro x5+ax*+bx3+oxx—[~dx——i—e::0
erunt criteriz .

ﬁa-"; £bs 5b Seacs; ce>a2bd; a’zf} e,
Ve Pm X - ax® —j—bm*+caf—+—dxx+gx+
L , ‘ emnt criteriz ,
= gm>}?b ; bb>Yae cr> ’s-;‘b'd";,- dd>Fee s
eeSvdf.

R Scholion..

Ommia haec criterin a Newsony fr Arithmes
tica yniuerfali- funt prolata et deduci poffat ex cri-

pxx-+gx4-r—o ambas radices habeat xeales NEw
ceflavio fit qg> 4 pir. : :

Canr enjne _cufuseundqire érdidis “propofits five-

rit aequatio, ope tertii principii ex ea tandem plu~

- xes acquationes quadraticae formae PR XA GgFr—0.
€rui queant quaé omnes radices habent reales., frqui-

‘dent propofitae acquationis ormnes radices ﬁlﬁ.rlt rea-
h]‘es"a

terio- dequatfonumy quadracarum , quod . fi gequation
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.dus extendi poterit.

les: hoc principium ad aequationes cuiuscunqgue gra-

Tta ex aequatione -cubica &°}-gxx-H-Bx--¢
nafcnntur hae duvae «quadraticae

sxX¥-+2ax4-b—o0 et ,axx+2ﬁx+sc-—o
vode concluditur vt ante
| aaS>ab et Bb%—gar |
Simili modo aequatio quarti ordinis
w*——l—af—}—bxx—ﬁ—,ﬂx—iwd——*o pracbet has tres

quadraticas T
4.3. 2x-4-3.2.ax4+2.1.5=0
1.3.4x%--2. 2. bx—k-g-r.ﬁc—-*io
1.2, %x.ﬂ:——i—z 8.6 X3 4. r,i___.

et aequatio qmntl gradus

x +ax*——’1—bx3+mx+dx+e © pracbet has
quatuor quadratlcas '

3.4.3. xx—f{-432ax+9 2.1, 5:.:0
I.4.3ax%-}12.3.2.bx-+3.2.1.¢==p
1.2.3.2’53;.%‘—172.3.'2.ica&+3.4—. 1,d=0
p a.-g.-cxx+2.3.4..dx+3 4.5. 620

quae fupra- allata criteria fuppeditant.

Quon‘zam autem operofirmn foret has formas
vlterius contlnuare rem generatun expcdlamus et €x

Aequa-




Yt

AEQVATIONVM. IMAGINARIIS.  xos

‘ acqufmonc cuinscunque gradus ﬂatlm acquationem -
~quadraticam quamcunque &liciamps, L
‘Aequationem generalem ita exhibeamus

A g hyt —t—px"*"z»;—aa"*’w-}-m'“ A

e I R o i Vi
o Tow e o B—A—8 . B-A2 p-A-I
O v B—A—g A-X—3  H-A—2
X 2 g
O L o
. A1 A A .. 0O
?\ ?\'_"I ?\.—“2 « » O
! i .
3 2

=—-}—I.2.3...ﬂ 7\'234_5 )\-—}—2]).7; .
~+—2.3. 4. « 7= A—1.2: 3 4. t?\-—l—-l qxgzo
»{-345 B ?\ 123 hr )

Vnde - patet, pro ternis coeﬁ;cmnmbus By g et ha-nc.
obtineri _aequationem . quadraticam

em o

quae pumo diuifa per I 2. g 4. T
dabit - SR
845, h+2p.m“ -:—1-234-.-?\1*15’%"

__t_m—-—h)(n-—.)\—-q . 2 3 }\?“O .
quae denuo per 1. 2. g . .- . A-dinifidabit - _
Ater 2 — 1 i e A
R ?3{2-&— J_P +n h— )\-f—lgx {n k){n A }T’ — 0
‘Tom X111, Nou.hComrn, 0o - vnde

%
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vade pro radicibus realibus hoc habetur criterinm
(ﬂjukw:) (k.q_r)v >_ % {u-—-N)n-—-)\—z)(k—f-l){).—-{—z)p#

- L - e 2 .o I |

| quod reducitur ad hoc
79535 i

Quemadmodum haec criteria ex caracfere ge-
- quationum quadraticarum funt deriuata, ita fi cg-
ractere aequationum cubicarum , quzuum omnes ra-
dices funt reales, fimili modo vti velimus, akia
noua criteria 1mpetrab1mus ficque certius circa ra-
dices imaginarias aequationum _iudicium _inftituere

Ticebit.

u

Problema
Caracterem completum inueftigare pro aequas
tmmbus cabicis , quarum omnes rachces funt rcales,, ’
Solutio.

Quoniam conftat . aequationis cubicae omines
- radices effe reales, quoties regula Cardari ad formulas
imaginarias perducit ; ponamus. aequationem cubicam -
X' —-axx-t-px-4-6—0 ex hac forma nafei (x+Ie)

=V p-+ ¥ q fumtis 1g1tur vtringue cubis prodit
PhosT-hiaasHae=pt et s (Vo Vq)w’pq'
vel :.Pei—q—l—(ax—x—a)r pg fen

Yaxg




AEQVATZEONVM IMAGINARIIS 10
m3+m ¥tsaax 4-1a" . |

—gxV !!
M: ‘2 }-:o_
-—qu

quae forma cum aequatlone p1opoﬁta compa‘i‘am

Praebct b=iaa—g qu et

c:a’ya —p— g—ang, cum ergo fit

—1 g 38~zb peiya
V ﬁ '57—-—n L7 R "s—b—_”‘_'—‘g == hi ”‘"‘qi’!ﬂ

P ot g ool aar) -

colligimus (p— gy : =(p—+9)*~4pg
| __nﬁaza(gb-zaa) —f—ﬁfac(gb-—zcm)»-f«cc
—s4{aa- gb)
quac quantitas i fuerit negatiua , formula p—g

ideoque ambae litterae p et q obtlnebunt valores

imaginarios ; quod cum fit ﬁgnum radicum realium
flatuamus

{,,.,cz(gb—-2acz)~—c) —rs(aa=3b) =

hmcque '
= (9b~2aa)—~c~"+1/(;§§(aa—-3b) ~w)

ot r=5a(9b—2aa) TV (40— 3 b)~u)

Vade pro ¢ deducuntur hj limites o
C<xa(9b-20a) 45 (aa- 36)‘1/(aaf~3b)
e>5a(o b 2aa)—5-h(aa—ab)1/(aa 38,

. O 2 E Vel
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Vel quoniam inde habetur bp-g ac=}(aa-~ 55)
{2da—gb) 4 3aV(s(aa—36)-0)
pro bb—-gac hi oriontur fimites
| bb-ac <5 (as-36)(aap—3b)alea—36)V (aa-gb).
bbgar S5 au-3b) 2aa—3 b)~2a{za—3 6}V aa—3b),
Vode deducimus L ' '

bbrzac . z’_ﬁca-—»:b-&-azaqfq;a;zf_:j s
qie ; feu
bb—rsuc 5 a-y(oa=wyb)y2

ada—-zb < ( g ) et
bb—zxacy 2-9(22 7B

-u‘.";':a_"mw.S*b T 3 Pl

: Lh— ¢ E . -..‘ '
Quoties ergo formulae S2=5°% valor intra hos li=

thites (%mbz et (9—::'—fir;-f-‘-*—"ﬂ'-'«3-’]3-))z contifetuy -
certi fumus ommes radices nofirae aequationis -cubix -
cae effe reales. In quo adeo confiftit carader come
pletus quem quaerimus, :

Corollarium 1,

Quia limites inuenti locum habere nequeunt
nifi.aa—gd fit quantitas pofitita , hinc, flatim pet~ S l
fpicuum eft radices reales effe non pofle nifi fit
#a>3b: quod criterium dam in fupra allatis coh-
tinetur.’ _— -

- Corollarium 2.
Deinde cum ambo limites fint quadrata ideo-
. . . b uae ]
que quantitates pofitivas, valor formulse 2299

Q=3

<. debet




AEQVATIONVM IMAGINARIS.  op

Vdeﬁet effe poﬁt'inus; quqre'cu‘m fit aa>3b necefls
eft vt fiat quoque bb>1hac; quod eft aItezum cri=

Lermm fupra iam allatum,

Corollarium 3.

Videmus ergo non folum ambo criteria ante
intenta in boc caradtere contineri, f{ed bhunc cara-
Gerem practerea aliam conditionem compleéti, quae
nifi impleatur, radices non futurag fint reales, etiam~

—fi-fuerit-aas-g-b-et-bb a0

Mirum igitur videri poterit quod wvnicts ca-
racter plura critera in f{e complectatur.

Scholion 1.

Si in aequatione’ cubica fumamus effe- c=0 vt

“ea abent in é}uadraticam manifeftum eft ad realita-
tern radicum requiti vt fit gda> 4.4, atque adeo  in
hoc contineri tara@erem completum.  Interim ta-

inen fi in.noftro cara&ere inuento flatuamus ¢=o,

- non tam facile patet inde fequi 2ai>4.0; PI‘Odlt

_bb S (a+V(ea-3ly
emlmaauab<( | 3 )
operse igitur erit pretium inueftigare, quomodo ifte
carader ‘ad fimplicem formam aa> 46 reducatur.

Reuertamur igitur ad conditionem primo in-

ventam , quae pofito ¢—o abit in hanc formam

ae(9b—z2aa)~4(aa-3b) <o

O 3 ~ guas .

D



‘310 ° DE RADICIBYVS

quae contrshitur in hanc —295b{aa—4 b)<o fen
bblaa—4b)>0 vnde manifeflo fequitur aas 4.
-~ “Ceternm tamen memoratu dignum  hic v venit
quod conditio - .

b6 < (afV(aa-ab)y

[

aa—3gb > ( '3 )
prorfus conueniat cum ifta gas> 45, ita vt nentra

plus inuoluat quam altefa, ficque haec conuenientia -

© tanquam infigne Theorema fpectari poflit.

Hoc quidem oftendi poteft, quantitatem "—
alterntrl  limiti - ipfi-fore—dequalem—f—fuerit—vel
aa—4b Vel aa—oo; intra quos cafus extremos
viique cadit ag S 4.5,

Scholion o,

Ifie caracter completus alio modo prorfus fin-
galari inueftigari poteft, wnde autem mnon patet
eum efle completum, nifi de eo iam certiores effe-
‘mus fa&i. Sequenti autem modo ratiocinium infti-
tui poteft. . B I |

Si aequatio a*—-ex¥-t-bx-¢ omnes radices
habet reales, tum pofito x=y —+p aequdtio reful-
08 p*A-a—-3p) 97 (b2 ap—4-3pp) y4-c1-bp
~-app-+-p*=o etiam habebit radices ompes reales ;
criteria amitem iam cognita dant

L (a+-8pr > 3{b-+2ap--3p) hoc eft ans>gh

. (b-2ap-3pp) > 3(at-3p)e+bptapp+p°) hoceft

- bb-(ab—-9e)pA-(an—aB)ppS> gac

quae




N
.

~

quam i p==eo quia gas> g5,

‘Tribuatur igitur ipfi.p eiusmodi valor que formula
illa fit minima , fatque etiam nuge illa erit & gae.
Verum formula A+4-Bp-4-Cpp fit minima fumto
p =3¢ ciusque valor minimus erit A-2% pda
ergo -applicatione habebimuys '

{26 — g S
b‘b_’".tﬁaa——sbj> 34ac.

AEQVATIONVM IMAGINARIS. 11y,

que conditio impletur tam § pzo’ quo fit bbaar

Quia 2.0 > 3.b_multiplicetur peor-—s (wa=3b) et ob:

tinebimus fa®a euolutione ' :
8bblaa—~48)> 810c04-6ac(ans—g by

quod criterinm completum (i pra innentum continet,

-~

Conclufio.

Pro Applicatione ergo ad acquationes altiorym’

graduum i methodo ante expofita inde derinentnr

aequationes cubicae huius formae ' '
PR XX —-r—o0, _

Criteriom radicum realium in hoe confiftic vt fie
rr=895 < (g Y (gg—spr)) |

gg—3pr>( 3p }

qua feribendi ratione indicatur - quantitatem’ LL=s4f

intra hos limites (‘l—'—*-"—-‘—’-%_f’_':_ﬂrJ)z et (q:_w%hﬁ}
contineri debere, .

Appli-

=3 pr
ko

oy
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Applicatio
ad aequationem quarti ordinis
x*~ka.r’—]—b.r*+cx—»1—d:o.

Hinc methodo fupra oftenfa ‘derivantur hae duze ae-
quationes cubicae '

4a5-gax-ebx-tr=0
ax -2 bxt 3¢ x—4d=o.

Vnde , fi omnes radices funt reales, inueniuntur
duo fequentia noua criteria

 4bb—oac < (3atV(9ae—24b) )

9aa—24b> [ 12 )
9cc—24bd & (2bAV{ebb—gac)y
4bb—gac > s a )

Simili modo applicatio fieri poflet ad -aequationes .
quinti gradus , vnde tria criteria obtinerentur , et
ita porro ad aequationes altiorum graduum. =

Verum res adeo in genere praeftari poteft,
ita vt propofita- aequatione cuiuscunque ordinis ,. in-.
ter quaternos eius coefficientes’ fucceflivos tale ‘crite~
rivm inneniri poflit : ‘eodem fCilicet modo caleulum
inftitui opportet, quo fupra pro criteriis prioxis or-
dinis fumus vf (vid. Scholion ante Probk) ~

x”+-_r
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.

A A S +pﬂ:"+’+qx"+’+m“+’+w" R i R
e e B/ = VS 7 Yy ﬂ—?\...i,ﬂ—" -1 -
i o HA—g BA-3 BA-2 B-A~T...7-3 -2 g1
4 o n—i\—5 n—?\—q. n——?\-—g n~?L 2...n-4< 7:-3 f—o
§ I 2 3 4

i A G T VI S N P e
"-‘. "?H"Zi A1 A CA-x . I o

- o A A Ax ?\—2 cees O

4 I I N T Iy

Hinc_ _eggo; per continyas - dlfferentmmencs ad han
' aequatlonem cub1cam pertenitur’

1.2.3.. w{n-h- 3)’-1- 5.6.. (?\+3)p.;|,3+2 3.4, (7;—7\-2)_3.4__5"(7\_4_-2)?‘%25;

. +3 I (7Z~?s- )23 e (}\+1)m—|—4 56u(B-A)Ti2.g .. A ¢ 4

. qlize dinifa per T. 2.3 . .- (,, 7\ 3). 1.71.2.. 3.0
reducitur- ad’ hanc f’mmam B -

()\—i—l‘f)\-{-z)f;\—i—a) n-—-?x—z) x+a)rm+z> ' |
o pa e ngZ o
.,_{ﬂ—)\,-g)(ﬂ—}\-]) (Afe1) e (71—?\-—2)(11__» _1)(12-)\) — 0
SRR T ra o R

, feu ' o
' (?\H ?x—i—Q)(?\»}—a P43, (h—kl)fl+2)(ﬂ—h~2)é&x§
(M1 A2 )(?2~?\—-')1‘5'+(12 A—2)(-A—1 )(n-A)

- Quare -ex aequatlonc generali’ quacungue:

“—Jra%"'“”‘~i—~bx"" —+ x:“‘“—l—a&“” - e f ™S +g'9,”*”+bx”' etc.:o
Tom.XI1II. Nou. Comm P elicien~
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 elicientor fequentes acqwtionefs'éubi'cae e
1. Si ?»:n—ua erit
(fz_x)(n—z)x*—q—x -8 (m—t {n—sfurasior. 5. 8. (n——‘z)é&,
412 §c=0
A —n) # (i |){n

fen " X xfaf-i—(“"‘”bx—i—s':o.—
IL Si k==n—94 erit

fnh-—l)(rz-—- R—

= ;)aa’ +2 ’(n ﬂ(n"_ﬂbxf—{—s (ﬂ—3)6x+4_d.-.-o
11T S1 }\-—ﬂ 5’ €rit
(n--x-z)(ﬁ‘-—s)(?!*-i-) 5?763 (Wx)(ﬂ-%)

g b,
1. 24

...h.- @ '

TV Si ?L:I—_.ﬂ""'G_ eut

___(rf““Jf"‘—'L4)fﬂ“;3). < tieity Y Heras ¥ e I T .
T T r-:ﬂ?-)dxx+;o.f;—sex+zofzd‘

et?c'.,-

Quod £ ergo aequatm propoﬁta omnes fadices . ha~
: bet ‘reales ;- fingulse hae aequationes cubicae etigmt

fhas radu:es Fabebunt reales 5 Vnde fequentia ofiun-
tur. cfiteriq ‘

: bé "l—-@ac { I, (ﬂ"’ !)2

L5 .
.— 21 5 > 4% nz (d+V(da— . 6))’ -
: '*’"‘3bd<+(fz-—zj E
bE-3Itac S g, (na (1= i)faa (54—-1/(1,(,__, "“‘—a'cj)
dd—4 =6 & 9. 9.y
"".‘.5"%' :ﬁ: bd} X6, (12 2) g,b (6% V(“"“_“_'bd))ﬂ_:

fe -__.g‘
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ro-81= ,de< 16, (n-4)

.‘ﬂ’ﬂ'

=ATE R (1~3) 3)
efe,

ete.

¥nde lex progreffionjs clare perfpicitur,

'Ob-feruatio

-~ Quae haenus attulxm
tenum ad duo genera, redug
_agquatmnammqua{
‘e comp}eﬁuntur ;
1es ﬁlppcdltat
tes {hcceifigos locum habent,
. funt cognitae,
.  bet relationes ,
- glentes fucce{ﬁuos neceflario fubfifte
-dem ormnes radices fiuerint reajes.’

umwomnes‘.“‘r"dxces
prlmum genus ejusmpdi relatzo--‘
quag inter terngs guosque coefficien- -
“Aleram gcnu
quae inter quaternps

\genus obferuafle jnyabit

tionem el inter ternos v
fucceffinos exhiberi pofle, .

Qyoties vel voica harum *ref.
piam acquatione locum non inwenit ,

..“:5

e (cz’+ (dd—— -——-o'ejj

us, p;aetel PLIITHITI Cri=
uptuy, quae Propuetates

funt

“Teales ip

et quae dam, pndem

§ werg e1usmod1
quosque coeffi-
13 debent i quj-

Circg vtrumqun
nulhm accuratiorem relg-
el . ,quat;emos goefﬁggmtes

dere licet non omnes radices - effe reale

fem duse wntam vel plures futnrae i‘ ing
» liine non  definitu,

tiae

eufexn cgndudl 0

fore imaginazias 5

Fim defe&wu qua

prae--

cltidlliim in qua-
eerte conclye

vtrom age

imagina- -
Ex defeGu quiderd vnioi .
portet ad minimum duas -sadices

neque tamen hinc fequitur duo-

twor radices imaginarias indicare,

Si
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S enim aequatio propofita ‘fuerit tertii gra-
dits , duo carateres primi generis ad eam applicari
pofiint , qui etfi ambo deficiant , qequat;o tamen noa
plures quam duas radices 1m1g1mnas “habere potett.

Quernadmodum hos caradteres ex indole aequa-
tionum quadraticarush et cubjcarum , quarum  radices
funt reales, derivanimus, ita fi commode aequatio-
nuin. biquadlatxcarum cara&elem completum pro caft
‘quo omues tadices funt reales exprimere liceret, fimili
‘modo criteria tertii géneris inde- deducere poﬁ?amus

"quibus rFlnﬂoneswlntﬁrﬁqnm@sﬁquosqueﬂceeﬁiaﬁnms
fucceﬂiuos continérentur ; verum cum formulae ni~
‘this ~ prodifent prolixae » ad hunc vfum  prorfus
meptae videntur. e

Concluﬁo.

Cum I'nc plura principia in fabidium fint
vocata , coronidis loco oftendam , Quombdo” omniz
haec criteria ex duobus tantumn  principiis method@
fatis fingulari deduci queant.

Propoﬁta {cilicet aequatmnc cuinscungue gradys —
X g X7 A b g ¢ A d ™ et =m0

cuius omnes radices fint reales, pro priori principio” :
aflamo , femper efie wa>24, quod per fe eft ma- |
nifeftum 5 cum formula ¢g—2% exprimat {fummany

- gquadratorum fingularum radicum , alterum prmu- ’

- pium
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- ,pmm in-hoc coaﬁﬂ:lt,\ quoa hums aequatmaxs viio
g1adu inferioris -

I etlam omues radices fururae ﬁnt reah,s, quod fupra
: ~eft d&monﬁratum..

,j - Bium dta- pmfequor ‘
: 1 Pro criteriis prnm generis, flarao. By p

A B 5 rm-—*+ 4di e, =o

His fam duobus prmmpus conﬂxtut:s ratmcx-

fmw—ﬁmdeﬂeI:Aﬁ{ﬁjawqﬁmmtﬂem“reﬂmr“wt 2eqUEEIGT Hinc
' -refiltans etiamnunc ‘opunes (uas 1&d1c85 babeat reales,

-guae erit

j} +mpymm!+7n(m jiﬁfm—z_‘*_m(m"‘:)(m”z}pjm—z_]_etc'?

I + (m-x)ap R H])m_ )app +etc. | }___
fo + b + (m-~2)bp ~+etc [T
_ o A »}—etcj

per prius lgitﬂl‘ punmplum neceflz eft vt hic fit
(mp—%—&) }m;jn* 1)_7)p~}—zfm— 1}@——]—2&

- feu - fadka euolutlone m_ppq——zzzp——{——aar» 2h quod
.cum de omnibus valoribus ipfius p valere debeat
necefle- eft vt etiam de eo valeat, quo ea fbimua

| fit -minims , quod euemt i fumarur P="F ~tam
autemi habebjtur gz S>a b ; -quod eft primum cri-

- terium. primi generis ; ex-quo reliqua per aequatio
nes quas fecundum Prmmpium praﬁbet fucce{ﬁue de~

i BaRtur

i | P 5 . Aéqum—l

v VL

LR e
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Aequatzoncs C'r: teria
= BXTT bx’"“—%—Ef-‘C =o@d>i=rb
AL —1
gxm- _-_‘__2[”.#?1—?_]__ 36X ™3 €, L__.Oﬁb>: (71:-—2))‘36’

¢ A -4 dx™ - T O™ et ——rola’ 4> f, %:3 ¢e

ﬁltutlone M=y =t=p aequationis inde refnltantis , re-
“iecto primo termino confideremus tres fequentes ad
i . : o epsque  Criterium modo inuentum bb>¢ (o 1)

7 (m—-z) ae -

. (m— )
LA™ g ex™i L 5dxm'+——j—gtc —ore i w—m bd

11, Pr@ criterifs feeungdi geﬂens, Retenta fub-

applicemus , quod-hanc_aequationem—praghehir

Ciyit

(’“"” '}p])+(fﬂ—-1)ap+b} > % (mpr’raj(m%)@;”p* T

| o S AR
A . } ) ‘ r:]—(??z 251%—}—6')

wnde fél&a eucalupo;ae peruemetm ad fequep;&;m con~’

) o d1t1onem
| ' - ‘ (‘m Frpunty )PP*%"m (ab—m}_?f )P+(mr1)2ﬁb>fm—x)(m—ziﬂf

flatyatur nyne p_g;](_ )(a:““;i) 3

.isnembu ﬁaf minimus obtmebmusq};e hang gond;-
tlonem mnitlplicando ppr Lm%‘)—

¥t valor . primi

- ""!)
| . Abb e&-(@ﬂ'“’ _im ‘j ?i (m-——-r-}ap

Me=1

Quia am ga > 720, conditionem hane per

4(aaww ) multzphcam lio‘:blt, tunc sutem faca
-.euolu~




AEQVATIONVM IMAGINARIS. 1sg
gvolutiond -obtinebimus hoe criterium  {sctind; ge-
neris. < e e

bb(3 28— b)S gf};—ai—’,’;zcc+;;f~i%6(ﬂz~*i) ad+§1:;b)
€% quo deinceps eruitur vt fupra inuenimus

g (M) ¥ '
bb—3 lac 2 .‘-'(-”,’———’I)i(aé;—?’(da - B)f
= a = AT i °

L dd—FEn b > 4w

Quae formula ad nequationes diferentiales “applicata

dabit reliqua criteria hujns fecundi” generis,

~

i

--Hing concludere licétﬂ;ﬁ_quismﬁﬁﬂﬁl—fﬁédﬁ“ﬁﬁﬁﬁwﬁw

progredi , et feCundum - eriterium huius generis ad
aequatiotietn t'ransf'ogmatam 5 pofito w—y - Py dc=
commodare vellet , inde nouum criterivm tertii
ordinis deduci pofle, quod - continerct relationem
initer quinos coefficientes fucceffinds :  Verum trm in
Aformula refultante littera p ad quartam dimenfio-
nem effet afcenfurum , vnde ejus valor eam formu-
_ lam minimam reddens non applius  commodé defi- .
niri  poflet ; quamobrem hanc inueftigationem vlte-
rius non profequor »-€0 contentus'; quod criteria fe-
eundi generis, quae adhuc .noba  videntur » €xhi-
buerim, EEEEETE |

P LT o o

3

Tt
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