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EVOLVTIO GENERALIOK

FORMVLARVM COMFARATIONI ° CVRVA-
~ RVM INSERVIENTIVM, = -

Auctore

L. EFLERO.

Y.

.@:% de. comparatione arcunm circularium ex

. element's funt cognita, et quae Illuttr. Co-

. “mus Fagnanus de fimili comparatione arcuum cur-

...q»m Lemnilcatae: mira fagacitate elicuie, ea, wti
iam m_sco:nm oftendi,, ita. generalius. enunciari pos-
funt, vt fi cuiuspiam. lineae curuae arcus indefi-

. nite per hanc formulam: integralem. exprimatur :

- Wdz . . .
S7titteasEsy» tUM in ea curua, {umto arcu quo-

cunque ,. ab. alio: quouis pundw arcum geometrice
abfcindi. poffe: illi arcuii acqualem.. "Atque hinc et-
iam propofito arcu. quocunque ab alie quouis puns
¢to arcus: abfcindi poterit ,, qui illius arcus fit du-
plus feu triplus , few qui in genere ad eum ratio-
nem quamcunque rationalem: teaeat; Vnde confe-
quitur omnjum: curuarumr, quarum. quidem reétifi-
catio ifta formula contineatur , arcus perinde adtque
arcns circhlares inter fe comparari poffe..

2. Deinde quae de comparatione arcuum pa-

. Zxabolicorum iam_pridem funt inuenta, et quae fi-

\ mili
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..Sm: modo 111, Comes Fagnanus circa arcus ellipti-

COs et Eﬁn&o.:now.m_aao acumine praeftitic, ea
deinceps 1am late partere demonftraui , vt pari fuc-
ceffu ad omnes cureas , quarum arcus indefinite per
hanc formulam integralem : .\.Emdw“w.n..nﬁaw..wmmm:.ﬁu_
exprimatur , extendi -queant. Sumtwo filicet in tali
curtia arcu quocunque 5 ab alio quouis puncto arcus
ablcindi poterit , qui ab illo arcu differat quantitate
geomcrrice  affignabili.  Tum vero etiam -abfcindi
poterunt eiusmodi arcus, wqui ab arcus propofiti
duplo , triplo, vel quouis multiplo differant quan-
titate geometrice affignabili. Quin etiam illud pun-
&um , vode arcus abfcindi oportet , ita tapi pote-
rit , vt haec differentia plane in mihilum abeat.

3. Quaecunque ergo circa arcus parabolicos
iam olim funt pracftita, eadem quoque in omnibus
curuis, quarum reificatio ad iftam formulam in-
tegralem eft redudtibilis , pari fucceflu expediri po+
terunt. Cum autem Comes Fagnanus ad has mi-
rabiles comparationes per fubftitutiones admodum

moleftas , et quarum ratio inuentionis ne quidem:

perfpiciatur , peruenerit; cgo methodum planam
aperui , quae quafi {ponte ad ecasdem comparationes
manuducat.  Atque ifta methodus etiam multo vhe-
rivs hoc negotium conficit, quod generaliffime
omnes gomparationes in f¢ complectitur § aequiualet
enim integrationi completac , quae fimul conflantem

arbitrariam  inuoluit , dum illae {ubftitutiones tan-

F 2 um

o




~ neficio multo longius progredi licuit, vti ex ali-
quot. (peciminibus , quae iam dedi , " luculenter ap--

P

um @mnm eyrum ratio fpe&etur ,
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tum integrationes particulares refrre funt cenfendae,
quam ob caufam mihir quidem huius methodi be-

paret. ‘ .

4 Quemadmodum autem in his formulis ,
quas pertradtavi, ifta expreflio furda V(A4-Czz
~-Ez%) implicatur , quae quidem iam cafus folutu

difficillimos completitur , ita eadein ad expreffio--

nem furdam’ magis complicatam hanc: V(A 4+2Bz
+C22+ 2Dz’ +-E2') extendi poffe obferuaui; qua

- multo amplior campus.aperitur fimiles comparatioe

nes in pluribus aliis lineis curuis inftituendi. Ne-
que vero haeg inueftigatio tantum in lineis curuis

tam eximium praeftat vfum , fed etiam in Analyfi

et alculo integrali granifima incremenm largiri
videtur ,..ad quae plenius excolenda vt viam frer-
Ram , cuolutiones ad hanc formulam generaliorem:
pertinentes diligentins exposam. Hunc in finem
propofita fit fequens aequatio relationem inter binas

- variabiles x.et y exprimens.

Aequatio Canonica expendends

o=t 2 By H-y (xx-4yyH-28 a5+ 2exy(v-+v )4 Srayy.

5. Hace aequatio praeter binas variabiles x et
¥ continet -fex quantitates conftantes , quae autcm

‘ ad quinque re-
¥t quinque determinationgs ab -arbi-
trio

ducuntur , jta

CVRVARVM «.' 4

trio noftro pendentss recipere fit cenfenda. Dein-
de etfi haec aequatic' ratione varisbilivm ad quas
tuor dimenfiones exfurgit, tamen vtrague feorfim

nusquam vitra duas afcendit , ita vt vtriusque valor

per  refolutionem acquationis quadraticae .nu_umunm
queat : id quod pracfens inflitutam neceffario poftue
lat. Denique ambae variabiles x et y in hane ze-
quationem acqualitér ingreditntur , et etiamfi per-
mutentur nullam mutationem inducant , vt vtraque

“per alteram formula . omnivo fimili exprimatur.

Atque ob has rationes EaBEp a.n.T&.. .a....T.wJ.nm
xy(xx-yy), Vvti et sltiores dimenfiones omitti
oportuit. , .

6. Quodfi jam ex hac aequatione tm valo-
rem ipGus x quam ipfius y extrahamus, repe-
riemus :

-8-§y-tyy V(6334 eyt="a 1 074 VI P+ 1 23-4-{yy))
r=" . .

Yehes £ (T

E-Fx-txzt V(@ T xp ez — (gt rlry
Y= Vst CEE

Ponamus brenitatis gratia 3

+ V((E-4-8y+e1y ) (a2 @+S%Q+§.+§~W4
MtL..u V((8+dx+exx)—(at-2ButyLx)(y+2e04 frxi=X)
vt habeamus:

B8y -1 yy =Y —nf-8x-txx X
X Tty +Cry ey iz ix

ideoque :
¥ =8+ 8y+oy-t+xly-+2o+851)
X=C4 Fo-texxt+y\y-+2exr+ dzx)
F 3 7. Hune

-
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. *7- Hapc aequationem canonicam  differentic-
mus ,” ac prodibit - dequatio differentialis per bina-
fum dipifa:- - - ,.

o= Bt §ade-Sydu—yn sxy di-f-eypdee m»..ﬁ_m.s

‘quae cum reducatur ad hanc. formam

__~dx m.u1Tm.TT ery)txdxly 4-2ep4-Lyyy

T 4-dy RrTmarT.m.e&Tlu&,_uQllpmarTmha_
quoniam coefficientes igforum dr et dy funt eae
iplae quantitates ;" quas modo pro formulis radicali
bus X et Y exhibuimins , ifta sequatio differentialis
erit AR .

. 9=Ydr-+Xdy fen WmuT.u%Ho
in qua cum variabiles
dem-pro X'et Y wal

per intcgrationem
obtinebimus. -

X ¢ty fint feparatae , fi qui-
ares illos -furdos fubftituamus,
inde hanc acquationem finitam

1% ..T\mxm.tll. Contt. |

8. Cum igitur hacc acquatip integralis cer=
fam quandam .relationem inter varigb
Primat, eca a relatione in’
vorla offe non poteft , fic
continebit iftam -gequat
(in’ aequatione differentiali mnm._lT 2— O, neutra -pars
M:., intcgrabilis , atque adeg néque. per circuli qua-
-draturam nequ i iri

) - neque logarithmos ¢Xpediri poteft, tamen

inte- -

iles ¥ ety ex-
acquatione contentt di-
que ipfa aequatio” canonica

T By S cenyfgaady-Sxaydy -

tonem integralem, Etfi ergo

- .

4 . v ' .
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integratio algebraicam relationem: wnn.mu ambas du_..ma...,
biles ¥ et y pracbet, ~ proprerez quod haec aequatio
integrara cum ipfa aequatione canonica  conuenit,
Quin etiam dico, nnacuncson.w. canonicam norr _a_zn.‘
cafum particularem Ezm..»rm. pracbere y n:.Em.So.m.v
cafus faepe une._»mo.sénw maxime noamrsnm fatig~
faciunt , fed eam adeo integrale completum fecun-

'dum omnem extenfionem exhibere:

9. Ad hoc offendendum , o quo fine “dubio
fpmma vis huius m_ﬁ.ﬁmaccs._m agnofci debet , .uon&o
fufficit in acquatione canonica vog no.iw.»ns m?.m.
contineri quam' im nBan:m. m_m.n._.msﬂ.w_p__. .<a_..
mus enim aequationeme canonicam’  quinque :::.T.
ann.a conftantes arbitrarias ;. vnde examinernas, quot
huiusmodi -conflantes aequatio differentialis comple-
&atur.  Manifeflum autem: eft eam huiusmodi E?.

bere formam ¢ .
. d=x

. 4’ t o
$H+nwh+nnu+u -+ -+ ﬁ?l—l»ﬂ?..—lﬁ.ﬁf—luum‘.ul—lm"qu ——

in qua quidem ectiam quinque n@smmmnnm. A, B, C,
D, E inefle videntur: verum euidens: eft, vnam-
quamque per diuifionem. tollic poffe . itw VE re ve-
ra quatuor tantyne inefle finr cenfendae.. - Quare
cam aequatior ihtegralis quin ‘ue. contineat’, Voa ar-

bitrario mollro- relinguitur ,. quod’ eft manifeftum in-

dicium integralis completi.
10. Vicunque autem ifli quinque coefficientes

A, B, C, D, E fc habeant, femper coefficientes-

aequationis canonicge iis conformiter ita definiri

- poffunt,

v

H




. et incipiamus a II et 1V,

-
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poffunt, ‘vt vnns maneat indeterminatus.  Diuida-
mus enlm acquationem - differentiaiem  per quantiea-

tem indefinitam.p, quae .iam fublata eft cenfenda ,

vt re vera fuerit: v
M”<A>b+»wwa+0ﬁ.&a+pUﬁa_lTMﬁE.

Tam enolvamus quoque Rn:sm:mﬁ: poteltates ipfius x
valorem primitinum ipfius X, ‘qui erit

+28¢

o + 288y + .44 +28
Muﬂhmu | +23e]

—2ar $x— ol _r.....lpumva...fmm x*
%l.nn.w —48e | ln%& la\mm v

- vrd

atque iftae ﬁnn_.mn, 2, 8 v, €, & { ita definiantur |
vt haec forma cum priori congruens reddatur , fic

enim patebit voam determinat onem adhuc  arbiirio
nofiro relinqui.,

11. Satisfieri igitur opo

~que gequationibus ;

I B8—ay—=Ap

Il 80 —ae—8y=Bp

Léd0—al—28—yy=Cp

V.¢e—8i—ye=Dp

~ V.ee—ySl=FEp.

Ponamus ad abbreniandum d—y=X\ feu 3=

reet fequentibus quin-

v+A
. 1L ..u.y.!nnﬂwm €t 1V, mwlmw.ﬂuub

vnde

2 1

CVRVARVM 9

vode definiemus © et e ita vt fit:

D Ba ‘whx_h.py
ﬂ!lh.y.rnu..nw .ﬁ et mllv,ylunm b.

At I et V conitnétae dant:
nmminmmubﬁm!m“vniguuuaﬂﬁ

; ml.. Ah—ag
m , WA —adA{—E

vhde eruitir p— uwnm.luun. .nr.

qui valor in alterutra fubftitutus praebet

__ (A —Ea}{{ADD—RBE, M+ :BD{ A¢-Ea)A4-ABB{¢ —DDEga)
Y — (BB~ DDa? - *

r2. Supereft igitur IIL uB:.pmo, .mu»w ob
¢—ry A tranfit 5,
2y N+Ar—al—28:=Cp.
Cum nunc f{obftituto valore ipfius p fit _

g_M{—EaMas BN _ A{—ExB{+ DN
—_— HHW.IUUQ ﬁﬂ £ HNWIUUP

fi ifti valores pro <, €, ¢ ct p fubflituantur , tota’
acquatio per Ah—ad diuidi poterit, quo fato re-
perictur

. €\ _Fa RB{—DDa —8D'A¢ —=Ea’—~(BB{—DDay
A 2°A{~—Ez ADD—BBE; .

Quoniam igitur nunc omnibus conditionibus eft fa-
tisfadtum, arbitrio noftro adhuc relinquuntur duo
cocficientes a ct £, feu potius eorum ratio mutus,
quarn ergo pro lubitu definire licet.  Ex quo ma-
nifeftum eff, in 2 quatione integrali feu ipfa canoni-
ca inefle conftantan arbitrariam ab aequationc diffe-
rentiali non pendentem.

g

Tom. XI1. Nou. Comm. G Alia )




,,.. . ﬂ
I
i3 .

- -~
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Alia refolutio earunder formifaram.

13. Quia ifloram walorum apphicatio Beri
nequit cafibus , quibus ADD~BBE=o, aliam
refolutiosem Hwic incommodo wnon ebnoxiam tra-
. dim.  Pofito ‘autem & =y +4-A, flatuo porro :
UM -ad=p feu NA=p4-ad, arque vt ante ex
acquationibus 11 et 1V habebimus : :

W.HWNURuTWVV 5 MHM.QwN..TUZ.
Tam vero quia I et V coniunctae dant
bmlmpuﬁwwmluugm.

hinc definio rationem inter o et {, feu quoniam
‘alterutram pro lubitu .accipere licet, vtramque hoc
modo vt -fit = . :

r=pA~BBp et {=wE-DDp |
hincqute MR 4+LA-BBp(WE-DDp). At
alterutra 1 et V, valoribus hacenus inuentis fubfli-
tutis, praebebit &, - : ) ‘
V= § (e BDA+(ADD4-BBE) . ) - 28022 _ e
14. Quodfi iam hi valores ia ‘acquatione  JTI
fibltituantur, ea ad formam quidem admodum pro-
lixam reducifur : vetum negotium commodius ab-
{oloetur , i valores pro @ et Z inuenti in formula
vltima praecedenti’ refolutionis fubftituantur, tum
enim prodibit :

=1¢+BDp—;Cqu

L
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wnius. quadrsarm. cum  fuperiosi ipfius Ax walore
coaequatum praebet : . Py
pp—Cp 44+ BD-AE)ppp+4{ADD~BCD

| -+BBE)p'=4pp
ad quam refoluendam ponamus w—pM eritque

L]
P = HM—C'F+MED—AEH+(ADD-BCD~EBE)

et ?H,zﬁw!n1+.zﬁwuwnw_mﬂ+¢ﬂ>un;uﬁa+u-ﬂ
atque iam M eft gonflaps illa arbitraria integrale
reddens completum. ‘
15. Hoc modo omnes coefficientes a, 2, 7,
3 ete, eodem denominatore affe®i prodibuot, qui
ergo i per -eundem multiplicentur fequentd modo
fefe habebunt : | : .
a=4(AM-BB); 6=2B (M-CH-4+AD; y=4AE-(M-C)

2= 4(EM-DD); ez2D{M-CH4BE; §=MM—CC3-

+(AE-4-BD)
gc fi jllum denominatorem breuitatis gratia ftatug-

mus: ) .
M(M-C)'+4M EUIbMYI.?UU-wOUanwEUv
aequatio noftra canonica
o—ai-aBx-1y)+y(xxpHedyt 2exy Wy MG xay
sefoluta dabit:

y (oot Lax) = F 2V alA+-2By
Bp-Sa-pexx-iy (y-2ed - Cax—-2Dx me
eydyn=——42Va(A+2
&-yuy+xly+2 +4 A+ Cyy2 Dy —+E
G 2 fimul-
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fimulque eft integrale completum huius aequationis
difcrentialis ;
dx dy :

——

L T s T = )y e STy orwrmorivg 1 i o B

quia conflantem arbitrariam M inuoluit , quae in
aequationem differentialem non ingreditur.

- Inueftigatio cafuum, quibus formula
= -+ %7 fit integrabilis.

16, Defignat hic P fun&ionem wvmsm r et Q
fimilem functionem ipfius y, et quia haec formula
integrabilis effe debet , it V cius integrale , v¢ hg-
beamus

Pdx . Qdy_ Pd d
TV AV e [P Y=y,
’ d d - -

Cum autem fit F4+-FP =0, ideoque m&“numm. erit
JV —(F=0idz __ (P—Qldx

X R T I eax ey 2t iadan)

Cafis ergo inucttigari oportet , quibus haec formuja
_ integrationemn admittit.

17. Quoniam vero nulla eft ratio, cur hic
differentiale 4x potius nfit, quam dy, tertiam varia-
bilem “introgd+camus , quae ad vtramque acqualiter
referatur , fiquidem' quantitas V Vtrarhque aequalitcr
inuojuere debet.  Statuamus CIB0 X~-y-—r, et in
acquatione differentiali (§, 7.) pro 4y feribamus
ds~dx; ficque: prodibit ; .

-~

o=

'CVRVARYVM - 53

o =+dx(8—+ 3y o)+ 2dx(y+2e14-L yy)
~dx (843 x4-gx%) —ydx i yt2ex +-dxx)
tds(B4-8x +exB) -t ydsiyt-2ex 4L xx)

ynde dx per ds ita defimsetor , vt fit:

" Xo-txx st kx4l xx)
dx = mwmwnﬂwlmﬂﬁwhwlm%ﬂ_ fiue
ds nl...qnlu:n..TusLl:un:..TWHHL
0% = 5 T i-yatli)iFlay
quo valore fubftituto fiet :

(P—Q)ds —
dV — (3555 — v+t N T

18. Cum P et Q fint {imiles fun&iones mE..»...
rum x et y, manifltum el P—Q per x—y fore
diu fibile , et tractionem ”\Hw. vtramque S.nmngﬂd
x ct y aequaliter effe complexuram.  Quia vero
pofuimus x -~y =s, pomamus infuper xy—rs, vt

fic: ; .
P—0Q s
dv ....I.I|H||.Q. MIl_.-_:Tmalqu.

At ob xxr—{-yy——ss—2i acquatio canonica induet —

hanc formam : . .
o—a—At-2Br-yro-2(8—y)itaest4it

i aum—_..mul.%w.m.ﬁ..m“ﬂ-um—._mT<””m|4dﬂer rEyles— 18 s et yit e

ita vt fir: ‘ :

- — V(& —,) —al+2((d—y)e—8)s
6—ytes+ S =V{d—) SPRLLP
Statuamus hanc formulam irrationalem : 5o =S
: - )e—F EE—YG) S8} o

V(§—yy—ad+-2(@8 %w 8g) s+ w
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vt fit
2 ”.lﬁmllok ...l:sT..lﬂ. et .N_C‘ _— =0

1

— ﬂ JQ-
19. Vt hinc iam cafus integrab
mius , pondmus:; .
Pat-bst-cxx4dr +ex’

Q—at-by-tcyy-+dy ey

|

—
.

itatis erug-

eritque
P—0__

r 5 — b-o(x—p ) x4y 1) eV + 2ty
fiue introductis nouis warjabilibus s et #
=y = b sr-d(ss -3 )4es(ss—21),
At pro ¢ valore fubftituto habebimus ab Az 9 ~oy
P-~Q btcst4-dssrg-es

_— =-hd 4ds =-tirse dedr201}§
Xy T R dLE - Bk

wnde confequimur =

£s
quam formulam integrabilem effe oporter.

20, Quo hoc facilius pracfternus , recordemur
€x §.§. 313 et 14. eflc (—y)—alTAN-aly;
(3-w.,e-8L=Dp; et se—yZ=Ep vode fit S—
V{w—+2Dps+Epss); fine ex §. 14 et x5,

Qe BV M A DI -Es 1)
S
= VA .

_ Ponamus porro breuitatis gratia :

vw_,‘.w,m” by e Mg d- =t

vt

CVRVARVM. 3%,

1w fit c
efromfiideest jdtv A Warends
&V n@!.....hm.ﬂ.xfuu.+m.cll _ T ¢

" fatuatur partis prioris integrale : )

@+8s4-HsrnvVaMa-2Dry-Erd
eritque differentialiem comparatione inflicora :
b= 2OM+ 18D, 2—4HM+ 66D + 2 §E
f=10HD4-46L; e=6HE.
ynde pro integrabilitatec requiritue vt fic :
c=¢D(3EM-5DD)+fE(3DD-EM}-2g DHE K4 2BE"
21. Hac awtem conditione impleta, erit:
Fo5-Te4 T =58 =S
<t integrale guacfitum Teperitur :
V=(§ 1 Gr+D55)V s M-~4-2Ds-Ers) = 445 el
ViS4 Hro) ?m[.@m%.”. .
Cum nunt fit S=At-ex+y'~+4xy, fi pro s

fcrbamus x4y, valor integralis V ita per & e y
exprimetur, vt fit

V=!a(F-+O(x4+5)+9x 7 WA e(x4r)+ 2 1)

_dExar)—tx - P

T o
Quare vt pro V prodeat. quantitas algebraica, coef- a
ficieates b, ¢, 4 €t ¢ ool pro lubita affumcre li-
cet , fed certam quandam relstionem foter eos {tavai
oportet , quae vitima aequalitate §. praec. exprimi-
tur. ‘Ceterum hic affumf, non effe E=o, £ cnim

effet
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d.

effet E=o, valor ipfius V femper algebraice exhi-

?mamom.nf.ﬁmmun_oEnnﬁmESmanEmn:::ST
" -
feftum.

22, Verum fi coefficientes b, ¢, d, ¢ etc. vta

Y- nhon
quidem. femper algebraice exhib ri poterit ; artamen

eius valor altiorem quadraturam non inuoluer, quam
ds
in formula f gmo- 5o contentam , quae propter
ea femper vel per logarithmos vel per arcus cir-
culares exhiberi poterit. Cum igitur fit
. X—= <E>1Tpup.+npp.+nwa .Tmp;
4
et .‘?( A erit Nl( A V
“wnde inuento valore :ubcm v :mq&::n ﬁn@:nnm in-
tegratio ;
dx (a4 2ojutxr o dudogmexd) dy(at-by vy dy3e*) _ 2V
.\ YAFiBrCat 3DairExd) + [ Vida By Cyy-2Dy T4 Ex4 — vA ¢
At fubftitutis fuperioribus valoripus erit: ° .

€ bt M ({ e gmtdtadhe) se @ mi gtelss . des? d
..‘Wz..l\ (Y (Mqm2Ds-E1D) §="r

Exiftente s—x+4-y.
mata réfolui poterunt,

¥ d
cunque affumamus, tum expreffio f52% |T\P 2

d-rs)1vA
a(EM-DD}

Atque hinc fequentja proble-

[

?_.ov_mam I

23. Inuenire integrale completum  huius ae-
annnoEm differentialis : .
: dy d =
.\$+.uu+§+uu%+mu: — VYiA2Ba R Car DA Exe
=Y

Solutio.

CVRVARYM » .

“Solutioe.”

Statim apparet huic acquationi a_m.ﬂ.n:a»_-.
fatisfaccre cafum y=—x, qgui autem non nifi ipte-
grale particulare largitur.,  Verum ad integrale
completum _inueniendum |, _quod  practer conftantes
A, B, C, D, E nouam conftantem - arbitrariam M
innoluat, ponamus fecundum §. 15 breuitatis gratia:

a—4{A Enwwr E=2B{M- n++bU. v=4AE-{M-C}'
=4(EM-DD"; e=2D M-C}+4BE; thE:nn++3m|wQ
atque aequatio integralis completa erit
O==a-t-28(x-+-7) -y (12 -ty 23 1y—-2exy (x5 *57y

quae ergo eft algebraica Hinc autem fiue y per.x,

five viciffim x per y fequenti modo definietur, po-
fito item breuitatis ergo :

a=M (M-C, ++Ewo1>m¥+$uu+§m1un&
vt fit

lalmnlmuuﬁutbs..fumnnfnuula-Unanu:
ddu = Y F

‘vel yim=E=roQr VAU By 4 Cay 2Dyt sy

Y26y 40y -
fcilicet ratione fignorum ambiguorum in ﬁnﬁao
cxprefione vel figha fuperiora vel inferioia capi
debent , ita vt fi in altera’ formulae furdae tribua-
tur fignim -, in. dleera formulae furdae fignum ~
tribui  debeat. Quae ratio ex § 15, intelligitur ,

455»3:253&@285& @_.S____m furdis nmuu
ambigua fan't adiunéta, .

Tom.XII.Now.Comm. =~ H
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Coroll. 1.

24. Quanquam igitur aequationis differentia-
lis- propofitae , in qua ambae variabiles x ct ¥ A_.o
invicem funt {cparatac, neutrum membriun  itte-
grationem abfolutam  admittiv , atque adco neque
per, lozarithmos neque arcus circulares in gencre
exprimi poteft, tamen_ vera relatio inter variabiles x
et y sequatione algebraica exhiberi poteft,

Coroll. 2.

"25. Quemadmodum falicet fi duo arcus quan-
titatc ‘conflante differunt, etfi neuter algebraice ex-
primitur , tamen corum finus inter { algcbraicam

tenent rationem , quae fatisfacit sequationi differcn-

core _d . d . L
tiali 5 = 7=s5 » ita quoque acquationis
differentialis propofitie multoque latius patentis in-

tegrale completum algebraice exhiberi poteft.

Scholion.

26. Vis huius folutionis facilius percipictar ,
fi eam ad cafas magis refirictos applicemus , inter
quos ii praecipue funt notatu digni, vbi fiznum
radicale vel vnico vel duobus tantum terminis prac-
figitur ac fi wnicus tantum termivus rcperiatur ,
‘ratio’ per fe eft ‘manifefta. ‘

1. Sit enim B=—o; C=o0; D=0, et E—a vt
+ sintegrapda fit aequoatio :
. mm.l.lmm five dy—=dx erit

e—4AM; €=o0; y——MM; m..le.Em £0; L—=a;

.I-..
dlgan s o

ideoque

CVRVARVM T

idcoque aequatio integralis :
0H+>2l33ﬁaa+&5+-933&.‘

feu x—y=2Vk vel y=x+ Conft.

11. Sit A=—0; C=o0; D=o; et E=o, vt inte-

granda fit aequatio :

d dzx dy _d=z .
ﬁwm”ff feu 5=y ent

a——4BB; 8=2BM; y=—MM; §=MM;
- ‘ £=-0 et {—9

ideoque aequatio integralis , ob a—M
oﬂl¢uw++mz:.Lszzﬁﬁ‘TE.szzﬁ

—_— B
—:BM-WMx—:y21BMix 1B 2
feu y—=== — VIEMIE e -2V R

hincque V y—7¥ x-+ Conft. vti eft perfpicuum.
1L Sit A—o; B—o; D=o; E=o0, Vvt Inte-
granda fit haec aequatio : .

dy d=x dy __d=x

— = erit
¥Cyy — ¥Cxx few 37="7%5 €

. P—0: vw——(M=C)'; §=MM-CC; =0,
0—0; ﬂI.O._ Y ﬁg v ? et uﬂl..ll..o

ideoque aequatio integralis :

o=— (M—C)1xx-+y)-+2(MM- CCuy feu y=nx,
IV. Sit A—o; B—o; C=0; ¢t Ez=o vt ntes
granda fit haec acquatio

d d = dy 4% . eri
7By = fapw U 575 = avai OL

a—0; E=o0; y=~MM; F=MM; e=—2DM;

H 2 ideo-
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" ideoque acquatio integralis :

oMM HHiTZIlng3@++UE%€+&Y+UU»§‘
quae ob a—=M" dat

-HMx—2DMxxt:v:DMIF

J = TMM++DMz—:DDzx
IL...( DM =z . VM
fen Yy — 5 V2= gw=vipE
D o
vel 5= .Ia + V %, vt rei natura poftulat,
V. Sit A—o; B=o; C=o; et D—o vt inote-
granda fit haec agequatio:
dy dx

LD S— dy _ d=x |
YEy — yEX feu yy— zx 13 n—._ﬂ

a==0; B=o0; y=-MM; §=MM; c=o; et NLEE

ldeoque aequatio integralis :
1IEE?&|T&$..TpEEH&++m3.«.§%

hincque y—x—2xyY & .a: Q_ku*hnd\m.

Quando autem fignum radicale complecitur duos

terminos , varios cafus, qui huc pertinent, fcquen-
tibus exemplis euoluemus,

.—meEEcB I.

27. §i fit C=o; D—o et E=—o, vt inte-
granda it aequatio:
dy dx

VA48 — Y(A4:BT)

inuenire acquationem integralem completam.

Erit

W<W<>W<E. 61

Fric «r:0 2—=4(AM-BB); E-2BM; y=-MM;
§—MM; e==0; §=0; vade aequatio integralis :

o—4( AM—BB)-+4BM{x+y)-MM(xx+pyH-2 MMy

¥
et ob a=M
yBM—MMx iy MI{A L Bx) n&..fznl. <>+"un

e B e e e e

y=—"" —RN =TH .

Vnde ponendo A—f; 2B=g; et M—=¢ fequitur

Theorema 1,

. . s . s el % dy
28. Huius aequationis differentialis 77
dx

= g7 5 Integrale completum eft :

o = 4cf—gg-2cglx-y)-co{xx-yy)+ 2605y
vode fit: .

— g £
ymr b T aVIEE o pmy b 4 2 VIR,

.mmeE:B 2.

29. Si fic B—o, D=—o et Ez=o0, ¥t inte-
granda fit »npz.»no..

dy_ . dx
5»...8.3 — YA~ CxX)

inucnire aequationem integralem completam.
m_.:n_.mo a=4AM,8=0, y=-(M-Cy, $=MM-CC,

—o et {—=o, vnde aequatio inteyralis quaefita
erit :

0= 4 AM—(M—CJ (xx+1y)+2(MM~CC)ay

H 3 et
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et ob A=M(M-C) erit

—_— —~ (WML S M-CWMA4-CXX) HZ.TQaHl:m.TTnu&
J= g — M —C .

Quare ponendo A=7; C=g; et M =¢, fequitur

Theorema 2.

i . . . T d
q0. Huius aequationis differentialis T LT

mu . ¢C+3€
= ST E) integrale completum eft :

0= 4¢f—(c—g) Rx—-3y) -2 (cc-gR) Xy
vnde fit .

e prave(fang®) o (RDITE lnqufﬁu_

Exemplum 3.

g1, Si fit B=o; C=o; nmmno.ﬁmuﬂ?.
granda fit haec aequatio : Lo

dy . dx
31«;;;%

.?cnano aequationein integralem completam.

Erit ergo a—4AM; E—4AD; QHIEJ d=M’;

¢e—=2DM et Z=—4 DD; vnde acquatio integralis

quaefita eft .

" o—4+AM- sAD(x ) — M (xatyy)+2May
| . 4+4DMuay(x—+r)—4DDaxyy

et cum fit A—M'3-4ADD erit

o —tAD—MMx—zDMrx—tv{(M 4ADD)(A + 2D x5}
J = —FM4+DHz-4+ DDz

fiue s

| CVRVARVM 63
~fiue ¢

> _sAD MMz 4y DExx - ¢ (MY 4 »Ub» u
w.....x-wnwl\lu\la_?l.uﬁ" * (A 42D 2

Quare fi ponatur A=f; 2D=xg et Mz¢ fequitur

Theorema 3. B

L] - E) - . . m
mn_uh Huius acquationis differentialis 77 5m

— ;e gar integrale completum eft:

o= 4¢f - afg(x ) —ec(xx-tp)-F 20cxy 2 g0 T)
—ggx XYy
vnde fit:

 afpeccxamcgrx sVt 4-120) f £ xT)
y = 2 I e et

. 2ty d-cgyy ¥ (T -fEE( h.nYm...J
r—= {c—g2)? :

Exemplum 4.
33. Si fit B=o3 C==oy D—=oc vt aequitio
integranda fit: -
dy dx

—— - ——

TlAxEm — Ya4EX")
inuenire acquationcm integralem completanr.

Frit ergo: &Hn.fbgﬁ —o0; y=4AE-MM;
5 —MM--4AE; e=o0 ct {—4EM, ymie ae-
quatio intcgralis quuefita eft:

I
o—4AM-+ (4 AE—MM)(xx—-p)-+ (4 AE-+ MMlav
: ‘ . 4+ +EMxxyy
et—cum it =M —4AEM erit _

— |HII+«>MUHHL..KE_M,EMI::w__rn_nmun_
¥y= — tAE— KM+ EMZX. .

Quare
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Quare fi ponatur A=—f; E=g; et M=2¢ fe- -
-~ quitur .

Theorema 4.

L e _ dy
34. Huius aequationis differentialis §77 075,

= %mﬂ.u integrale compjetun eft:
© T ozmsef—(e~fe)mr- 2t o2igrsy
vade fit .
.|.....Tannlrﬂm_u.«nt-n?nl.‘.&:.&nhv&u
J = Cc—Jfg —1¢gax - .

= I_Lnn.f.‘.muu‘thnnnn.l....mmamnfmuo- :
- £C~JE~1CE TR .

Exemplum ~ 5.

' 85. Si it A—o, C=¢ ¢t D=0 wt inte-
granda fit haec aequatio: -

a9 § d=

p—

VBB T TTBaarES
‘inuenire ‘aequationem integealem completam. -

Erit ergo: a——4BB; €=aBM; y=—MM;

-0 =MM, ¢=4BE et {—4EM, hincque . sequa- .

tio -integralis quaefita :

0 =—4 BB 4 BM(x-4) ~MM(xx-t)+ 2MMay
~ +8BExy(r~+9y)+4EMxayy
et cum fit A=M’4-4BBE erit

w”um: MMz 4+BExx— ¥ (MI ,BRE){1B2 x4)
—~—3BEx—+EMxx T .«

Quare fi ponatur aB—f; E
.".Cn..uku fequitur .

=g M=¢; x=x=x

o ¥ Theore-

]

Theorema 5.
_ 46. Huius sequationis differentialis ey
— s inteprale 83_._«/3._,: eft:
o—=—ff-r2¢f ey odx’ ' ) 2cexap-af gy
(xx4py) 4483y
yade fit .
ei4=cc 2 frat =5 .x o (V4 FfEXT-
gy = tibeezetaps Ve L R Lrps
ot xxiiEeeE R S A I+
Scholion 1.
_ 3%. Probabile hige videtur ctiam huius ae-
quationis differentialis :
ay dx

——

V({f4+gr)" Y Q;Tm &)

atque adeo huius lariffime - patentis : .

«ﬂ.&ﬂmﬁ.wwnﬂ&.+3.+atnuﬁ+wumﬂﬂ = re )
ad quotcunque dimenfiones variabiles x ¢t y In vin-
culis radicalibus affurgant , aequationem dari inte-
gralem completam algcbraicam, ~ Hoc emim. affer-
tum non folum verum eft oftenfum , quando po-
teftates ipfarum x et y quartum ordinem  non fa-
perant , fed etiam cafu n=6, vu vidimus, priorum
formularum integeatio complerd algebraice {uccedic.
Interim tamen aullus adhuc modns @mnn. mﬁ_vu@?
n— s inregrale completnm aeqnatai’ .ﬂﬁﬂﬂnwmuﬂ».

pulley Tn %) exhibendi , multo minus id ad cafus,

Tom. X11 Nqu, Comm. H . quibus
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quibus # fenariong fuperat- exfendere licet, etiamfi

Ppro Cafbus’ A =5, g2, mec3, T4, O A6

fit in promtu.  Etfi autegn de fucceffu in reliquis
cafibus vix dubjtare licer, tamen rcftrictio neceffa-
ria videtur , -Vt exponens n fit numerus integer ,
nifi forte et eos cafus, fra®ionum adiicere Iubucrit ,
quibus veraque formula per-fe fit integrabilis , vti
~enenit fi # fit fra&tie wnitatem pro numgratore ha-
- -bens. Pra€terea vero certum eft, dnumnu%:_ nonnie
fl pro figno radicati quadrato fubfiftere pofic-; ne-

‘que cnim haec. aequatio @y ____ 9%
- S?w&iix +gx")
X

. a5
neque haec =

- V{f+gr) V(f+gx)
rum fimiles integralia completa algebraica admie~
tunt; quiz hae formulac , ad rationalitatem per-
du@ae , tam logarithmes quam quadraturam circuli
mixtim. inuoluunt , 2ique ex talium quanticatum
heterogencarum comparatione aequatio algebraica re-
fultare . nequit.  Haec eadem vero ratio dubitatio-
nem fuperiorem quoque decidit; ac jam anda&er

pronunciare poffimus hanc equationem differen-
tialem : _ .

aliaeque ha-

dy  dx
V(Gty -0 iy 47 Py e 8) — Va-BIeh? e dx® ez e fx P gy
generaliter  per aequationem  algebraicam  integrari
non pofle ; inde enim fequeretur integratio algebrai-
¢a huius aequationis
dy . — LE
A+RByCyy+Dy — A5 Fa-Cast-Dat

quod

.

CYRVARVMN & 61

quod vtigue eflet dbfurdum BEB. Bmzuw igitne
ingegratio in acquationibus magis compofitis fucce-
det. . Verum nequidem.integeabilims ad poteflatem
quintam Vsque extendi poteft; nam pofito .mﬂﬁam fi
etiam flatnatur @O, €t pro y. et & feribatur ¢
et X3, mno&MH haec uBE_.mLo, &,m.w_.nuﬁbw _. |

TOA e 4By A 38l T (B ¢ & cind x4 opt 28 e
in qua fi radicis extradio Eﬂ&ﬁ , ceutinebitip

. P
haec: T T '
Ay — d=’ _
T T Bryr+Cy — A+ B& 4 Cx¥

quam ingenere integrationem glgebraicam non 3d-
mittere eff manifeftund. C .
B . _ - .o S
q . e A -, by
J Scholion 2. .

28 Nunc igitur pro certo affirmare licet,
ex hoc genere acquatibmem differentialem latiffime
patentem , asuo,,mim,oﬁfmﬂpnna:nﬁ. algebraice inte-
grari queat, cffc eam .ipfam, quam hadtenps tpacta-
vimus : . o .

dy o d=
VA B 4 Cry D FE %) — Va2 Bx~4- L3P 42D x? -Ex¥)

LI [

o Dot oad oty vl
ct wiius aequationern integralem cofupletam affigna-
vimus. Quam ob caufam haec aequatio myltp ma-

. . ﬂlﬂ#_ Tlear-q ...1: r DR T = .@.ﬁ
gis eft notatu dignd'; giiol in Hoc genere ‘eft” gent=
raliffima, quae integrationem algcbraicam admittat.
Quoniam igitur -eiug  integrationem iam expofui.,
operac pretium erit eius vium in comparatione li-

a Iz ‘  pearum
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nearum curuzrum , quarum clementa per huiasmo-
di formulas exprimuntur, vberius oftendere, fi qui-
dem in iy omnia continentur , quae in hoc geoere

~ pracftart poffunt,  Atque hac ipfa conflideratio nos

“Tab. L
g 4.

quoque integrationem huinsmodi aequationum
L. m.a N mdx
VA By +Cr 1 Dy +Eyt) — ¥(A-1Bx4CaT g DI ELH)

manudaeet , ft- @E%S m et x fueriot pumeri ic-
wgri.

m._.oEmBm % .
39. Si lines eurna hebeatur , cuius arcus fi-
ve abfciffae, fiue applicatae, fine cordae, fiue alii cui-

cunique rectaé variabili 2 ad curuam relatae refpon~
Nds . :
dens fit =/ A arrcrriboaEan 5 deturque in

hac curua arcus quicunque AB, -ab alio quouis
pun&o P arcum memen%nn PQ, qui uﬁcuru Grillk
E.nE b.mw. .

Solutio.

Ex coefficientibus datis A, B, C, D, E quac-
rantot hi alii =
a—4(AM—BB); ul»EEIQuTiEu, v—4AE
7 —(M—-C)

| _.mlﬁmzlug, prcsleium S—MM-CC

4 4(AE—+-BD)
¥bi M denotat nouanr conRantem arbitrariam , at-
que vidimus hanc aequationem aigebraicam :

) o=d—- nuﬁ...Tb - y{a-t) -2 Sxyp-zexy(x—y)

v -4 xxyy
COn-

" habcbimus :

CVRVARVM 69

congruere cum hac tran{cendente :
ady - Hdx .

.\-<f>+uw\¢+€ﬁ.+ Dy +Er %) I.\.JAf.._luuhuTOHHlTuUhutTm.n..”OOz:.
vbi quaatitas conftans ita defintri debee, vt illi M
fit confentanea. Si iam ponamus in -curuz propoli-
ta variabilers z pun&o Z refponderc , curmaeque
initium in pun&to & fatui, atque ad abbreuiandum
hunc arcum &Z ita indicemus IT:z vt fit

Hdz . ]
\.i>+uun+nnn+.vu.+u.d4 =Il:z

erit ex aequatione fuperiori
[:y—-I:x = Conft.

mm@osmﬂsn nunc pundtis A et B qnman aetbh,
pundis vero P et Q reftac p et ¢, vt fint arcus

aA=T:a; aB=II: b; aP=II: w et aQ=II:¢
ideoque

arcus AB—=T1:5—T:a et arcus szl.: aln P
1« loco x et y fcribamus p et g vt fit

o=a--28 ?T&.Ti%l_lﬁi,p@ﬁl»ﬁQlé

—+4ppeq -

erit TH:g—T1:p—Conft. Quodfi ergo conftantem
M ita affumamus, vt facto sHa prodcat g—¥# ,

re

Mig- dwl.nwﬁa . .

ideoque arcum m.@“ arcui AB vti  rejuiritur.

Conftans _m:ﬁ. M, vel fi ponamus E C==L vt

13 . fit
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fit M—C--L, conftans L ex fequenti aequatione
debet definiri :

0=4AC—4BB-+4AL+4 2(2BL4-4 AD)(24-5)1-(4AE
| —LL){aa—+bb)
42(LL4+aCL+4AE+4-4BDab--2(2DL—-4BF)ab

_ (a+b) 44 (CE-DD+-EL)aabb
vnde fit: . :

 4L{A+B - AC-4 Aot b s
R P +w_i3+Q?TW&EJWima&ﬁmﬁ,ﬁﬁgﬂ“wﬁ@ﬁﬂmﬁ
. — 4 )

et radice extralta:

+ _ ’ :
H.I»ﬂ M3 14 CobgDabl geib)—4- Faodbjmt 24 A - 5Ba4-CoTdmy DaTuf B4 ¥ A f 785 4 C b2 DDF4-X14] |

. {b —a
ficque erit .

.gnl!lf_..rum?.Ts..TQna.«.ozL.;Uu@a b) 4= .
LS A {@—pmd) e 2 EqadB)

ﬁﬁrpwn+hn5+n Da"+Ea")(A+2B5+Chb+ pr.uTm._v..v

Quo “valore inuento fi iam definantur valores coef-

lenttum @, 8, v, J, ¢, 4, quoniam ex dato cur-
vae puncto P datur variabilis p, ex ea valor » ido-

neus variabilis ¢, cui curuze pundum’ Q refpon
determinabitur per hanc acquationem  refponder,
O==a+8(p4- 0+ ($p+99)+20pg+- 23pgp-+-g)-+-L ppag
¢X qua fi breuitatis gratia ponamus :

DHEE;Q.++zaul>mv++h>uu+ww5imnb
habebitur - -

- - 1
HWQ...E.

m[l - g .*D. A . -m.. < -
E h .

. R ficque

CVRVARVM w1

ficque dato arcu AB et punéto P afligmabitur pun-
&um Q vt arcus PQ acqualis fiat arcui AB.  Re-
perientur autem ob fignum ambiguum bina purda
), quorum ajterum citra afterum vitrz punétum P
erit fitnm.

Coroll. 1.

40. Tnuento valore g fimitt modo a2 pun&to
Q vleerius abfcindi poterit arcus QR arcui AB ae-
qualis.  Pofita enim variabili puncto R refpondents
—y, capiatur:

_ —t_bq-mtqgtay AA—-1B]4eCna 4 Dg* 4 EgY)
r— T4+2eg+¢qq

ficque a puncto P fimu! abfcindetnr arcus PR du-
plus arcus dati AD.

Coroll. 2.

41. Quoniara r hinc duplicem obtinet valo~
rem , notandum et altcrum iterum in p abire, quia
ante animaduertimus efle s

o e—85q—1gq VAR 1Bl CqaaDeTHE
= Y4-1tq+$49 /

quare vt arcus PR euadat duplus , idem fgnam
quod in valore ipfius ¢ fuerit eleGum , in valore
ipfius r capi oportet.

Coroll. 3.

42. Pari modo vltra R reperietur punitum S,
vt denuo arcus RS zequalss, ficque angulus PS
triplus
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triplus euadat arcus AB, inuenta enim variabili

valor variabilis s+ punéto S refpondentis hac formu-
la exprimetur :

|||n|..m__.l..3_+ iYAMRIBr 4 Crr4-aDr¥4ErY
b .w|Tu:.+.w...1

hocque modo quousque libuerit vlterius progredi
licet,

Coroll. 4.

43. Hac ergo repetita operatione & dato pune
tto P arcus abfcindi poterit, qui fe habeat ad ar-
cum AB, vt nugperus quicunque integer m ad
voitatem. Quare fi gb alio puno abfcindscur ar-
cus ,- qui fit ad eundem A B vr alius numerus in-
teger # ad vnitatem, duo habebuntur arcus ratig-
Bem mcuncnasn nnBo.c ad numerum ten¢ntes.

Oono: 5. _.

44. Omnium mmm::. curuarem, quarom ar-

- eus variabili cuip'am z refpondens huiusmodi for-
L Hdis

mula \.ﬁ.f..;f.nf..:u, —iz exprimitur , haec
eft proprietas , vt earim arcus fimili modo inter
fe comparari poflint , - quo arcys circuli inter fe
compurare licet.  Atque ob rationes fupra allegatas
hacc fimilitude cum  circulo vix ad alias curuas ,
nifi quarum re@ificatio ad  hanc formulam reduci
potcft , extendi videtug.

r

Exem-

CVRVARV M 73

Exemplum.

45. Propofita fit linea curua , cyius arcus ad
quampiam Qmﬂa variabilem ¥ relatus bac forowia
inegrali { ﬁ.l,r: exprimatur , cuiusmodi cuaruge al-
gebraicac  infinitae exhiberi poffunt , in qua a purdo
P arcus abfcindi oporteas PQ, PR, PS, ad datum ar-
cum ADB rationem tenentes vel n%:&“&: , vel du-
plam , wel triplam. "

Quia haec expreflio in nofira forma generali
non continetur , €0 reducatur ponendo wv=z feu

g—7V z; fic enim E.nzm _.E.n nouae variabili z u?
fpondens erit — /7ot Fiat ergo ¥=j e
A=o; B=i; C=o; D—o e Ex==—1, 3%
obtinetur :

e—-1; 8=M; y—-MM; d=MM; =—-2; Ntnts
ideoque conftituta aequatione :

o——1-+2M m?@lggﬁ%+3u+p333i¢3%+$

. —4Mppgq
vnde fit: .

M-MMp—appt 2 (N ) (p pY)
q= RM fosp++HDPP

erit: |
dg
.\.»(S.lm._ Iu.\:\_u pY - nODﬁ
feu Nig—M:p—=Tl:6—T1

fi quidem @, b, p, g fint valores variabilis # qui
arcubus AA, aB, aP et AQ conucniuat. ..f
Tom.X1I. Nou. noBE. K iam
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iam conftans M ex datis a et b ita definiri %Tu
vt fit

oHl.TT»E AIIS HESQTn A& 53 +2§$
yode fit:
M= Oeb—saabbtavia—ati (b —b4)

. . b —a)s
._\nhl“mEmsnTcu?l??-TnuTn&
et V(M—1)=—*™ TS
la-3b—sdiY)¥{a—a¥4=(b=32- n;:.? wJ
V(M'—1)= Bap

Inuento hoc modo valore couftantis M -ex data
quantitate p inuenitur ¢, atque hinc porro valor
.._.E.Egrm r puncto R refpondens fcilicet: :

i!lﬁlﬁza mm.ll._d:gui__mln:
.. = MM -4+ Mg

mﬂan a pun&to P arcus quicnnque multiplus unoE
dati AB abfcindi poterit.

Scholion.

46. Circa huiusmodi®curuas fingularis »mwm:o
notari meretur , fi enim breuitatis gratia  ponamus
Y{@—a)=a-et Y(b—b)=b vt fit:

glntiaa&ln :ab

B gadsd ) gt
T —op nn nv\ﬁgql Hu {a-3 IMML%..TJ Fratal ]

._._.:E.sm quantitas radicalis a et b tam affirmatiue
quam negatiue capi pote(t; vnde pro M gemious
~,valor ‘habetur ; ex quo pro g MEMIPEPE V- NppY)

MN—sps-Mpp
© ob nouam figni ambiguitatem quaterni valores re-
-fulant. Binos quidem mnatura rei oftendit , _quia

wss?:: @ tam aute mEE poft pun&um m_ capi
‘ potelt

vae .@zoa sc(pondet quantitati .|.|IT

J O<W-<>mﬂ<3. 95

poteft , fed quia az»Eo_. reperiuntur , id indicio
eft curuam duplici ramo efle praeditam ,’ et in
vtroque arcus acquales exhiberi. ﬂo%%ﬂﬂ& ca-
fum quor Huﬁzmwﬁa Pin _m.n.o ﬁ—.—bﬁwo A nmmu:_mﬂ itat

Mg MMe~2dat-rav(lY =)
wt fit %Hhu et ﬂll NN 4d o= s Mge

quac forma (ubfituto pro M valore ftatim duos va—

lores praebet aequales ¢=b; at duo reliqui diuerfi
continentur in
E-ITuhn@lubth-.l&h-l_nn&g:«l-nnmnl.li-ntmlunum as

G = Sy 3ab Tt s %16 Vb 160051 F 1605 I — t0sbtH (at-baIb T Y

qui duo valores femper funt diverfi, nifi fit vel
b—a vel a==5: illo cfu wnou: g—a=#t,

—b

hoc Vern reperitur ¢== ;3o TEQE: ergo cir-
, fingulari pro-
prictaté erit mﬁ_o&n:_?

?.oEm ma 3. -

+q.~s=a:,$_Emmﬂ_nnoEEnmeE;cmm?
quationis &m.r__.c_:.;:m : .

-

1d =
¥+ uwu..-nnuui...ucuu FEy')— V(A om 2 R CRoes h.nTnn: .

¢

Solutio. |
Iftud integrale ‘quaefiturn ex praecedenti, pro-
blemate colligi poteft. Capiatur enifm punctum P in iplo
puncto B, vt fit p=45; et confidcretur tantum ?:T
Gum A vt fixum , B vero feu P ¥t variabile’,
quo continlo &Ew:»:. debeat ?EQ:E Q, vt mh

“K 2 ‘arcus

-



.

e

HSA

46 DE COMPARATIONE
arcus AQ duplus arcus AP,

p loco & fumatur: - .
: gnlu_,+.u?......3....aﬁ....«3+%a2n+s+um%we,

: L (p—aFp .
-+ G <$+pwa+n§+pc&+ma.x>+»E+n%

_ ~+2Dp*+-Ep*)
jta vt iam M fit fin@io variabilis p er confiantis a.
Deinde pofito breuitatis gratia M—C=L feu

A~ Wa4-p)--Capy.-Dapla~-p)-+-Eae Y+ 2 A -2BaCao—1Dati Bad YA d=1Bp 4 Cpbi DpI4-EHY
. pP—-a :

definiatur ¢ per hanc wﬂr»monﬁan
0—4AC-4BB-+4AL+2(2BL+4AD)p-+4}4-(4 AE-LLY pp-49)
+2(LL+2CL+4AE+4BD)pg#2(2DL+4BE)pg(p+9}+4(CE-DD+ELYpg4

. .mﬁ.&:a ob b=pr A R
. /h"er::v“n:v..d.:n feu Thig=2M:p-Tlia
quac aequatio differentiata dat: |
) d — Y p
TETT G DB = TR IR AR
cuius propterea integralis eft illa aequatio algebraica
iriter p et ¢ cxhibita, quam fimul patet effle inte-

gralem completam , quoniam continet quantitatem

conftantem a, quae in aequatione differentiali non, -
ipeft. ‘

Pofita ergo variabili

Coroll. 1.

48. Si retinedte L walorem exhibitum , in-
ventaque variabili ¢ pes p, ex ¢ fimili modo quae-
- . o ratus

7 CYRVARVM "

ratur r, ¥t fit Ter—Tl:gre=T:p—T:a erit

ﬁ;unwn%lumun.ﬁnn,m_.&:unosm:o_&m.
mn_..n:mm:m" .

dr — sd
YA Bra-Crr—Dr + Ert) == o (A —4=1 Bp4-Lpp-:Dp¥+-EpY)

cuins ergo aequatio integralis completa eft: :
0=4{AC-BB+-AL)+2(2BL+4AD)(g-+r)+(¢ AE-LL)( gg-+-rr)
+2(LL+2CL+4-4AE+4BD)gr+-2(2 DL+4BE)gr{g+r)--4{CE-DD
] A-EL)qgrr.

Coroll. 2

.- 49. Quo hakc magis contrahamus , poftquam
ex coefficientibus datis A, B, C, D, E et variabili p
wvna cum conftanti arbitraria g ita fuerit definim
quantitas L ve fit:

Lpa)= A-+B{a+pH-Cap+-Dapla-+-p)+-Eaapp

5 =+ ¥(A+2Ba+Caa+t2Da* + Ed*)A+2 Bp-+-Cop+-2Dpr+-Ep)
hinc determinentur fequentes coefficientes variabiles : .

a=4{AC-BB+AL); =2BLA-4AD; y=4AE-EL———

{=4CE-DD+EL); e=2DL+-4BE; §=LL+2CL+4AE+4BD.

Coroll. 3.

s0. His iam quantitatibus inuentis erit huius
aequationis differentialis’: .

. ﬁr.TE*Mnm&.JE?T.ﬂuv - ?.TET...MMWWT:U&P.&»&.-
nequatio integralis BEF_Q»" : )
@Ha+an+mYT<§+§+pw2+p§€+3.wg$
, : K 3 Coroll .
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Coroll. 4.

s1. Porro huius scquationis differentialis «
dr sdp_

P ——

——

A Brg-Crrep s DripEr®) — ¥ (A4 1Bp-+-Cpp+1DpT-+-Ep?)
" gequatio integralis completa erit

o= a2 8(g-+r) -y lggHrr) - 2dgr-rarlg )

‘ . —~+{gqrr
poftquam fcilicer variabilis ¢ ope praecedentis aequa-
tionis ex p fuerit determinata.

| Coroll. 5.
sa. Simili modo progrediendo huius aequa-
tionis differentialis : :

#s R «dp
Y A1 B1=Cssmp: D3 Est) — ip..TéTTnm?rucmqllxarv..

acquatio integralis completa erit

o= a4 287+ 1)y (rr—s5)t 28 rs4-2ersir—+-5)
Adrrss

poftquam ex praccedentibus acquationibus r per ¢,
et ¢ per p fuerint definitac.

Coroll. 6.

s3. Hoc modo quousiue libuerit viterius pro-
gredi  licet, ficque ingenerc aequatio intgralis in-
veniri, poterit completa huius differentialis

4z — md p

TR Br e qaDal B ) —— ¥ A :Bpa- (P :Dpi Ea)
quicunque numcrus integer pro m affumatur
Problc-

CVRVARV M. 79
~ Problema 4 -

§4. Stomct fucrint numeri inteTri qui-,
cunque, jpuenife acquationcin integralem conpkctam

“huius differentialis !

edy mdx

E—— —— e ——

TiT 4G4+ Dr B el Wy PR S LS )

. Solutio. :
Quaeratur primum Opc pracced. Probl. aequa-
tio integralis completa iftus _ differentialis :
adp

d=x Rre8P
VAt BipCrrabe’ 4 Tiv, — Vs B (PP EpY

+

e
e

quac erit alzebraica &c praetet s ariabiles p oot x
conftantem arbirrariam 4 inuoluens. Deinde fimth
modo quaeratur aequatio integralis completa huius

diffreatialis ¢ .
dv mdp

s e

Ty D+ B T § e BpCp A DETRER)
quac cram erit algcbraica inter binas variabiles y et
p, infuperque confantemn arbitrariam b complecte-
rur.  Ex  his duabus acquationibus eliminctur va-
S . . . 4 inter 3
ribilis p, vt obtineatur aequatio alzebraica ._, X
et 5, quac etit integralis completa huius diffe-
r.ntialls N _

ndy . omdx .

T AT O DR E T 7 BaCax4iDatEXY
Quia autemn duas conftantes arbitrarias.a et b con-
taebit ,  alerutri pro lubitu valorem determiaatiiin

tribucre licet , vel inter €as datam rationem flatve-
re:

[
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re<, pro integrali enim ‘completa (ufficit vt vna cone
ftans arbitraria introducatur.

mnro.:o:.

$5. Si m et n fist numeri modice magni,
nemo certe acquationem algebraitam inter x et y
cuolutam exhibebit: cum enim tot eliminationibus

. fit ‘opus, enidens eft, ad aequationem plurimorum

“terminorum , in qua variabiles x et ¥ ad fummas
dimenfiones exfurgant , perueniri oportere.  Atque
adeo in cafu problematis 3. ¥bi eft m=—2 etn=1,
-nemo facile eliminationis opus perficiet.  Neque
vero hoc etiam opus eft , cum ad noftrum infiitua
. tum fufficiat oftendiffe , aequationem integralem effe
algebraicam , eiusque conftru@ionem geometrice ab-
folui poffe ; tantum enim abeft, vt aliense variabi-
les ¢, r, 5 ete. quae in fubfidium funt vocatze, cal-
culum turbent , ideoque eliminari debeant, vt po-
tius ad conftru¢tionem commode inftituendam abfo-
lute fint neceffariae.  Atque haec funt fere quae de
curuis , quarum re&ificatio hac formula:

Hdz
.\.‘nbnqulﬁ A Czzg 2D 28 4 Ext)
exprimitur , tradi operac pretium videbatur , quae
€0 redeunt, vt.earum arcus inter {e perinde atque
arcus circtlares comparari queant ; fiquidem propo-
* fito arcu” quocunque A B, a punéto dato P arcus
abicindi poflunt , qui ad illum rationem teneant ra-
tiomalem quamcupque,  Confideremus igitur etiam

. . o Curuas,

CYRVARVM - @

carmss, quarum reltifcatio tali formula expei-
mitur : T S

- de quibus curuis quoque affeCtiones egregise ci

comparationem arduum potari merentur ; gnem in
finem euolutio formnlarom huc pertinentium fupra
§. 16 et feqq. eft infticuta. Similis fcilicet compa-
ratio inter arcus heiusmedi curedrum fafeipi poteft,
quae iam pridem inter arcus pavabblac fieri pofie
eft oftenfa ; atque inde fequentium problematum fo-
lutionem derivare livebit. = - . _

Problema s.

s6. Propofita curua, cuius arcns indefinits . Tab. L
variabili cuipiam z refpondens hac formula expri- Fi& +

matur :

muﬂ..f.aa..r nan-ﬂb.u..fnn.
.\. YA +i1Bz4-Cze—42Dz Ez9)

fi in ea detur arcus quicunque AB, a dato punéto
P arcum abfcindere PQ qui b illo arcu AB difie-
rat linca fine geometvice affignabili , five a circuli
hyperbolacuc quadratura pendente.

Solutio.

Sit in curua propofita AZ arcus variabili =
refpondens , qui bremitats gratia i exXprimatur
M:z, vt it )

o (A2 (@B T2z Dei B2l
N:z= YA+ ;BE4CaceraDal g Ezh) * :
Tom.XI1. Nou, Comm. L Pundtis
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.w__m&m %85 A, B; P, Q —.o.ﬁwona&ﬁ variabilis & -

valores a, b, p, ¢: vt fit o
"AAzIl:a; aBzR:g; AP=II:p et AQ=I:g

* . - hincque -erie

. arens dos AB-=TI:3—H ;4

et-areus quaefitus PQ=M:g—I1:p. .

Tapt b;iﬁ.ﬂ ex coefficientibus A, B, C, D, E et
- conflanti asbitratia M deinceps definienda formentur
. quantitates fquentes .

‘ .nm,i.PE:ww: 5=2B(M-C}+-4AD; Y=4AE{M-C)
{=4(EM-DD); =2D(M-C}+4BE; S=MM-CC
o ~+4(AE-~-BD)

ﬁﬁaéf,a”u?».mi%pdu,éwmfwnu
atque inter p et 4 haee conflitaatur relatio vt fit

C0=aA-28(p9) + Y (pp+99)+23pg+2epgip i)

SO ~+4ppeq

€x qua data variabili p altera ¢ puncto Q refpon-

dens ita definitur vt fit
.qun L:w.-,§+2Dhﬁ+.u.§+ln&_|&@u%

YH2epQpp
vode innotefcet curnae pontum Q ita, vt diffe-
rénthi ntdr’ afcs AB et PQ fit vel geometrice
affiganbilis, vél Gattem a2 quadratura circuli fen hy-
petbolac pendeat, cuius rei ratio in indole cocfhi-
cientium %, %9, €, D, € numeratoris eft fira, Quo-
by "~ modo

bolacue aflignasi poreft.

" ECVRVARVM. 83

‘modo igitur differentia ifla exprimatar , videamus ¢

quia valorem ipfius ¢ dam jnucnimus, ponamus-
p+9=45;5 . .

et ex §. 19 colligimus fore pofito & —n =2
H:¢—1I : p Conft.~ 2REZUYVO

{BAAD 4 CE D4 AE 5 D1 G540 85
+ T ﬁ;....;.&l.ﬁ&@n_r{ ds

quod integrale manifeftum eft vel effe algebraicum,

vel a quadratura circuli hyperbolaeue pendere. St
iftud integrale breuitatis gratia —=S; cuins valor -

pofitc s=a-+5b fiat =1, et pro conftante defir
nienda (tatuatur p=a-et g— b, fierique debet

Conft.—T1:45—11: g - 1 (D4l ..MSIuJTSahm...I H..
ex quo habebitur :

. @ anpb? D Pt E gl
arcus PQ-arcu AB=— QntL.Wu SN 2y

R 2
{B - 2D 4 T4t D 4 3A E)1 - (D 2e@ss 4 (B
ItH.._..\. = GMT W.:!..TudlnuTm_:. ds.

At confans arbitraria M etiam ‘ita definiri debet ,

Yt pofitc p—a fiat ¢—b; quocirca erit:

M =iy (2 A+-2Blo~-b}-Claa-+-bb -2 Dabla-+b)t+->Baabb)

3V (A4-2Ba--Cao—+2Da"+ Ea*){ A+ 2 Bb+Chb
EoaV{Arabit 2 Dbt-Eb)..

Hinc crgo cogaity conftante hac M, et ex pun&o
P definito pun&o Q, differeatia arcuum AB et PQ
vel geometrice vel per quadraturgm circuli  hypep-

La ‘ Coroll,
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Coroll. 1.

. s7. Ex datis ergo punctis A et B, fen va-
riabilis z valoribus ¢ et & E._BE; noa.anm arbitra-
ria M ita %mEﬁE. vt fit

Mz mp(2A+ nw:v.Ts —~C(aa-1-bb)+- pga_lTE
+2Eaabb

+ o5 Y(A+2Ba+-Cas+t 2Da*+Ea *}(A+-2Bb+Chb
~+2Db+-Eb)

. Tum ?un definitis modo. praecepto. coefficientibus

e, & v, &,y ¢ ex dato pun&o. P mEEwEs Q per
. hanc aequatidnem  determinetur :.

o= a+-28{pHg -y (op-+90 -2 pg-+ 2009l p+-g+-Lppaq |

atque arcuum PQ et AR differentia erit vel alge-
braica vel a cireuli hyperbolaene quadratura pen-

‘dens. “
Coroll. =

. 58 Ad iftam autem arcuvm differentiam. 2%
fignandam capi -debet pofito. p-+- g, =< hoc integrar
le, vbi A—=d—y—2M(M—C)+4BD

e B A e (Ot Dt WS D e 1O
~8 .l..\ VM -2 D Ess) — - m\...

¢rins valor pofito s—a—+b fit —I, quo fado
erit”

qrc. wﬁluan hw”;b (D{a-1-b)+E(a+-by—Ds
. ~Ess)—14-8

exiftente blgﬂg Q ++3ﬁwd AE)-+4(ADD
- +~BBE)—4BCD! -

CorollL

CVRVARVM t5
~Coroll. 3.

s9. Si eveniret vt effet o, determinatio
pun@i Q maneret vt ante, fed pro arcaum PQ

et AB differentia affignanda recurri deberet ad pri-

mas operationes. Scilicet ex f—4-¢=¢, quaeratur &
vt fit:. »

o“a+rah+o\hh+pwn+ptn+mz.

eritque

s PQ i AT o/ USRS
integrali hoct ita accepto wt enanefcat pofito. mat 8
Vbi notandum eft., effe:

V(dA—ad+2(Xe- ﬁ%+hjmwhulu<bﬁg+pda+m£

=Arer-dh.

\ Coroll. 4.

2
60. Hiuc otiam colligere licet, quaemanr fit
futura differentia arcuum AB et PQ, fi formulae -
clementum curuse exhibentis: numerator ad: 1_._3
terminos extendatur , vt fit arcus- curnae:

4z (8 Do G274 Db 20 ¥l 4 Bré - D2 o dbcd
.\ ..:P..T»us.,unun..tuvuulunﬂ.u

reliquis enim ‘mianentibus- VU a0 ,- 6k |

L g4t u&&
arc. PQ ~arc, AB=f E@Mvﬂﬂwd. m.wwm:

fequentia feilicet numeraroris membra erunt:
G? ...__L._nL.am...S..T.mﬁ....lm..z?*.qh:.. 1%} et
L3 Coroll.
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Coroall. 3.

.. 61. Si a punfto Q fimili modo abfeindatur
Rs vt fic

O=a-08 (g+1)+y (9g9+-7r)+28grreeqrigtr)+4dqqry
poRaturque g-+-rzu £ gr-w, it vt fit

- oza—t28utpuau—-2Av4-2e0v+Lov
fen v,+mn+w.eu.n_<b~3+n5=+m=£ erit

arc. PR—zarc. AB I.\.mﬁa..Tﬂth@_.:l_(TG:wl.u..:l?ln.v

- |! dut® ﬂf(ﬁIlTHU.TT Ess)
LR L+ Disu—v) 4 B g et
. +f v M4:Dut Euy) =
- his integralibus ita fumtis VU ecuanefcant

SZa-4-b et y—a4-5

pofito

Coroll. .

62. Simili-modo a pun@to P abfcindi
arcus PS, qui triplum %% arcus AB M:ERH -
gtate five geometrice aflignabili five g circuli hy-
%onao_»o:m quadratura pendente : hisque cafibus pun-
£tum P ita affuni poterit, ve ige exceflus plane
cuanefeat , quod quidem femper praeftare licebit . £
mﬂnnn.:m fit algebraicus ; fin autemn it qmumnoﬁmmm
infuper alter rerminus arcuos dati A vel B huic mno._
Po conformiter determinabitur,

quan-

w8 ) o ( Gile 4
DE VSV .

ALGORITHMI INFINITESIMALIS
IN ARTE CONIECTANDE SPECIMEN.

Auctore

'DANIELE BERNOVLLL

6. 1.

am nuper de argumento cogitarem , cuins exs-

m:n in proximam diftram occafionem , in
quacftionem incidi, quac ad artam coicéandi per-
tinet, quia vero ipia haec quaeftio conie@uralis af.
altero argumento videri poteft prorfus aliena ,  nod
incongruum putani eam f{eorfim praemittere , ficqué
disquifitionibus proximis veluti viam ftermere, et
quidem tanto hibentius, vt hoc facerem, animom in-
duxi, quod ipfa mecthodus noftra mox explicands
aliquid conferre poffe videatut ad moux ifr aft¢ con-
je@andi principia formanda ac {tabilrenda, nondum
quod fciam adhibita E%Bcﬁ magis geometrarumi
attentione digna. Quoties pempe fit, vt forte con
tinha eaque variabili rerum flatus permutetur , ve-
loti cum fcheédulae , diverfl$ mumeris ioferiptis  di-
flinctae , focceflive ex vrna extrahuntur, voa poft
alteram atque leges quaeruntur pro variis inde na-
tis mutationibus determinandis , calculi infinitefima-
les vtiliter adhibeti poffunt ad negotium ifiud per-
ficien~
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