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SPECIMEN

NOVAE METHODI

CVRVARVM QVADRATVRAS BT RECTL
FICATIONES ALIASQVE QVANTITATES
TRANSCENDENTES INTER SE

| COMPARANDI.

Audtore
L. EVLER 0.

§ ) uae nuper occafione inventornm Il Comitis Fa-
ACH. guani commentatas fum de comparatione arcutm
elupfis hyperbolae et curpae lemniftatae , mulio tatius
mnihi quidem patere fatim fonr vifi. Cum enim me-
thodis adhuc confuetis ejusmodi tantum curcarum  arcus
inter (6 comparari poffent , quarnm rectificatio vel a
quadratuzz circuli, vel a logarithmis penderet, quippe
quae quantitgres , &tfi funt tranfcendentes , tamen ita
fam in AonalyG prae ceteris ius quoddam civitatis fuat
adeptae, vt perinde atque algebraicae tratari queant :
maxima certe attentione erat digoum, guod a Fagnano
in hyperbola et ellipfi arcus fint affignati , quornm
differentia fit algebraica j in lemniftata autem einsmodi
arcus , qui adeo inter fe fint aequales, vel catam te~
neant rationem, propterea quod harim cormarum rectis
ficatio neque ad quadraturam circuli, neque ad legarithe
mos reduci queat.  Hinc certe Theoriae quantitsrum

L 2 tranfcens
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tranfcenderitivm - infgne lumen  accenderstur , fi modo
via, qua kagpanus eft vius, certam methodum: {uppe-~
ditaret in huwsmodi  inueftigationibus.  vlrerius. progre-
diendi ; fed quia tota {ubftiturionibus precario factis et
quafi - cafin. fortuito adhibitis: niritur., parum. inde veilita~
tis. in Analyfin redundac.  Deinde iam notaui integra~
tiones , qias operatio. Fagpanizna: compleitur,, taotune:
effe particulares , neque idcircor methodum. certam:, &
qua. plura expedtari licear , fuppeditare: Interim tamem:
ea amplifimum” campum aperpific et vifa, in quo
viterins excolendo: Geometrae: vires fuas fummo. cun®
frodtu exerceant , ad infigne Anpalyfeos. incrementam.-
Res antem buc redit, vo propofitis- doabos formus-
Us integ=ilibus [ Xdx et [Udy, nom integrabilibus:,,
whi' X fiv fun®io quaepiam ipfivs &, et Y ipfius ¥,
giusmodi relatio inter variabiles & et y definiatur ,. VC
illae formulae vel inter fo fiant aequales, vel datam
ratinuem. tenesnt, vel vt différentiarn algebraice: affigna--
bilem obtinesnt.  Qoae inuefligatio: cum: latiffime pareat,,
turn. etiagy infignes in e continet” cafiis iam  pridemy
non {ine maximo Analyleos incremento ewolutos 5 huc
enimy referenda. funt, quae de comparatione arcuum cir-
culariom , de lunulis quadrabilibse .. de zonis. cycloidali-
bus quadeabilibus 3 tumy veros arcabus purabolicis, quit |
vel datam inter & teneant rationem. vel differentiamy
slgebiaicam lobeant, a geometris- [unt tradita s quim
etiam haec innefigatio a Cel. Iob.. Bermow/fi ad  para-
bolzs cubicales altiorisque ordinis eft extenfa., fed quia:
mic, qua viis eff ) nolla éertw mettiodo: nitebatur,
vlteriosi vl fere penitus carnit.  Huc quoque pertinet;
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T

gitod multo ante jam: acutidimus Hugenius in Horo-
Iogio ofcillatorio” expofiierar, vbi propofito. {phaeroide:
elliptico- compreffo , feu renolution€ circa aXem' mino-
rem genito , inuevire docuir copoides hyperbolicum ,.
jta vt famma verinsque fuperficiei circlo exhiberi poffets,
cum tamen nentra fupesficies feorfim cum circulo com-
parari queat: Quae inuenrio iam: mm: {ummis geome-
tris: maxime. memorabilis vifa eft . argque Bernoullius in
fitteris ad Leibmizium datis dolet , hanc inuentionem
nulla. certa methodo inmiti . ex qua plura huins generis
inwenta derivare liceat ;. idterim quia f{uperficies tamy
ilos fphaeroidis elliptici,, ‘quam: conoidis:. hyperbolici &
logarithmis: pender’, reductior viriusque: inodim fomtae:
ad circalum , Gmili modo perfici poteft, quo in paras
bola arcus algebraicam habemes differentiam affignari:
folent.  loprimis autem hoc: loco non eft praeterenn-
dum, Tfebirnbaufiun: quondamy methodum: a & inuentany
jacafle ,, cuius beneficior curuarum: qumramicuigue nom
rectificabiliun arcus: ita inter {€ comparare poffet, vt
differentia. fiat algebraica ,. led praeter. quam quod me-
thodum: fam: nunguam aperverit, manifeftom eft, eams
paralogismo® quodam fuiffer deceptum,. vt faepivs: alias;
com: certurn {it,. remv ita. generaliter omuine: expedisi
nom poffé: neque’ ergo Tlebirnbaufius: putandusi eft
quicguamy eorum: habuiffe',  quae vel: turn circa: compaw
' pitionem: curgarum: (at: inuenta . vell adhue forte: elix

cientut” - o
Specimen igirar: quoddam  methodi lniusmodi
quazftiones: foluendi: hic exhibere conftitsi ,. quod: non
obfeure: maiores: progreflis: in. hac xe: promitteres vide-
L g tur §
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tar ; atque cum pon folum difficillimum fit , -propofiis
in genere eiusmodi formulis integralibus , quaefitam
inter variabiles rélationem ervere , fed etiam hoc fae-
piffitne omnino ne fieri quidem poffit ; ordine inuerfo
rem ita teotaui, " vt aflumta binarem varabilium rela-
tione , inde ipfas formulas integrales inneftigarem , quae
per hanc relationem inter fe comparari poflent. Quae
methodus , cum ficillime procedat, ad malto [ublimio-
ra perducere pofle videtar, quae aliis methodis plane
fint impernia : hac enim methodo noan folum ea, quae
habet Fagnaaus , facili negotio, ac f{ine taediofo calculo,

fum affecutus, fed eriam molio ampliora atque illoftrio-.

ra reddidi , vt quae ille nimis particulariter definiuerat,
ego -fatis vniverfaliter expediuerim : atque calculus , quo
fum vfus, ita comparatus sit, vt, quoniam operationes

protfus fingulares compledtitar , viam ad multo fubli-

miora flernere videatus. .

‘Tum vero gumasquam  variabilium  muma  refatio
per- methodos confieras defiviri poteft, quoties integra-
tio vtriusque formalze [ Xdx et fY¥dy, vel a quadra-
tura circoli, vel a logarithmis pendet ; tamen et hoc
plerumque non fine mokflo czlevlo  perficituor ; dum
partes, vel arcus circulares, vel logarithmmos, continentes,
fe muroo defiruere debeat: quemadmedum  hoc in
comparatione arcoum parabolicorum  ahunde  per{picitur,
Per meam autem methodum hae  difficultates cnn@ae
pewitus euanefcunt, ac fere fine vllo negotio iftae com-
parationes, tam in circulo, quam in parabola, abioluuntar:
in quo fine dubio non exigna vis huius methodr f{ita
efic cenfenda eft, quod non folum multo facilius ea,
- quie
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quae aliis meihodis iam f{unt ernta, pracbeat ; fed etiam
ad eiusmodi inueftigationes mannducat, in quibus aliae
methodi nihil effent praefiturae. Quam ob rem hoc
quidem loco sftam methodum tantum ad €os cafus ap-
plicabo, qui etiam alis methodis, fed muko operofius,
expediri folent , quo cum principia, quibus innititur, hac
occafione expofitero, deinceps facilius eius applicationem
ad quaeftiones fublimiores fufcipere poffim.  Quoniam
igitnr eoihi a relatione inter binas. variabiles, quam
pro lubitu conftitto, ordiendum eft, a fimsplicioribus
incipiam, ac primo guidem ab einsmodi, quie ad fimi-
les formulas integrales perducant, feu in quibus X et'Y
fimiles fint proditurae functiones ipfarom x et y. For-
mulae ergo integrales hinc natae ob fimilitudinem quan<
titates tranfcendentes exhibebunt, ad eandem lineam
curnam  pertinentes , deinceps autem ad formulas quo-
que diffimiles, quae ad diverfas curuas pertineant , fum
progreflurus. , '

RELATIO PRIMA
inter binas variabiles x et #.
oz=d -y (xx-+yy) 282y
1. Si hinc feorfim valores x et y extrahantur
reperietur : ) ‘
=== (S — Y 2 — Y}
J= Ty T T
5 — =S VS S — Y Yy —ay)
- ¥
¥bi quouis cafir difpiciendom eft, vtrum fignum quane
titats radicali fit praefigendum ? Fieri enim pote@t, vt in

vuague formuly, vel figna paria, vel difparia, locum ha-
peant,
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beant, dom alterutrum arbitrio noftro plane  relingui-

tur: dn guo indicio inprimis patura Warizbiium x et p,
vtrum affirmatiue,, an negative accipiantur , fpedtari

debet. ‘ .

. Ponantur ‘brewitatis gratia wmembra irrationalias
—{—V((&& =y y Jux-any )=P, et -—I—'-V((&é‘-fy'y \y-uy )=Q

vt fit

e 1y -_;:_g .

—

ficque erit :

Pz=yyt-da, et Qo a3y _
vnde quouis cafu facile colligere licet, -vtrum quantitae
tes P et Q habiturae fint walores .affirmativos , an
negatiuos. '

- 3. Differentietur dam aequatio affimta, eritque z’

dx(yx—+3y)+dy(yy-+Su)=o
atque ob yx—-8y—=Q, et oy~ Sx=P, habebitur
haec aequatio:

Qdx—~+Pdy—=o, five F 44 —o.

Reflitutis ergo pro P et Q v.llorlbus huic aequationi
integrali : -

fﬁr\(N_—w}xm—aw +fvr56—.-*‘mw— '1'}’).'_' Contt.
fatisfacit relatio inter varisbiles x et y affumta.

4 BEuolnamus haec accurativs, et ‘quo  facilivs
applicatio fieri queat, ponamus: | '

—ay=Ap et 68—y =Cp
vt ofit:

.jfr!a. +Cxx) "l‘fv A.—]—-C_y_y) -—COHﬂ'
eritque
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“eritque so == %%"3 et S=V(Cp—+ry v);
‘ficque quantitates,'p- et "y “arbitrio’ noftro - relinquuntur.
°5," Statuaturtergo Ty — A, et p=A Lk, i vik

Fi . . a [ . ' B

fit noua -quantitas-conftans, a noftro “arbitrio pendens’;
- eritque

oAk, = A, et : =V A (A CkE)
‘et aequatio ‘canonica., ‘noftrae -acquationi integrali fatis-
-faciens , - erit: |
(o=~ ARk Alxx--yy) -2y VA(A-CkE)

Hen y —=z E2Y (AJ+ C kfab—-j;—.’e'-\/ (A - Cx )
et ¥ :---'e-'-_j’ Y(A--C 1:‘5):-‘?:-‘4 (A= C_'w).

6. 'Si V(A= Cyy) "negatine *capiatur-, *itemqite
W A, ‘tum “huius saequationis -differentialis
e e fdy
i  WRACEE) (R cyn’
© Hntegralis “exit:: '

o =—Kkk-+AFx i79) 25y VA A CLE),

‘ideoque
. U wy{A=ChR) =k Y A 4= Cxx)
- YA 4= CRR) 4= YA AC
“A'VC]. .x::)"if\ S-Ch },?._A i b - 5’_‘}’].
7. Quia ‘ergo saequatio ‘integralis conflantem  in
e comple&imr &, quae in differentiali ‘non ineft, in-
dicio hoc eft, integralem ‘effe completam ; ficque ‘diffe-
centiali mulla -alia fadsfacit ‘integralis , 'nifi ‘quae in  for-
ma inventa -comprebendatur. Atque - hasc eflt inte-
gratio principalis, :ad ‘quam ‘welatio inter x et y aflumts
perducit. C R
Tom. VIL Nou:Com, M 8. Hint




- 50 METHODYVS CVRVARVM

8. Hinc autem derinaxi poffunt innurmerabileg
alize integrationes. Si enim fint X et Y eiusmodi fun-
Giones ipfarum a et ¥, Vb Vi relationis aflimtae fit
X =Y, eadem relatio fatisficiet quoque huic acquat:.om.

di ﬂ'menmh'
L Xdew _ Ydy
Yiht-Cax) — J(A4-CI 5} '
Infinitis autern modis hulusmogh fou&iones aequaIes ex-

hiberi poffunt ex formulis pro’ ¥ ct y inuends,

o. Quo sutem haec inueftigatio latius pateat, et
X et Y fint fun&tiones fimiles, eas non aflomo inter
fe aequales, ewsmodi awrem pro iis valores indago,

vt fit : &
Xd.:x.‘ Ydy dv‘v
VAECER — ik -+Cyy) —

atque quantitas V prodeat algebraica’, fi Kilicet relatio
§. 6. tradita locum habeat. .

. __dy ____ de T
r0. Cum igitwr it 7r5%esy = ymoreasy ot

(X—-Y}dm
YA+ Caz) — A

et ob P=kVAA+Crr)=yy+dx=Ay+xV A(A+CEi)
famto per §. 6. V' A negativo, erit V' (A+Cxx) =%
YA+ Ckk)-Z VA, wnde fiet:

(X—-Y}kdm
xV(A-i-Ckk}—J\lA —=dV.

rx. Cum fit porro ex aequatione differentiaty
A% (A x—yV A(A--ChE) ==dy{aV A(A--Chi)—Ay)
ponatur xy=—#, erit dj__d“ —322  quo valote fub~
fituto fiet ' :

| d’x(_A._v-—’% = d;“(xVA(A —+Cxx) MAJ)

fen
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Lt mV(A~+—C:ch)--—--_‘)'VA- — TRy VL

. Idu e 4
ficque erie AV ="37 . ra—gy

- X—Y

12, Q_uotles ergo = 55 cimsmodi fundio ipfius

#y que du@a in dz fiat Integrabilis, toties valor

quantitatis V algebraice - exhiberi poterit: hoc autem

€uenit , quoties X' et YV ferint poteftates pariam ex-

Ponentlum iplarum x et y, propterea. cum fic ex asqua-

iione afflumea

wx+yy:k'k+”“VA(A+Ck'fa')

13. Ponaur ergo X == s* et Y =y ; erit po-

.‘-x———n __,J@du
fito n—2; x_yy..,...i, et dV_._,M

k:c_:v

ideoque V—2u vi —Conft, = i Cou.ﬂ:
Quam ob rem habebitur :
J ;(ffi%m ~f V(r?im} == Contt, -+
14. Sit fam n— 4; eritque 3522“'_;5 = AX -y
=kE+3F VA(A+ Chi)
vnde a’V:k.h(kk’V’A “2uV(A-C kk)}
ergo V= (k/cVA-—“l—uV(A—l—Ckk)).

Hoc igitar ca{u €rit ;
\ ﬁ;*fjm) ji’,4(1f+cyy)_C0nft RV Ak ayV (A+CHR)
. fimulique modo vlterius progreds licet.
‘L - ¥5. His igitur coninngendis i fuerit
XXy y = kk—- 2xyV(:+Akk), fiue

y= xv(A..;_ckk)—W(A—l-Cst

VA
YA CRB) kY (A4 Cyy)
$ﬂ_ #_VA o ——
. M2 haee




95z  METHODVS CVRVARVM'

haec relatio. inter x. et fatisﬁtci&t;:h’uit- aequationi ;
integrali .

dx(m+%xx+c,x4) dy(ﬂl—i—%y:v—{-@ly i
N 5:512 V\A_{_Cxé)kx f AS—-Cy ﬁf) CO[lﬁJ

o By CEI Rk xy V(1= g RE) -

feu d;ﬂ“cmn tia 1ﬁanun formularum. 1ntegrqhum algebraice :

affignari. poteft...
RELATIO:! SECVND.—K

inter. binas variabiles: x. et ¢

O—a-2 p{x-’r—y) -%y(ax-—l—yy) -—1—23xy

16 Quoniam ; vti in praecedentibus deprehendi-
mus , , ambiguitas fignorum radicalinm ab arbitrio nofiro
pendet, dummode. eius. ratio in conclufionibus finalibus
debite: habeator ;. fii ad differentiam binarum formula~
rum integraliuu peruenire: velimus , extrahendo radices,
habebimus :

j’-— -—-—B—-—S 2 (B ﬁ—-—-ﬂ'\’—l—zﬁta‘" W +[5‘b’-'y')’)xx}
x_:r-‘—@—ﬁy—l—w”ﬂﬁ——‘w—l—_;ﬁ@—%y +OT— YNy .

1. Statuamus, brevitatis gratia has formulas  ir.
rationales : :
1/(;3{3 ary 2B d=y)xr4-(3d—yy)an) =P

ViBB—ay 4280~ 'YJJ’+(55 YV
eritque -

~P=R+tyy-+dx et Q'-“p-\—'yx—}—é‘y
nde . eliciuntur iftae relationes .

P+ Q=(y—d)(x—y)

YR+ Q= p{d- q«H—(c?é‘ YV
8Py Q=Bly—0)~ (33 ~yy)x.

1 30 Ae"‘

=

wr
ot
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18 Aequatio autem propofita differentiata datz:
ARy 2N Ay (B yr-dx)=0
five- de—-de:"._"o'a
vode oriror : _
p—-—o_fuf — f4L — Conft.

- cul ergo aequationi integrali fatisfacit relatio propofita ;-

‘indeque valores pro x et y extracti.

19. Vt hinc fimili modo alias integrationes obti--
.neamus, fint iterum X et Y fun&mnes ﬁmlles ipfarur
xiet y, ac pofto -

Xdyvy Ydpv
P:',‘o“ Q_y —n dv

definianwar hae fan&iones ita ;. - vt V"prodeat‘ quaatitas -
algebraica’, ficque habeaturs
o V-—r—— Con{%

: X . Vidat
20: Cum- igitur fit -5; = —1—,,, erit dV__(-—mP—’-——, :

- Y .
few dV = d’;f‘M; Sit iterum - xy = #, ideogue’

dy =22 JT“’ , erit’ pm acquatione differentiali-

(B a3+ 2 (Bry+de L B ryy+drzoy
feu dy - By yxx- fyyy)-{—du(ﬁ—i—yy—-avé‘,x,:o.
21, Valore hinc pro dx fubftituto habebitur :

dV = )B4y Cx—i—af)l )

Ponatur autem viterius x4~y =#; erit xx—-yy=ii-28"
et quia aequatio afflumta in hanc formam abibie:

o__oc-—l—zﬁt—l—'yttﬁ—z(é‘ L2
ex qua differentiando fit dt(p—}—w)__w —d)duy,

R e R

M 3 “ 22, Hine:
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22. Hinc igitar fimpliciori modo obtmetur '

At{X V)
dV.b*Wwé‘)(x—-y)

vode pater, fi X et Y fuerint poteftates 1pfarum X et

. g
Y, tum fractionem 5—:— per £ -et u, ideoque et per

f f e
folum ¢, ob ..._"'“;'(T;@-gj‘ﬂ'——,t,, commode exprimi

poffe.
23. Sit- ergo X:x et Yy, ' ac pounatug

primo z==1, i Iy, et dV"—“ 5; vode fie
’V:,;%: Quocirca pro hoc cafn erlt_

d

5 — [22 = Contt. - &2,

cui ergo dequationi mtegiah fatisfit per reiauonem intex
X ety aﬂ'umtam.

24, Sit n=2, emquc Q, .,_g, —-y==t; Vi
de fit
fd £ )T
dv"" et V= 2(‘1’—-5J — 2{Y—§)
Hoc ergo ca(_u habebitur ;

xxdx :yydy___ {4-90%
P J Conft. + 2y —=8)"

25. Si vltenus progredi Jubeat , ponatur 3,

eritque :
x.-: :gg:xx —- Xy -y =t —y= = =f2;f_—-6; Bl
ct} V= ;{y?:f}iﬂ _gﬁ)ftu._a d ; fieque erit
ya 27— Conft. - &= ’°+J’f(;y=ﬂxg;ﬁ -salr—g-9)

26. His igitar formulis copinngendis, fequent
aequationi integrali
' , f&:e

!




QVADRATVRAS COMPARANDL s

[ _8x B Enie D) —~f B9 - By Eyy4-Dy®)
j VB3R~ B SV 2 (38 Ty )en) v

@p-qw_,-_?g(shm—:-wa;ww;)*
— b Beo) | By | D mabi ) Bty o sl )}
=Contt, - 529 TEEEL 5 (Y B}

fatisfacit relatio affomta
O=a-2 B(xy) +y(kx—yp) -2 8ay |

indeque valores pro x et ¥ initio eruti.

27. Quo applicatio ad cafis particulares facilins
fieri poffit, ponamus BB—ay=Ap; B(d—y)=Bp;
¢t §6—vyy=Cp; w fit P—=V%p(A 4~ 2Bx+C xx)
et Q=Vp(A~+ 2By Cyy)
fiatque o

- Y=A-+Bi, e B‘ZVA(A—[—sz—{—Ckk}
. — (AC—B a1k __EB _
erit pom Q=PI o0 g5y

- 2BB (AC—BBEB*hE

_ atque o= o= (¥ - 3)—- CClA-BA)"

RELATIO TERTIA

inter binas variabiles x et ¥

! o:a+ﬂ1xx+nyy+-zc¥xy

28, Extrahendo vtramque radicem habebitugp
= R e Y ((§F e nxx-— o)
J== , n
‘_-—-S'y-ffté‘ﬁ—emn)yy-—.acm)
X e

hinc pofito /
- P=v(s¢ —mn)xx-an) et Q=Y((33 ~IHR} )70y
erit P=dxtny et —Q==8y 4 mua.
29. Per differentiationem vero obtinemus
Ax(mx 43 p)—~dy (ny - dx)=o

feu —Qa’x+Pd_y:o=, ideoque %:%’5-!

vude
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cvnde aequatio qﬁ‘umta huic  aequationi , integrali

dy._
G = P = fatisfacit.

. 30. Smt iam X et Y,,ihn&xones dpfarum -x. e ty

fingulatim , ac ponatur
Xdx d X fY d L

Jta vt ﬁat V quantitas algebmi'ca : seritque

X—Vydx 4+ (X —Vda
! P —=d4V Sa-ny

81, “Pofito wy—un, vt fit dy =% —T2L efirs
,dx(mxx~,zzyy)+dz;(my—+—,.6 xX)—o

-du

. o -
svnde, cum fiat 55— 75— mEx-nyg -CHL
- -"2 52
d v — duX—Y) }

- Mmx oc._n_yy ?

Jhincque non difficylter (cafiis |integrabiles celiciuntur,

.......

-3 2. :Sit cenim ;primo X —max, et Y = nyy yeiit
AV =—du, et N=—u=—2xy
Hinc relatio inter x et y affuata fatisfacit hoic -aequa-
jtioni integrali :

”jm—ﬂ-—f;“d” _—-’fn”dy — Conft. —x7.

33. Sit fecundo X—mmu*, et Y ==nnys, tit
- AV=—du(mxx-nyy) =-dula-204%)
vode fit V—u(a—+0u)=xy (a0 1y}

~ Esrgo huic asequationi integrali
j mm xt d ®

—F f”“3'4dy—“Con& +xj(o¢+ 2 x7)
il'ausfaat relatlo affumta joter x et g

34, His
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34+ His igitur colligendis telatio inter & et ¢ af~
furmta fatisfacrer huig asquationd integralis

A2 (Y 415 x4 T m? x4 dy(~§1+%ntg;y+€m’nja_‘j
.j F(§Swmmx algny '"f V@ F wmm yy —ain)

zﬁﬂﬂﬂ-—.%xy+€xy(a+-5xy3.
85. Ponamus ad faciliorem applicationem :

S5 —mn=Cp, an=—Ap et am——Bp,
e bt P=VplA - Coy) et Q_:“l{p(ﬂ-f(fyy} »
erit T=% Bu €180 m=B, et n—A, eit a=—p,
et 9=V(AB+Cp). Sit ergo p=CkE, vt fit a=-Ck,
€ aequatie relationem dnter & ‘et y defiiens erit <

0= ~Chk4Byx-+Ayyi 225V (A B4 CCiR)
86. Quam ob rem valores ipfiss » et y hine

erunt ; _
y_.—xm'fAﬁ-:i- CORE) e ko C (A - Cxx)

A
x._—nivmn-;-cgm-wcmﬂ._ €y

exifiente : ‘ o

P=kVCA4-Cxx) et Q= VC(B-4-Cyy).
37. Bi igitur valores conseniunt huic aequationi
integeali : -

jdx(&l[-}-f%l%qu.ﬂmx#) fdgr(ﬂ+_§5A}’y=ﬁ:EA’y‘i
VAg-Caxz) — ™ = Y(Bmq= o)

== Conft —%k@VC—i—@é@(-CIﬂk—i—-ayﬂAB+C’kk))VC.
88. Ponater B=5%F | quae acquatio latims patere
videatur, atque, conftantibus mutaris » prodibit ifta aequa-
tio inregralis :
§ BEEBAENVC by (95 yy1 HE JIVE
V{A4-Cax) VE-Fpy)
=Conlt. 3 B by € boayt S0 6 Rrary V(A i)
Tom, VII, Nen, Com. N cui
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cui {atisfaciont ifti valores :
BV (F4-xx)—x VEE kR

B VB VY
qui orivntur ex hac aequatione :

kk :%xx+%*}’y+2xﬂ/(é—§+kk).

80. Hae formulae ratione fignorom vtcungue
transmutari poffunt.  Primo enim in formulis integrali-
bus nihil muotando, tam &, quam ¥ (55 ~ kk) pro lu-
bitn vel affirmatine, vel negatite, accipi poffunt , dum~
modo eadem figni ratio vbique obferuetur.  Deinde:

etiam tm V C, quam ¥ F, negative fumi poreft; illo

autem cafi quogue 1/( —-xx), quippe #(ATCCxx; hoe

vero V(E——yy) negative eft accipiendum.

40. Denique patet , fi C it quantitas pofitina,
tumn quogue F  quantitatem  pofitinam  effe Opotrtere
quia alioquin altera formula integralis fieret imagjnaris,
Sin autem C fit quantitas negatiua , twm etiam F wlis
fit necefe eft; et quo hoc cafu imaginara & defirnant,
pro kk quantitas negatiua accipienda erit ; quo ket ks
fiant quoque imaginariae.

41. Hoc ergo . cafn fequens habe‘bltun' acquatio
integralis :

a5 Bun §IEw IV C _ df QT By 5L €V
f V(A—-Cuxx) e V{E—~Fyy) .

== Conft. + 35 Bk ay+ i € Kty eame @ ka vy V(E5-1E)

cut
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“eni fatisfacinnt -t valores : ‘
by — w V(E—kk)—kV (3 —2%)
BE yV(EE—RE) RV G-19)

cx hac aequatione orinndi :
kh=Fax+ Sy —2ayVikE—kE).

42. Hae formulae etiam eas, quae ex hypothe- -
fi prima funt erutae, in e compleCuntur, ponendo
{cilicet E—A, et F—=C -y quin efiam formulae fecundae

bypothefis hlS non latius patent.  Si enim in relatmnc

fecundo loco affumta pro 1:—-{—-,},_{?_5 et J+v 55 {cri-

batur x et ¥, aequatio omnino primae formae oritur,
fimilique modo {i hanc relationern conflituere velimus;

o av-2bx42By+yxa+4eyy+ 28y

ea facile ad relationem tertiam reduceretor , vndc eius
euolutionem practermitto.

43. Perlpicoum nunc eft, ex his formulis infinitas
comparationes inflitui pofle circa quantitates tranfcen-
dentes, tam ratione {paticrum , quam arcoum, qui
quidem vel a quadeatura circuli pendeént, vel a loga-
rithmis.  Etfi antem hae comparationes etiam .vulgari
calculo inflitni pofiong, tamen non inutile erit ofien-
dere, quemadmodum eaedem multo facilius ex his
formulis derivari queant; quod eo maius notaty dignum
videtur , cum hic neque naturae circuli, neque logarith-
morum , ratio peculiaris habeatur. Ex quo facilivs in-
telligetur, gquemadmodum haec  methodus etiam pari

' "N =2 fucceflx
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fuccefli ad efusmodi formulas imtegrales fe extendat
quie neque ad circuli, neque hyperbolae quadratuzung
renccari poffunt.

L

De comparatione arcuuai circulariurm.

44, Sit radius circuli ; fey finms totms =1, €

pofite finu quocunque ==z, fit arcws ei refpondens
- =ILz, famto FI pro nota eius furitionis, qur pens
dentia arcus 2 fio fimr denotatur.  Erit ergo, vii com-

ftat, IL.e=—/ q(tofl_fz 55 atque vt formolas  integrdes o
§. 41. erntas huc tramsferamus ; pout oportet A B
=C=F=z; %—1, %_,o, et @=—on
45, Ex his- autertr valoribas - emerget liagce as~
quatic mtegraha comp*le&ens g
1”(1""5"”1 f‘%"\: -—:y_y) — C@ﬂﬁ
cui fatisficere inuentae fiwt hae fosmulae ¢
y=xV (3 =kk)~EV(z~ x5}
257 (s~ R+ (5=75)
quie oviuntiy ex bwc gequatione v
kk=xa—4-27- 2xy V(5 -k

L]

46. Per Iias 1g1tur detemmna‘txon‘es ftishit  Infe
aeqmtiony ¢ :

IT. & — 1.y == Conth. |
in qua conflans ita determinabitur : Sovatir § == & erige
que x-=k; ex quo cafn prodit XL k— Tf.o==Conft.
- feu
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feu ob M.o=o etit Conft. *“’I'I ky fet! arcut ouins G=
5 — k. Hinc geacralim hibebiiuis :

Mox-1ly =1Lk

4. Hive ergo {tatim arcunm tm additio, quam
-fubtiadiio colligicns.  Si enim doo habsantur arcus .k
et 11,7, quiram Gous Gor £ ot y, et funmae  srcuum
fious ponatar ==&, vt fic II » =1L B=TL y, erit x— ¥
V(z mkt)-iak‘i/(x — 3. Powo i maioris arcus finus
fit =&, minotls ==k, fuiusque differentine ponatar ==y,
vt fic Thy=TL4a-TLk eiic: :

y=aV{E<kb)-kV{(1 -2x)3
yti e% elementis eft manifeftum, o

48. Perfpicuum etiam e, quemadmodum hide
grcuutn multiplicationem deduci oporeeat.  Pofitc enim
Ik Vi it x==a2kV(s~kk), eitH x=aoll & Ac
i valor hic pro x imuentus loco y fublituatur, i fors
mula =y V(x —kk) k¥ (1 =gy}, ob Hy=2allk,
prodibit Bl.x—=glilL& -

49. It genete autern, 6 Ge y fmus arets 2k, feu
Hy==nILk, e V(x-yy) fit cofinus arcus nk, Vi
V(1 —kk) denotat cofinum drcus k&, atque ponatur
| 2=y Vit -k EV(1-yy) et Hazz(ni)I %
Ex fion ergo coltsuls midltiphi arcus % reperietr  finus
multipli vaitate altions.

50. Quo autcrii laee f‘iahuﬁ expeditt queant ,
valorem quogue ipfius coffuuis V(e —xx) nofle coe.’
niet ; quem io finer cum ex Drninla prima fit

EV(x ~5a) =& V(L ~kE)—y ¥
N g fabfti-
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fubftitnatur hic valor ipfius & ex altera formula

erit kV(x —xx) =p(1-kk)-+V(1-kk)(1-yy)) —y, ideoque
V(r-xx)=V{(1~-kk)(x-p7)-ky

fimiliqgue modo erit:
V{x—yy) =V(z -kk)(1 -xx)+kx.

5t. Inuentis ergo valoribus, tam pro x, quam
pro V(r-xx), multiphicetur ille per A et produéum ad
hunc addatur , eritque '

V(1-22)+ 2=V (1 -k 1 g9 )-ky+ NV (1R NV (2 -99)
fen V(z-xay+ax==(V(1-kk)+ k)Y (1-pp)4y(NV (1 -kk)-k)
Quo igitur hi factores fimiles reddantur, necefle eft, vt
fit Az—V—1, eritque : _

V(x-aw)+aV-x=(V (- kE)ARY -1) [V (1-p)-pV -1).

52, Hanc. ergo formulam loco fuperioris adhi-
bendo, flatim pater, vt fit ILx=2TIl. % oby—k,
effe oportere :

V(t-zx)+aV-1 =(V(z-kk)+EV-1)
Ac fi hic valor pro x inuentus loco y fubflituatar ,
vt fit

I.y= 21I.%, prodibit : ‘

C V{(z-xx)4aV -1 =x(V{(x-kk)+-kV-1) pro TLa—sTLk

- vnde in genere colligitur, vt it Tl x —nIlk, debere
effe ; '

Vii—xx)txV—1=(V{1-kk) kY -10%

58- Quia porro V-1 ob fiam naturam tam ne-
gative, quam affirmatine gccipere licet, erit quogue pro
eadem arcns multiplicatione: I x—nTl.k

Vit ~zx)—aV -1 = (x —kk)—kV—-1)
- ideo-
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ideoque  vel ’ |
(V(x—~kk)+ Iﬂ/—r)”—H V(1 -khi—kV —1)*
(V(:~kk\+w—x)n (V(:—kk)—kvw ¥

2V ~1x

quae formulae quoque valent pro valonbus fractis ex-~
ponentis 7.

V(I ~ g XY

vel a

IL. -
De Compal atione Aarcuum

parabolicorum.

54. Sit AB axis et A vertex parabolie , quem Tab IL,
tangat recta ‘indefinita AV, faper qua capiantur abfiffic; Figr *-
pofico  ergo parabolae ]atcre refto ==z, fit abfmﬁ'a _
quacuis AP=—2, erit applicata Pp:;zz, €X quo arcus
parabolae huic abfiffae refpondens erit Ap —jd z
"V(r--z2): qui cum fit fanctio ipfiss %, denotetur
per 1.z, ita-vt II.z fignificet arcum parabolae abfm[‘
fae = conuenientem, feu {it

T II.z::fa’z'V(I - 22).
55 Irrationalitate in denominatorem translata erit :

— a2l Az} . o111 rmal:
IIz =/ S=e Adhanc ergo formam vt ﬁil,mulae _
integrales §. 38. reuocentur, erit A—=E==1; (=F=r,
O—1 et W1 atgue =o. Vade aequatio 1illa

integralis in hanc abit formam :

dolidnx) _ pAyl—y3 .
Vi =xx) ¥ Gy ) — Conft. ~-kxy

cui fatisfacinat hi valores s

J=-kV (i) ¥ (14kE) et x=kV (r-4yp) 4y V (1 k)
fimtis tam k quam V{1 kk) negatiuis. .
o . . g6, Hac
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¢6. Hac igitur inter x et y relatione Mibfiftente
pto arcubus parabolae erit:
1. x—11.y =Coutt. - kxy
ad quam conftantem determinandam ‘ponatut y=—o, et
quia tum’ fir ==k, erit TI.E—Conft. oncuca ha-
bebitnr :
e—Tly==Ok-tkxp _
2. Vi igitne haer nequatin losom hahest , rolatio
inter ternas abiciffas %,%, et y elismodi erit: |
- RZEV{x-gy) AV (xckk), feu y=xV (1 Hkk)-EY (x-4ax)
vnde praeterea eruvntur iftae determinationes :
V(3 —ax)= V(X 4-kE) (24g0)+-ky et V(1--19)
o =V (k) (1 -ax) —kx
ex quibus porro elicitus :
x4V (142 x)"‘*(k——l—‘V(I—i——kk))(j-—%—V(r——}-yy))
| 58. Si manente cadem abfcifa %, capiantur alize -
duse sbiciflac ¢ et p, wt fit

q=RV(1+pp)HpV (1-4-kk) et p—gV (x+kk)-£V (1 -+44)
fea g-+V{i+gg)=k-+V(a k) (p+V(i+pp))
erit . g ~-TLp—TLk4kpyg.
ldeogue hanc aequationem ab illa {ubtrahendo habebitur:
Hx-T1g)~(M g-11 py=k(xy-pqg).
59. Pro hec igitur cafa erit

Lmpm V(1) g V(- 74)
FHAVTA35) = PV (i = BP) )
vade relatio intes p, 4, & et y fie % obtinetnr: Erit

anLem
b=V (1-49)yV 1+ 32)==gV (1 pp)pV (3-+0g) et
V(13- k=Y (1 +58) 1)y =V(14-pp)(1~-49)-pq
. 60. lam
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60. Tam ob v iEeh = V(1 - pp)-p erit:
V{x-ran )bz, V(- )V (249 )g )V (14p0)-p)

vade reperitur ;
=V (1) 1+ 99) gV | 1 -pp) (1-Fp) BV (3+49)
(x~+30)—pgy

Q.uare erit :

(M1.2-TLy)-(TLg-XLpY=(gV (14 pp)-pV (1449 (#V +pp)
| DV (+))gV (x )ty (1447 ),

Problema 1.

61. Dato arcu parabolze quocunque AF, in ver= Tab, I
tice A terminato, ab alio quocungue - puncto p arcum Fig. 1.
abicindere pg, qui arcum illum A fuperet quantitate
algebraice affignabili. |

Solutio.

Pofita parabolae parametro —e2, fit £ abfifa
arcni Ak conuenfens, abfciffae autem  punctis p et g
refpondentes fint AP—y et AQ=wx; eritque arc.pq
= ILx-ILy et arc Ak=ILk; cum igitur data £t
abfciffa AP=y, fi capiatur altera '

AQ=w=y V(1 +kk)+kV(1 417
erit TLa-TLy—=TLEk-kay, ideoque
Arc.pg = Arc. Ak —+kxy. :
Seperabit ergo arcus pg, qui in dato puntto p terming-
tur, arcum Ak quantitate algebraice affignabili ku Vs
Poterit etism a pmn&o p antrorfum abfeindi’ ar-

cus pg*, qui pariter arcum Ak quantitate geometrica fi~
Tom, VI Nou,Com. = 0O peret
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peret ; ad hoc ponmatur AP=—wx et AQ =y, fitque
y=xV{x-kk)-kV(1—xx); et cum fie Arc. pg-
—M.x-Tly, ent:
Acc.pg —Arc. Ak -kxy

eraque igitur folutic ita coninngetur ; vt pofita abfciffa
data AP=p; capiendam fit:

AQ=pY (1+kh)+ &Y (1-+pp), et AQ~pV(::+kh)«kV(:+pp}
quo facto erit :

Arc.pg—Arc. Ak-«z Lp AQ
Arc.pg' = Arc. Ak Ep. AQ?
ficque duplici modo problemati eft fatisfactum.

Coroll 1.

62, Fiert avtern nequit, vt exceffis kxy, qgno
arcus pg arcum Ak fuperat, evaneftar, deberet enim
effle vel x=o0, vel y==o. At clu x=o feret
Y=-k, arcusque in ipfo vertice A inciperet in altero
ramo ipfi arcui Ak fimilis capiendss ; alero  zutern
caf, quo y=—o, fieret ==k, et arcus pg in arcum
Ak abiret: vnde arcui Ak geometrice .im parabola
abfcindi nequit alius arcos ipfi aequalis, qui ipfi noo
fimul futures fic fimilis.

Coroll. = |

63. Viciffim ergo dato arcu quocnnque fg in
parabofa , femper a vertice arcus abfcindi poterit .Ak,
gui ab illo deficiat quantitate geometrica, Cum enim
nonc datae fint abftiffae AP=—y et AQ=w. erit
AR=bk=xV{1 439 -yV (2 —~x2), qua ipuenta, eric
Arc.pg-Arc. Ak —kiy. |

Coroll,
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Coroll. 3.

64. Quin etiam pundto p pro incognito habito.
propofito arct Ak, alivs arcus pg aflignari poterit,
qui illom f{uperet quantitate data, puta =—=C. Habebimus
€rg0 has duas aequationes :

kay=C et xx—tyy=rkk-+ 229V(x 4-kE)
feu xx+yy—kk -3 V(1 <-kk); ergo

w—ﬁ—y:%{/«:k-}*%}}-—i—-’—;?’(r —-kk))

2=y =VRE-3 - V(1 =+ k)

_ Seu fint x et J binae radices hinius aequationis quadraticae
f

' C ‘2 C Iy .

22-Pa-Q=o; erit Q= et PxV(kk-+% -5 V(1-+kk))

viide 21V (kb B 50V (54 2R == 5V (k-2 V (11 R)).

Coroll. 4.

65, Quantacunque fit haec quantitdss C, modo

fit affirmativa, femper prodeunt pro & et y valores -

rcales, dique affirmatini : At fi it C=o, flet x—k,

¢t y—=o. Quin cuam poni potelt C negatinumi, quo
fu y reperitur quogque negativum , et arcus quaefitus

virinque circa vesticem A erit difpofitus,  Vernm 6

L¥
it C ::—D, necefle eft, vt fit DL Py g g 730 fea
DV —kE)-—- 1); mm fi D eflet maius, veraque
ablcifly fierer imaginaria,

| Coroll. 3. o
66, Cafr antem D::éC:}k(V(I‘—#—.Z;k)uI)*
erit zz:% y Meoque & = —- V 1 (V (1--kk)—1)
0=z ' et

-
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et p——7Vi(V(1—+kk)—1); hocque ecafu orietur ar-
cus vtrinque a vertice aeque extenfus, cuius  defedius
ab arcy Ak eft minimus omniunm , qui quidem geo-
metrice conftrui pofiunt.

Problema 2.
Tab. 1L &Y. Dato arcu parabolae quocunque ¢f , a dato
Fig. 2. ¢ins pundto quocunque p alium abfcindere arcum pg,
ita vt arcuum ef et pg differentia geometrice pofhic
affignari.

Solutio.
Pofito parabolae latere iedo ==z, tanget redta
AV parabolam in vertice A, a quo capiantur abitiffa,
quae fint s
AE—e¢; AF=f; AP=—p et AQ=—y
guaram trés priores e, f, p, funt datae , haec vera gita
accipiatur, vt fit per §. 59.

gV ir4-q9  f4V 1470}
PV P) — et S e) .

Tum vero fit h=fV (1 ~-eg)—eV (1 4-f), feribendo

e et f proy et , eritque (Tl.g—TL.p)—L. f~TIL¢)

—k(pg—ef)-

Ideoque habebitur: .

Avc.py—Atc.ef=k{pg—ef).

Hinc etiam apparet, §i pundum g foerit datum, ex

formula tradita funili modo pundtum p antrorfum pro=
~ cedendo  definiri - pofle , vt arcunm differentia progeat

geometiice affignabilis,

Loroll,
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B Coroll. 1.
638. Bx reductione §. 6o. fadta patet efie
pg~eff—(pV (x-+ee)-2V (x-+pp)) pY A SV (1-472))

Wgea) _ foV(ieff
ficque, fumta abfciff g, ex aequatione Ty m?; =

erif
Arc.pg—Arc.ef = fV{1--er)—eV (1 FOpV {1 ~4ee)
=V —s—zm;)(pv(x—%‘ﬁ) 1Vt +pp))

Coroll. =

o, Si velimus pundtum p ita accipete , Vb ars
cum differentia enancfeat , feu flat Arc pg—=Asc ef)
oportet efle
welpV(14ee)-eV [T -+rp)y=0, vel pY{zHf )+ V{r+ppl=o
Priori cafu fit p==— ¢; pofteriori p = - f, virogue au-
tem cafu arcns pg  vel cum arcy ef congrait, vel
eins fir fimilis in altero parabolie rimo affomius 5 ita
¥t geomelrice duo arcus acquales exhiber nequ-azmt )
quac gon fimal fibi forwd far fimiles.

Coroll. 3.

=wo. Cum fit k=fV(1 +£{,}-——f‘/(1 4,
et V(I-—l—kk)::“lf’(x o)z ) —ef; hinc k' V(1 kk)
=fV( I+ﬁ)+2eef1/(1—{——jr)—-— ceff V(e—-ee)
—e V({1 - ff}
five _
BV (1 A E=fV (x4 el/(x t-eey-2ef{ fV [13ee)eV (14f1))
ideoque kV{1 ki) ==f V{1 4-f) - V(v &) -2 efk.

' 0 3 _ Quo
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Quo circa habebitur :
kef=1fV( 1-—r-ﬁ)——-eV(I——I-M)-—‘kV(Iw—‘-—M)

Coroll. 4.
. Quia igitur &£ fimili quoque modo pendc’c 2
p et g, erit etiam

kpg=1qV (s 4 gq)— Rpw/(z—{—pp)——'m/(z—-;—kk).,
Quare cum arcoum differentia fit — kpg - kcf, fi qua-
tuor parabolwe puncta ¢, f,p, ¢ ita 2 f& iouicem pen.
dent, vt fit: .

g4-v{1+2q4q) f+~/(!+ffj
) PV dpD) — e V{i-ce)
erit

Arc.pg—Arc, .ef:agV(I—;—gg)- ¥V (1-+pY- V(21

—-3eV{1+e¢)
quae expreflio, ob fin&iones quantitatum P g, ef ate
mulccm feparatas , et notatn digna.

Coroll. s.
72. Relatio inter e, f.p, 4 etism ita exprimi
poteft, vt it
Y+ 4=V (120 =e) (V (1= Hf XV o) +1)
tam ob g = V(1 4 g g)~g erit:
V(- gg)= 4=V (1 ee)k o)V (-4 =) (V (x-+p) )

vode datis ¢, f; et p, facile valor tam pro g, quam Pr&
p, eruitur.

Coroll. 6.

75. Ex formola Coroll. 1. data appsret, arcum
Pg femper maiorem fore arca ¢f, i pun&um p a
vertice
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vertice parabolie A magis fherit remotum, quim phg-
ftum "€y contra sufem arcun pg proditurum efie mi.
norem.  Ac fi guidem fit p——o, erit Arcef— Arc.pg
=ef(fV(x+eey-e V(1 4f)); minimus avtem omnium
rcus pg enadet, fi capiatur p=—Vi(V(14-ce) (11 f)
—ef—1) et = VIV o)1 —ff) —ef- 1) tum-
que erit @’ .

Arc.ef—Arc pg—={(e+ YV (1 )=V (zee))
Arcusque pg  viringue aeque circa verticems A erit
gifpofitus, .

Problema 3
74. Dato arcu parabolae ¢f, a pun@o dato p Tab. 1L,
abicindere arcum pa, qui fuperet datum multiplum ar- Fig. 3.
cus ef quantitate geometrice affignabili.

Solutio. .
Pofito parabolae latere reo — 2, fint in verticis
tangente “abltiflae datae AH—¢, AF=f, et AP=p;
tuh caplantar abRiflae AQ=g; AR=r, AS=y,
AT=¢; et vhima it AZ—=z%; que ita determinen-
tur, vt fit:
VO 4-gq) __ Fee V(T FF)
PAVUHTFH ey (e
eritque ex $. I,
Arc pg— Arc.ef =1 gV {2 —-q4)-ipV (1 =-pp)-4f V(111
-2 V(1 +t-ee).
Deinde ex punCo g fimili modo definiator puactum r,
¥t ot |

Pt} fee vl =) fog T+t i-_%_l/_fz_ﬁ«ff}):

GtV 1 egy) = 6| 1 g0} P am=pp = Mg V(1 )
' - Grifgue

Primo
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eritque B '
Axc.gr—Arc.e f= eV {(x4rr)- f;q‘l/(r +aq)—5f V(x=+f%
_ A-teV(x eey
qua aequatione ad illam addita prodibit :
Arc.pr—sArc. ef =37V (1417~ Y (x~+pp)-2f V(1A
- , -2 V(1 —+ef)
. Tettio ex puncto # capiatur puectum 5, vt fit:
SVl b ok VR sl s)  Fedlce
Ao (orry — e ey 18U SOyt p) — Nevliee
eritque : :
Arc. ps— Arc.ef= 15V (155 — 51V (1 4-17) — Vi
~LeV{r e}

guae ad praccedentem addita praebet:

Arc.ps-3 Arc.ef =5 sV (1—4-35)-pV (x-+pp)-3f V(1 4)
o ~-1eV(x —-ce)
Atque hoc. 'modo fi viterius progrediamur , fitque 2
punctum poft # huiusmodi operationes inuettum , erit:

eV (r 22} (.f-'l—"\’(l .—l——ff")n
Fa-vlii-pp — ‘et v(i—eel

vode immediate pundtum % reperietor , ita vt Gt:
Arc.pz-n Arc.ej:;z“i/(r+z£)—;pV(1+pp)—2J‘V(1+ﬁ}

eV (s -4-¢e)
ficque arcus pz eft inuentus a dato puncto p abfeiflis ,
qui arcom ef vicbus # flmtum  fuperat quantitate
geometrica.

Coroll 1
75. Quodcungue erge multiplum  arcus ef pro-
ponatur , cons multipli exponens it pumerus 2, fiue 1s
fit integer , fine fizGtus, a dato puntto p femper ab-
{cindi
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feindi potesit arcus p2, qui' hoc multiplim excedat
quantitate geometrice affignabili; erit” enim:

."V(I +zz)+z_, (14 pp)-(-p)(‘l/ 1) "(‘I/( 1-+e2)-2)" et
V(1-tez)—a=(V (x+pp)—p)0/ (2 fF)—f (Y xteeyte)fe

Coroll =2

*76. Quodfi ergo ad abbrepiandum ponatur <
V(x+ee)+e‘:F V(1-ff )-}-f‘F Y +PP)+P—P

n

erit V(1 z-i—zz)——l—-,\,.__.lfﬂ £t V{I—i—zz) ;Eﬂ.

' wwnde oritur :

. "Pzenr“_Eal 'Pz.Fgflm_Eaf;: |

Coroll 3
_ . . ', . P+ — B4R
77’ Hinc ergo iﬁeF 13V (x +zz)'"8P“E”F — .
Luia tum fimili modo eft

Bty ‘ ‘F&__g
1e V(1 e =TER S V()= $FF

, Pt—1x
et 1pV( +pp):m
erit
.  PFEY Pedex ;z(F" I ﬂ(E*—:)
Arc.pg-nArc.ef=eemmimn— PP SFET "SEE

Tom.VIL. Now. Com,~ - p Coroll.
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Coroll. 4.

w8 Si hwius expreffionis partes binae in vnam
congregentur, reperietur ifta differentia geometrica :
.‘ o ' _(an Ezn)rsz?r_i‘Em) (FF EE)(EEQF»[—I)
Atc.ps-mAIC.e f=——ypaga §REFF

Coroll. s.
_ =g Quemadmodum hic ex pundo dato p alte-
rum pundtum 2 determinauimus, itz vicifim, & poo-
&um z pro dato accipiatar, antrorfim progredlendcr,
fimili modo punctum p ex eadem aequatione reperie~
tur, ita vt Arc. pz fuperet arcum ef, m vicibus fome-
tum quantitate geometrice affignabili.

Problema 4. _
go. Dato in parabola arcu quocunque ef, e~
mire alium arcum pz, qui & habeat ad illum im data
ratione n: 1, ita vt fit Arc.pz—nArc.ef.

Solutio. |

Retentis iisdem denominationibus , quibus in probk

praecedenti eiusque Coroll. 2. vfi fumus ; quoniam fier
debet : _

Arc.pz—nArc.ef—o

quantitas illa algebraica, cui haec arcuum differentia

acqualis eft inuenta , in nihilum abire debet. Habebie

mus ergo ex Coroll. 4. hanc aegquationem : :

F“_P*+E=ﬂf”E F (Fng?’EEEF,F—P 1}

Pona-
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Ponamus breuitatis gratia £=C, eritque
#Cr—(CC—~1){CCE* -4 1)

Cz‘nP*._i._I: _(Cm_— I)EE I
vade fit:
Ope— #C(CC-x )(CCE*—!-I)-_ (mzC 4 CC- 1y (CCE* -1y 1)
2 (C"—x)EE T 4(Ct ez 3t it '
ideoque

P V #w(CC- I}(CCE'*-!—I’) V(ﬂﬂ(CC—ij’(CCE’*+_I)% T ))
2 (Czn 1)CCEE +£Czn___ I)z Cois# - Czn /)
five
V( (CC-1)(CCE* +x) ) n(CC-1)(CCEA3-1)  x
N4 (Cr-x) CCEE 20 ( (C*—1)CCEE "a! "“)
Deinde fi pari mode ponmatur V(1 --zz2)4-2=2Z,
erit Z——C*P. Ex inuentis aatem guantitatibus P ﬁ‘i‘-Z'
ita elicintur iplae abfciffie p et 2, vt fit:

PP—1« ZZ-—:
P:—zl—j—— e X

Reftituto autem pro C valore &, fi ponamus:
A(FF—EE)EEFF 1) .
- "V( GEEFF(EF_Em) ¥ ET) =M
(FF—EE)(EEFF4-1)
;/( £ BEEFF(F5—E) zE"E) N
reperietur
P=E*M—N) et ;=FM-4-N)
Z=F*M~—N) et $=EM-N)
vnde concluduntur ipfae abfciffae
p==— s M(E*—E" — IN(F"—E)
Z=- i M{F*—EH—IN(F+-E"
Pa Curn
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Coroll. 6.

86. Vt ergo arcus ef triplum exhiberi poffit, is
non in vertice A terminari poteft, feu E debet efle
maius quam 1, atque adeo limes dabitur, infra quem
accipi nequeat. Ad quem limitem inueniendum, refol-
vi oportet hanc aequationemi
: 3EF -+ gEF=aF*—~2EEFF -2 E~

In hunc finem -ponatur EF =S, et EE4FF=R,

erit :

3 5°~4-3 S==2RR—255, ideoque R=V/(§5*~}-SS--15)

vnde fit :
F4-E=V(2S 4+ V{35 -+ S5 4-13))
F—E=V(—2S4+V(:S4SS4+:5)

Et cum fit E>1, et Fo1, debet efle R>e, et !
85428543558 ; ideoque S>1.

Coroll =
87. Generstim ergo pro cafi #==§ oportet fit
8 8°--35>2RR—2SS ; ideoque R<V{:5*~4-S5+4-25)
guare fi o fit numerns voitate minor : reperitur
FH+E=V(254+aV(:5°3+SS+zS)
F-B=V(—2S4aV(iS*4SS+13)
Debet ergo efle aa®> o2t —— et S>1.

3554=285—4~3
Coroll. 8.
88. Ponamus S—2; erit aaS>1i.  Capiator
e=1, vt it EF=2, et EE+FF="19; erit
FAE=V(Vrig--4) ; E=iV(Vio-t0)—3V(V19-4)
F—~E=V(Vig—4); F=iV(V1g4-4)4+1V(V1 9-4)
_ erga
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g0 e= iV (Vig--4)—3V(Vig—4)
¢t f=3V(Vig—-4)+3V(Vig—4)
- Porro reperitur
M= et N=o; vnde
hic ergo arcus triplus vtrinque circa verticem acqualiter
extenditur, '

) ' B ) PR _ |
De Comparatione fuperficierum
fphaeroidis elliptici comprefli et

conoidis hyperbolici. |

89. Sit igitur primum propofitum fphaeroides Teb. 1.
ellipticam genitum rotatione ellipfis BMA circa axem Y& 4
minorem AC. Ponator femiaxis minor CA=g; et f&-
miaxis maior CB==gzVm, exiftente 7 numero vnitate
maiori. Sumta iam in axe minore a centro C abfcifla
- CP=4, erit applicats PM = V(e a—x4), vade ele-
mentum ellipticum =gz 2eln—1lzxz

B R
go. Pofita munc ratione diametsi ad peripheriam
=1 :m, erit portio fuperficiei fphaeroidicse, a rewolu-
tione-arcus AM genita, few qme refpondet abfcife
CPzx, aequalis huic integrali 2 mfdxV m (ag-+( -1 JXE).
Indicetur hoc integrale, quod tanquam functic ‘abfiffae
% [peétetur , hoc mode
JdxVmlaa(m~1)xx=1. x.
o1. Portio ergo, fiperficiei fphaetoidicae ellipticae
abfciflae CPz==# refpondens, erit =3 I x: vbi
‘ functic
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fincrio ITx, vti perfpiconm eft, a logarithmis, fea xegtj.
ficatione parabolae pendet ,- eritque Mx—o, i ¥7=04
fin autem ponator xz=e, tum 2 7. 114 exhibebit fe-
miffem totius fuperficiei Iﬂphae,roidis. '

9s. Sit porro conoides hyperbalicum genitum.
zenolutione hyperbolae gm circa foum axem’ cap,

cuius centrum fit in ¢ - Ponatur eins femisxis transuer-

fis ga==¢, femiaxis autem conivgar:s —¢Vn. Sumta
ergo in axe a centro ¢ abfciffa guacunqie ¢p =y, quas

quidem fit ¢, erit applicata pm=Va(yy—ge), €

elementim hyperbolicum =/ @V@-’—';jw_:%c:ﬁ.- E

95. Hinc erit portio  fuperficiei conoidis  iftius
hyperbolici, ex arca am gemita, feu abicifine cp—y
refpondens =2 7w fdyVai(n—t+1)yy—rsc) Quod iate-
grale cum fpectari poflit fanquam functio ipfius y, it
indicetnr : ’ ' :

JdyVn(n-+-1) yy-60)=By
fitque ®y=—o, fi capiatur y==y. Brit ergo fupesrficies
conoidis hyperbolici abfifl:¢ ¢p—y refpondens m2m.Oy.

94. Co,mparemur hae binae formulae cum illis,
auae fupra §. 38. font expofitae, £t cum fit:

n__t. dxlra-(m— dxxlvm
:H':l—-"‘f Y (@art-(m—1)ux) ,

erit A=ga; C=m-1;, YV(m-1)=aaVm; st
T B Vim-1)=(m-1)Vm,
ynde fit Ql:&%"—m- et P

95. Deinde pro hyperbola cum it

fiy{—ce-(n 1))V n
@'j"”f V(—soc-{n—:)22)
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fit E=—c¢, et F—n-{-1; eritque ob €=o
defQI-l—h By VFE__ acsz(n-l—l)f y{— r-!r-f""‘"”))
V{(E—+-Fy) Vim—1) ° V(-cot(nt1) )
dy(A 5By VF _ — aaVm(n-4 1)
Vb —+tyy) ccVu(m-1)

ergo -/ Oy

o6. His ergo {ubftitutionibus  factis habebimus

hanc aequationem :
yml : et

I1 28720 0y Confl - toklsatn=iy,
cui fatisfacit haec relatio inter & et y: ° ‘

aa_[y aa aac

M1 —-kv(vn—l—l'-lx) x-'/(kk' {m—f)(n:-nj) fClI

ccx (IL'SCC

SE TRV (g o YV (kk— Ty =y
whi V(kk~ (m_‘i‘:fm +=J) negative accipi conueniet.

. Vel ponatur k=2 , et fi fuerit
97 P ¥{th=1)

x+ (m—

Y=V (aa - (m—1)xx)+ETETHV (i1 )ee-acy

He—t !‘\’( -1}
feu x— ::'}f((r;::,; V((n—-1) yy—v¢) - cc-v’(n?:--x ) V((n—4-1 )6’8—{‘4_}

erit ‘
euw?r-(n-q-:) e {n4-Yaeym}
1—.[ '+" coyn{m 1) @_y___Conﬁ.+ ‘ cc ‘:U"

9& Ad confrantera autem definiendam ponatur
¥——o, vt i ll.x=—o, eritque y=—¢, vade prodit :
Conft. = - j ,’:}E::'l')ﬂe {icque hai()cbitu;: /o

gday mineg=1} n=f;jaeym
| DaHeES (O~ @) =y
At i in hyperbola capiator abfcifla cf=e, erit fuper-
ficies -conoidis ex arcu em nata —2 7. (@p-Oe¢).

Tom, VIL Nou. Com. Q " 99. Quo-
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99. Qunmam ngtur yoper X determmatur erit

quo]nc
V(a1 (pp-06)% au'l/(m»—:t) ?t+1)+aV(dd+ m——:[)xx)
(4 1x)ee—ce)
- vynde fir: ‘

J;-l_d V( (n—r 1) py-ee)=(5 +§?'((n+1)ﬂe—cc))1f(m+- (m—1)xx))
| +JL V(m—:)( - 1:)-—}—;"(,?1:31/( 71— I)eP-—cc])

fit 1: é\“l/(m«—x)(ﬂ—kx)'"‘ ﬁ,,—_f::j) erit 5-——¢(n+1}
hincque obtinetur : |

'V((ﬂ - I)yy — &)y V-t 1y=
‘(e eV, V(41 )ee—-cc))(V(m—l—(ﬂf -1 )m)’l‘ﬂ/(m‘l DB

100. Datis ergo abfciflis CP=——w, et cf=e,ab~
fcifa cp—y ita definiri deber, vt fit

VinA=- 1y y—e ey Vi) (m—- r)mc
Vnt=11€e ~cO) ey (1 1) — Yzt ”i“ V(’”‘I)
Deinde antem eft '

. ayin=1lyy—c —co} aev’({u+x)ee—cr1 cex/{aa—={m-—ryrx}
ga’gy T =T 2V (i Y01 ) -+ 20(1 1)

~ Problema Hugenianum.
_ Dato . fphaeroide elliptico lato ABC, inuenire
conoides hyperbolicum  epme, ita vt circulus deferibi
‘poffit geometrice, cuius area aequalis fit futura virique
foperficiei {phaeroidicae et conoidicae 'iunétim fumtae.

Solutio prmm

101, Manentibus pro vtxoque corpore: denomina-

sonibus, modo expofis, fawatm Syl

feu
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feu cc:“%}ff’—"}ﬁ, vnde femiaxis transuerfns hypér-
bolae ¢ determinatur, numero # feu eius fpecie  arbi-
trio poftro reliéta ; eruqus ﬁab1hta fupeuorl relatlonc
inter & et y

ML+ (@y—Qe)= — At rrev'mxy :eanfm.nun-r-u),

£e a

102 Cam nunc fit fuperficies fphaeroidis ex arcu
BM nata, fen Sup. BM—e2mIlx; et fuperficies. co-
noidis €x arcy em nata, fen Sup. em:zw(@y——@e
erit

Sup. BM -~ Sup em_’“”””m“’\ CETN

Vnde fi hae duae fuperficies lunéhm fumtae aequentur

c1rculo cuins  radius —r, Ob e1us aream “—"}T?’i‘
erit

: W..:zean(nz—' SRR
103. Hic jam continetur folutio problematis fenfu
multo latiori accepti. Cafu enim Hugeniano, quo’ inte-
grom fphaeroides affamitur, feu, quod eodem redit, eius
femiffis , erit x—=4; tum vero punétum e in Vertice
@ capi oportet, vads fir e—=¢. Erit ergo hoc calu:
ey n(ma—m—;}) — .
y=cVm+ _,(n_{_-,—J—— .cp, |
fietque :
1;mu{‘m-—-1)‘

Stp. BA—}—Sup czm_ap.frr(n——{,—- x)eza(m~+ ity

104.. Radio ergo circuli vtnque fuperﬁmm fimul
aequalis pofito =7 erit, rr=2a4(m{n 1)+ Van
{m—1){n—-41))
ﬁue re=aVe(Vm(n—+ 1) Vu(m— I))Wﬁ(ﬂ—l— 1)

Q2 Atque
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Atque erit cp=sy =gy (Vm(n—- 1)+ Va(m—1))
tum Vero aCCIPI debet ¢ =4 V,’I‘((;Zi‘.ii
Quae eft folutio ﬁmphcxfﬁma Problematis Hugenian,

Solutio fecunda.

105. Cum relatio inter x et y fit ita compa.
rata, vt fit

V(1) gyt (e (e ') ik
V((n—|-1}ee—cc)+ewn+!x)-——-V(I - Ly )(_!:;.. )V(m""' 1)
min t

ﬁtque I1.x —t= a4y min) f@y 95) T ece

coy nlme—iz) ©
(““3"‘/“"4").‘3’3’—05) gaey((nd-tiee—cc) ccac-‘l(aa_i-{m——s)xxjj
V(m—:) - Y (m—1) —+ vin 43}
Capiatur in’ conoide nova abfciffa ¢g=—%, et pro ¢iam
fomacar y, vt fit

V(=1 Y22 — )ty (mmter) (m—ex) _
Vot parit — V(1 "ez )G _}/ ((”‘ )I)
Jm 1) m(n 4 1
erit pariter II.a—-Tryqm—y (@3 — @M=" — %

| gezy((nen)zz—ce)  gayy [(tei) yy 4=00)_,  SoxV(a0-F{Timmmrr)ix)
( — Vm—1) ey (m—1) T 1) =

_ 106. Addantur hae formulae iouicern, atque y
prorfus eliminabitor ; fiet enim

Yint-r)zg—toldozy(ngur) .. (m...- r)x::c
Y (ee— pevorin —( ¥ (1 -+ # -5 V{(m-1))"

aadm{'n—{.u (@Z @e)__-\/m(n.q.r,x

eritque: 2ILx + o e0
(aazw"((,l"."_‘.)zz—c_‘] _ gaey(na-1)ee—cc) , acex Yloa{m—ixz),
—yme—1) . ¥ (m—1) V{4 1) )
aay mnape ) __ aoym{n-1)

107, Statuatur jam —-
erit per == multiplicando
Sup. BM —-Sup en=T¥21,
{uam'({n+_1)z'z-—cc) __ gaev{14-rlee—cq) - ,chq(aa..{..(m“,}xx))
Vim=—1) ¥ (@ — 1) Y (A1)
vonde

coyn(m—=1) . _..2,feu co= e e
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vide ficile radius circuli aequalis definitur.

108. &it nunc pro cafu Hugeniano ==&, et
€—¢, erit: - o
Yi{r 2z —po)d-zvVin4-1)___ _
Cra e B = (Vi -V (m - 1))
aaymin+1)

Hmcque muento z, exifenteque ¢e= yzm—yy ., €tit
vw'm(n-;-z)iaazv ((1-4-1)RB—rC) ancoyn aaaccy'm

S”P'BA+S“P"’,”— 260 N V(M) Hmei) Yl

Solutio Gene-ra«hs.-

109. Si hac ratione continuo vlterius progredia-
mur, vt fupra pro parabola eft factum, reperietur, fi
abfciffa c4—= exiftente, cf_-:;e ita capiatar, vt fit

V=1 Ym—ee)-2y(n—4-1) _ (m-— :)ncx
WMoy ) € & —O) ey (Fmjmy) — (1’/( L ) —+a a V(?ﬂ - I))

agv¥m{n—-1) 1/7?1(?1-{—)
fore Mnx—‘_ ccVnEm t(®z @"f—" 2¢C¢C ’

(aaz{(_(:;_-l— Nz t——re) aaey{{n-d-i)ee—cey = uc cx (g o4 (m— xjx‘_x})é
- ﬂm-—-u NI R o open)

Sup BM - 20nl40 gy o,

27ee ‘Vn(m—-:)

110. Pro cafu ergo Hugenii, pofitca=a, et e=e,

‘ davm( . . .
fiar u—;,—;,—,,l,’,',:",;’_p, et capiatur abfcifla cg—z, ita

vt {it:

YNz ~co)t 2y (14 \
_ E RV @) (V”"“*“V(m"l)“
eritque

'n'\»’m(u-l-x) aozf{(na- ujzz-cc} aaceva LLogecy T

SUP BA+SUP anz mece . ¥ (7 —— 1) ¥{m—i} -{- ¥in +1J)

five
p.cc-\/mn w1

Sup. BA + Sup. an—mizVn((n+1)z23-cc)-nic+E5 Fr 1) })
=w(Va({(n+1)23~ce)~-necc-+maa)

Q3 - _ III.QU‘A_G-.
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211, Quaecunque ergo fuerit hyperbola, ex ' qua

aaymn—-:)
conoides nafcitur ,, dummodo fit cwn[m_d.__p» nume-

rus ratiopalis, ab ec {emper portio an abftindi poterit,
cuius ft 1perﬁc1es ad fuperficiem. {phaercidis BM A addlra
per circulom exhiberi poteft, cuius radivs » geometncc
eft aflignabilis : erit enim -

cr=V(maa-nec+zVa(n--1)2z-cc).

112, Quo autem facilius pateat, quomodo ab-
feiffa ¢g—= reperiri debeat , cum fit

.Vr((n—!- N2z 1)+ _V(n+1) (V(ﬂ—]—x)—]—]/ﬂ Vm—!—V (#2- I))“’

erit
EV (n-+-0)-V (R 1) =V (1) V) ViV (- 1)
hinc facile tam 2, quam V{(n-- 1)22-¢¢) colligentur.

113. Hinc autem porro concluditar, fore

FVn((n4-1)2z-c0)= e (V1) Vel (Vi V (o))
— ﬁfﬁﬁ—,)(l/(n—}- 1) —Vu) (Vi —Vim—1))*
At fi ponatny  brevitatis gratia ¥V (m--V(m—1)=M,
et Va+V(n+1)=N, erit 2 Ty MEN—M-#N, et
- r=VY(maa - 5 (MM (MPN- M- BN-2)

ficque problema non difficulter confiruitnr, dummedo
exponens M- fuerit 1at10na115, :

t14, Haec igitor exempla fofficiant viom, nouae
methodi, quam gdumbrani oﬁendxﬂ'e, etfi enim haec
eadem exempla methodo confuetcl fam fint (oluta , ta-
men pou folum ad calculos adwodum intricatos deue-

niri
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niri folet, fed* etiam integratione , qua formulte diffe-
rentiales, vel ad quadraturam circuli, vel ad logarithmes
reducantur , abfolute eft opus. Huios igiur-nouse re-
thodi infigne commodum in hoc confiftit, quod eivs
beneficio eadem problemata, tam {ine laboriofo calculo,
quam fine vlla integratione refolni quesnt ; qusm ob
caufam inde merito multo maiora ac {ublimiora expe-
Gare licet ,, quae vim omnium confietarum methodo-
rum penitus {uperent. - | "
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