University of the Pacific
Scholarly Commons

Euler Archive - All Works Euler Archive

1740

De progressionibus harmonicis observationes

Leonhard Euler

Follow this and additional works at: https://scholarlycommons.pacific.edu/euler-works

b Part of the Mathematics Commons
Record Created:
2018-09-25

Recommended Citation

Euler, Leonhard, "De progressionibus harmonicis observationes" (1740). Euler Archive - All Works. 43.
https://scholarlycommons.pacific.edu/euler-works/43

This Article is brought to you for free and open access by the Euler Archive at Scholarly Commons. It has been accepted for inclusion in Euler Archive -

All Works by an authorized administrator of Scholarly Commons. For more information, please contact mgibney@pacific.edu.


https://scholarlycommons.pacific.edu/?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlycommons.pacific.edu/euler-works/43?utm_source=scholarlycommons.pacific.edu%2Feuler-works%2F43&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:mgibney@pacific.edu

159 OBSERVATIONES

PROGRESSIONIBVS HARMONICIS.

OBSERVATIONES.
AVCTORE

Leonbh. Eulero.

§. 1. |
Rogreffionum harmonicarum nomine intelliguntos
omnes {erjes fractionum, quarum numeratores funt
“aequales inter fe, denominatores Vero progreflio-

nem arithmeticam conftituunt,  Huiusmodi ergo

. e ¢ ¢ e o
forma generalis eft &y zmp» anmahs sy ¢ Quique
c c

. e . . c
enim tres termini contigui Vvt 433 iTab> a4sb hanc
habent proprietatem, vt differentiae extremorum a me-

- . <. . . wye [ad
dio fint ipfis extremis proportionales. Scilicet eft -0
c - £ 4 c c

— B G T i B i Cum antem ha_ec. fit
proprietas proportionis harmonicae; vocatae {funt iftins-
modi fractionum feries progreffiones harmonicae. Vo=
cari etiam poffent reciprocae primi ordinis, quia in ter- -
mino general:l = index a2 vnicam eamque negati=
wam habet dimenfionem.

§ 2. Quanguam in his feriebus termini perpetuo
decrefcunt ; tamen fumma hujusmodi feriei in infinitum
continuatae femper eft infinita. Ad hoc demonfiran-
dum non opus eft methodo hasce feries fummandi; fed
veritss facile ex fequente principio elucebit. — Series quac
in infinitum continnata fummam habet finitam , etiam-

fiea
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" g ¢ea duplo. longius continuetur nullum accipiet augmen-
- tgm', fed id quod poft infinitumn  adiicitur cogitatione,
74 je vera erit infinite parunm. Nifi enim hoc ita fe ha-
s berét, fumma feriel etfi in infinitum continuatac non
. effer detorminata et propterea non fnita. Ex quo
.- - confequitar; fi id, qued ex continuatione vltra termi-
"ftn—inﬁnifeﬁmumforitmrﬁ-t—ﬁnita@_ma_g.nitudinis_,_fum-

mam '.fci"-‘i’éi?? neceffario infinitam " effe debere. Ex hoc
Lergo principio indicare poterimus, VIrum feriei cuius-
qe propofitae fumma fit infinita an finita.
R --S_-g " i f > .E_ _E— [ _t_ - [
§. §. Sit-itaque {eries T, 337 5 aab etc. in 1=
s . . T ; “= . ‘ . I . . ¢ _ ‘.
initum;: CONtinlata, - tIMIMIEGUE... 11_1ﬁ11.1ﬁ?ﬁ£1.1145___ w1
denotante 7 numerum infinitum , qui fit index huips ter- '
Tam haec feries vlterius continuetur a termino
vsque ad terminunl grri—jp CUIS exponens eft
Horum. terminorum igitui infuper adietorum nu-
“eft (#-T1)i; Summa eorum Vero minor erit
Lyie . . ) (n—1ldc .
iy major Vero quAM g mi—cy- Sed quia ¢
“rhagaum , evanescet « 1n vtrogue denomina-
nare_fumma maior erit quam (i=1)¢ gt miw
"Ex quo perfpicitur hanc fummam efle
confequenter feriei ~propofitac e T
n- infinitum  continuatae fummam infinite mag-

s

Huins' auteri fummae terminorum ab 7 ad

i limites propiores ex fequentibus proportionis harmo-
proprietatibus: eliciuntur, -Scilicet omnis proportio
onica- ifa eft comparata, vt terminus medins minox

C it
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fit quam pars tertia fummac terminorum omninm.  Hage .
. . . e c .
ob rem rerminus medius inter a5 O F e s qui eft )

¢ ) . .
;—b_m—i——(m:"f“"%)b’ dudtus in terminorum humerum (n—1);,

(B-1)i¢ . X X
fe_u-;z- T w "‘i“"é minor erit quam f{immma terminorum
2

Siue  terminorim fumma hinc  maior erig quam
‘:(Jt-—-:l)f.‘

mr1s Ob 7 infinitum.  Praeteres medium  arithmeti-
Cum inter terminog CXIremos maius eft parte terdg
fummae terminogum. Ex hoc fequitur fore etiam in
ferie harmonica terminorum fummam minorem quam
(n—1 )1 in mediom arithmeticum terminorum ex-

. Lad{pigeicy)ble (nt-1)e
tremorem , qued eft 2(a-b) ami(7 11 5] fell ~wip 5 du-

. - 2____._ b
Gum.  Quare famma erit minor quam £=0°
. . _ 2
hi duo limites fint H et (ﬁgb—z—)g, adeoque fumma
— A—il)e

proxime — =22 quod eft medium proportionale inter
limites, -

5. 5. BEx his colligere licet, quibus cafibus haec

¢ ¢ ¢ ,
feries magis vniger alis — - etc. in infi-
8i8 Vnigerf @’ a0 - 2%} f

it sque ad d habeat fimmam finitam ve] ;
nitum ad ——————]jq ' ar itam in-
' veque a——i%h

finitam, Sequantar enim términum vitimum terminj {(n—1)i,
) _ . (7—1)¢ o
eritque horum fiimma minor quam —o———_ at maior
? ' , A

(n—~1)¢

quam —o- o= Quare fi fuerit ¢ numerys vhitate

maios.
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mamr , famma borum términoruym  fequentivm  erit
' —o0,..ehpropterea. ﬁlmmﬁ progrefhionis finita. At fi fic
g{; ;r'"'o Iumma terminoryily Sequentinm erit infinita; quo-
]; £4; 1p,11u5 progreiﬁmncs fumma in infinities maiore gra-
dﬁf“ﬁnt mﬁplta _Inter has igitur pwgle{ﬁones {ola har-
momca, - qua a.,__J, ~hane-habet - proprietatem , VE
fimma eius 11:1 mﬁmtum contmuatae fit infinite magna,
- terminorum  vero fequenuum poﬂ: termmum mﬁmteﬁ-

o mum fumma ‘ﬁmta. \

~ 5"'?6 Quanta yero  fit fomma terminorum a ter-
mmo 1nd1c1s i.ad termipum md1c1s m ,fequenti modo
Jigo. Pongpur famma. :ff:me1 @ L B
-———Tgaad texminum indicis'$ Vsque —.s, quae eft quan-
| Litas X a5 E: ¢ et i determinanda. Crefcat 7 vmtate
h;a.bebi,tque 5 pm -augmento terminum fequentem 5=z
Qnare erit di: ds—=1:50g fen. ds= afm' Vade in-
' feniti 5= C - £7(z+-ibY), denotante C quantitatem
quandam cenﬂantem. :Apparet quogue €x hac forma
Iﬁmmam emsdem feriei ab 1n1t10 ‘ad terminum “Indicis n3

'1nuatae fore '—'C+ 7 (d—}—mb) Harum igitur

' b
i;ulgg@arum differentia 3/ :j_’fb_._ 5 In (euanefcente @) da-

‘.'termmorum ab ;5 Vvsque ad —— Qum,

§ autem hlllllS fummae’ limites fupra aflignauimus erit 3 7z
f—
“maior quam fn+1)’;, atque minor quam 2%, fen /n
N 2 (pem1) 2%y
' '?1-]—1.

6. Infra oﬁendemus quflntltatem illam conftan~

' tem C efle finitam, eamque definire conabimur. Eua-
Tom VII. A nefcet

e

-
)
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nefcet ergo C in famma,. fictque progreffionis = ;—_?:—5

e . ' . . .
dE—s exiflente terminorum numero. nfie

Bito =%, fumma —5i{(a~ib) =31 Quamobrem
famma erit vt logarithmus pnmer terminorum , hines
que- infinities minor quam radix quantumuis magnae
poteftatis eX numero terminornm ;. nihile. tamen minus

eft infinite magna..

§. 8. Ex hac confideratiene innumerabiles orfup~
tur feries ad [ogarithmos quorkmuis numerornm. defi-
giandos.  Sumamus primo hanc progreflionem harmo-
miCam x ~j~2-f-2-j-I_j erc. pro qua fit a==1, hzrx,
¢—1. " Differentia igitur inter lanc feriem I—-i4r
= ===~ Fad terminum indicis 7 continuatam, et eandem
Tt i -=~w- Lt ad terminum indicis i continua=
fam,. erit —7p. Qunare illa feries ab hac fubtraéts re-
linquic /n. Quia autern. haius. feriei DUIMerns terming-
rum eft # vicibos maior quam illivs, ab # terminis fe- -
riei T -1 .- % fubtrahi oportet vaicum alrepiys fe-
Figl T4-1-- -, 2 quo: fubtra@io in.infinitum eodem
modo poffit perfici. Quare erit /n— x 1. . _ _ L

P | I '
w Sy — - e~ e et

1

_ ; i St igitar

2
inferioris feriei finguli termini g fupra feriptis terminis
{operioris fesiei a&u. fubtrahantur, et pro » numeri in- .
tegri feribantur 2,5,4 - - - erc fucceflive fequentes lo
garithmorum feries. obtinebimus. :
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Jomx iy A el
‘23""1——%2 T It Tt 351 fo st - sk E1C
Zé,j_l—k— -z “—Jr-l-’s—s-l—’ s—l—p—ho w11z Gl
75z1+ B N iyt ete.
lﬁ"’l —4—4—}— —-}—‘*:L—’ §=7 iy — o et
UL Tetel eten : .
Vnde PIO cmusms ‘pumeti 1ogar1t11mo f.1c1le fenes con-
uergenb muemtur A ‘ |
6 9 Ex 1115 fene‘bus aliae eiub'dem foxrr“ae, quae
" fummam habeant rationslern , poffant derjuari, ‘Nam,
- quia feriel =72 duplum’ aequale eft J4, i feries 1 -
L1 et fubtrahatur 3b hac 2 — - -fetc. refiduum,
nempe haec (erios 1 -3 ——L-b-k—-1-% etc. erit =0,
__feu': R R Tt B R ‘Similiter £
feries 16- exhibens fubtrahatur a fimma fericram, Iz et
Sy cthbentmm refidmim,, nempe T -3-3-i s —-1—3
R ot 13— etc. erit —p feu T =1-4-5-+5%"%-
C3iA-ide4 etc. Parl’ modo huinsmodi feries’ m-
numembdes poterunt . dpueniri. - :
(R T <K Series illae logarithmos exanentes con-
| mergunt quidem, fed admodum tarde, quare, quo €a-
qum 9 e=‘loga11thm1 commode erui queant, requiritur
" aliquod: {ubfidium, ~ Ad quod inueniendum notari opor-
tet eas feries non aequabiliter progled1 fed certas ha-
berc reuolutlones, ‘quae tot terminjs abfoluuntur, quot
. habet vnitates,, tot igitur terminos fimul fumtos vnum
feriel membrum vocqbo Ita in feriei pro /2 duo termini
conﬂmﬂent vaum' membrum in ferie pro /3, tres, in
fenc _pro 14 quamor et ita porro. Membra igitur ifta
s Va o acqua-
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aequabilem conftituent feriem, et ad logarithmos inue-
niendos oportet aliquot membra addi. Ponamus jam g
membra effe addita ad logarithmum binayii inueniendum ;

-poteritque loco omnium f{equentium add; i, id quod eo
propius accedet, quo maior fuerit numerus 7. Ad / 3 in-

inueniendum ad m membra iam addita loco omninm fe-

quentium addatur sm+ Similiter pro /4. addi debet -
et ita porro. Fluunt haec ex modo fummand (§.6)
adhibito, in quo cum m debeat effe quantitas valde
magna, neglexi in differentiali numeros ipfi 7 adiectos,

ne integratio a logarithmis pendeat,

§ Tr. Quo antem feriei 1 R L
fumma, etiamfi infinita accurate determinetur, fingu-
los terminos fequenti modo exprimo.

Eft 1 =/=2 i i - l—f-i-Iete
: — O SN
atque I— ZE'*‘2.4_3.8+4 s o CtC.

—_— T I I
e P T

.oy 5.243

r—1>7s __]_..L_.___'_ l S S :
* Z"‘ 2,16 3. 64 b 256 §-1024 etc"
L]

-
|

—+ = —;ﬁ—!—,ﬁz — 5 etc.
His feriebus additis prodibit
R 2 i o EL T LTS St (AN 14 345+ etc.) in infin.
- IR d et
+Z!(I+l!r+i!“&'_'+§';'6+ ete.

. et
Quae
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Quae feries, cum fint conuergentes, fi proxime fum-
mentur prodibit 4= -4 -~} —(i-+1) -0, 577218
- Si fumma dicatur s, foret, vt fupra fecimus, ds=r=,
ideoque s—=1#(i—+1)-+C.  Huius igitur quantitatis con~
‘ﬂanns ¢ valorem detex1mus qulppe, eft C—o,577218.

6. I" T 1 j"'-' -~ - = T yiterfus im
'1nﬁn1t1:1m contintetur,, et in membm d1u1datm quOrtm
~quodyis wt 1pfa feries i.terminos contineat; 61‘1t mem-
- brum inter 3 et’ % contentum — iz, fequens = — %, ter-

gium = /¢, etc. Atque cum ipfins feuei fumma fit log.
infiniti, poterit ad analogiam poni /5. Hocque modo
fequens {chem= obtinebimus nom parnm corfofums

Sarre: 31 | ’.—-~——‘—'-——~-—--f’

_z o4 57 etc.

 Simmae \ g f Is T
| § T3. Bxﬂicﬂe qu1dem videatur has easdem pro~
'.pnetates progreﬁionum harmonicarum et logarithmorum
- expreﬂiones analytu:e £0QUE MO4o, guemn alibi ad fe-
' ries fummandas tradidi, inuenire. At rem attentins per-
pendenti_ hoc non folum fieri , fed multo generalms etiam

..'ﬁem poffe’ demehenfum eft. Confidero enim non fim-

phcem progrefﬁonem hanmomcam fed cum geometn-
v
o ca cemun&am cu1usm0d1 eft "= -1 +b+a +zb—}—a it

l--" {'

. a._-
etc. Hmus fummam pono §, et vtroque per bx ?_

N =0 . -. 5 a--b d+25“
mu1t1 1cat@) Jer it b;_"’_ box g box® +!7c:x >
. i 1 (i .

P ﬂ-—b a—b

Sumtlsque dlﬁ'erentmhbus fhabebnur MD.x b s=dafex
¥ 3 - ~+-
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ﬂ-—-qb
& "—'f-b o b S
__,———-—~ umtisq: iter um Inte
—-l—m, “cx b —fetc)=— — q;
a—b
a—b =D

—5 /‘ X6 4 £
ralibus eritbx ® = - AtquUe s—o e
g q 7

I—x
AT 12N
Ab Bac ferie 1am fubtraho hanc “&--1—"—](&—

et
&  g+b gtop
p Mg—h)
etc. culns fumma fit £, Multiplicetur per ¥ P eritk
5 mg mfg+b) m(g+zi’z)
mE—h)  Fhyt Sha B ,fbx"—b‘
Pt - etc.
g m(g —l—b) - mr(g—}—zb) |
b (g-—-bJ me—k
Sumtisque differentialibys fiet wD. x r=du(fx ¥
mg—h

x

m(g—4-hy—h M (Fejm2h)— b

5 .
——fx P T A etc. ) — ]ff______,_‘ffv__

I— :‘L‘m
‘ wnlig—.p)
Jm ¥

Quare habebitur # — T
" i g-—b)
bhx=£&=

b

- ¢ y b m /'.:L o
S—i—= — f f

b= 1y blm(ghb) "—lm '

&tio vero ita debet fieri, vt a termino indicis # feriej ;

fubtrahatr terminus primus feriei ¢, et 5 termino ip-

dicts 2m illius, terminus fecundys hmus feriei et ita
- porro.

§. I4. Quo noftras ferles logarlthmlcas eruamus.,

fit cz_c’a et g—=5h. . Quo féé’co erit ;_3f£°x__bl——

I—
fmm‘—’dx I

I«-.ar .
Iz~

Snbtra-
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5
— x™YB _
l(I ¥ )) . Quo autem haec expreflio fiat ﬂmta fa-
| (T—w)5
-&o x—-— 1, debeb1t eﬂ'e ,_,—:g, lhanc ob rem ﬁant omnes

T —x™

hae 11tterae =1, eutque s—-t_l I——.x' = {1-+%
'-}s- P e L .:I:’“*") Quae expreﬂio -dat- dlﬁ’elentlam in-
_ o ‘x aL x5 xm x.z'm
tcr has {éucs x-lr— —-l— + ‘-—l— “;th et

3m

‘ - _é-.—-etc_, Quare i m—a ent Z( I+ .'XL)_-.%‘-'-- 5 '-—-l--‘

o éc" =1 etc, fi m=3, erit 1(3— 5 .:w’)':_..".76——1—"’Et
ST o ahy ws_ 2t ——;—etc ﬁm111que modo /(x—+x
,"",,-';‘f-if’-—-}—é\?’——i—xs)——1‘+ P % 4 e, In his fi fiat
% wZ==1x, prodibunt eaedent ferles pro logarithmis nume-
sorum nammhum, quas ante dedimus..

- m'—.!. "
fmx 2 dmph
_—_-'——- ——— Ponu=-
i h== 2g, erit £ T
M e i I SR
ew; f 1___3, > T =

c‘l 1
St praeterea it g —b erit y— s

Aft 5 c[?c fumma hum& ferici £-+7 +— et‘c atque

L e o far o
7 Z’—— dat" hane {eriem * -—1~*‘—‘“ —
' pr CAF 38 5&.

. ——'m. T
——}retc Sit a—¥F et g_d.:t erit s —z2x :d;—-—x -
f.

"
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" m f
fra—-x° (1—x*)°
s - - Quae expreflio quo fige.
I ](I-ﬂ?)c(l—[—ﬂ??)af Q b E g
finita fi x—=x oportet fit {—, feu f=2¢.  Sicigitge -
¢==1, et m==zp erit fericrum e T LA LOF ol
21" 2x% g gt Gifforentin — 1= :

—— ~—=ctc. di crentia — #
x 3 5 (x—a)(z-amy",
Ponatur =2 erit differeatia haec e factoque
Fo, erit €a == 0 .quare haec feries 1 —f -tz

¥

+3i—i-+1 etc. erit::o} Yt iam fupra inuenimus.

§. 16. Huinsmodi feries fiimmam rationalem ha~

. = y | . . - I .y as b »
bentes nunc ex. hac ipfa forma 7 sy i0finitag alige

poflunt Inueniri,. aflumendis alijs formis fimilibus 'quae
fato %=1 emnescant. Ex hac emim forma i3 fi
per feries exprimatur flatiny refultat feries inuenta. Ef
nimirom /(1 At Rt S T PN Atque
}’(r--|—Jc*):*’-i-’——*";;'*-—I—‘}‘}“j —i—"——j—?-—etc. Haec igitur
feries 4 fuperiore fubtrada relinquit hanc oy ¥+
F+% — = etc. cins famma erit / I:“,ﬁ Similiter 7225% “
dabit hanc feriem #—=°_22°__ A e et

Z 3
2x9

o ete.  Ergo pofito x—=1 erir O—x1—f—2—1 T

-3 —3—2 quam eandem iam §. o, inuenimuys.,

e e e R T
> . - 2 3
etc. Haec eft differentia harum ferierym B i A
. e
~ ' — %
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: +”++-etc et’-""—z-«!r—”s—[—’“ etc. facto x—1. Il-
oed o
{insautem fumma eft /7, hnius vero fomma eft fZ5
o . —-3]292-!—-1—-—\’-—-3 ‘\"-—-311-——'\/—-3
'l'fe‘l.'l ZZE+ Z(JC' "‘“‘x I)""" 2EA 1Y 3 R
. Hac igitur ab illa fubtracta flﬁoque x— 1 prodibit —£/3
Y3 pirei—s wf.—z O ]
A= g p\}o furnma plogre{ﬁoms
3-}—- —T

-pmpoﬁtac Ef vero YRR peuphena circuli di=

~ pifa per V 3 pofito dmmeno —1 et IS ‘_l':f,"j huius
.. dimidjum. ~Quare feriei fumma qmm proxime  crif

10,3576
& 18. At fi etiam ipfa mernbra non  yniformiter
mcedunt Qifficilius {umma - aflignatur. ‘Sumamus  hanc

Heriem T =it R B B St
: ete. Haec eft differentia inter has feries 1 —=

' I
"‘;'(__;'—'i__i) et ; +;+ +“"
_ : i—+1
== +f)' ita in infinitum continuatas, Vt eXtre=~
mi texmun enndem habeant denominatorem i(’-i:-’—).Haa-
yum - ferierum prioris fumma eft Ca-li-1(i-+3)—12,
denotanteCconﬁantem§ 11. inuentam,nempeo,577718.
Altera {eries fubtrahenda in has duas refoluitur 2(1 4~
Vi3 ~—\———--.--;) et (P45~ """"'“z+ ). Illius
- fumma eft 3C—-3/i; huius vero tC—% -+ 4/(i--3)
Quae ambqe ab illa fumma C+7z-l—l(z+ 3)—1I2
Aibtracae relinquunt —Cq-z2—]2 fen 1, 173078 quam
promme pro fumma feriei propofitac. -

Tom, VI : X — Da-




	University of the Pacific
	Scholarly Commons
	1740

	De progressionibus harmonicis observationes
	Leonhard Euler
	Recommended Citation


	tmp.1537903609.pdf.JpnIf

